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Preface 



The book you've just opened is the result of four years of research at the Korteweg- 
de Vries Institute for Mathematics of the Universiteit van Amsterdam. With this 
thesis I hope to obtain the degree of doctor. 

Due to the highly speciaUzed nature of my research, quite some mathematical 
background is required to read this book. If you want to get an idea of what it's 
about, then you may find it useful to start with the Dutch summary. 

I would like to use this opportunity to express my gratitude to all those who 
supported me in this work, intentionally or not. 

First of course my advisor, Eric Opdam, without whom almost my entire re- 
search would have been impossible. Over the years we had many pleasant con- 
versations, not only about mathematical issues, but also about chess, movies, 
education, Japan, and many other things. The intensity of our contact fluctuated 
a lot. Sometimes we didn't talk for weeks, while in other periods we spoke many 
hours, discussing our new findings every day. 

Vividly I recall one particular evening. After a prolonged discussion I had fi- 
nally returned home and was preparing dinner. Then unexpectedly Eric called to 
tell me about some further calculations. Watching the boiling rice with one eye 
and trying to visualize an afiine Hecke algebra with the other, I quickly decided 
that I had to opt for dinner this time. Nevertheless that phonecall had a profound 
influence on Section 6.6. I admire Eric's deep mathematical insight, with which 
he managed to put me on the right track quite a few times. 

Also I would like to thank all the members of the promotion committee for the 
time and effort they made to read the manuscript carefully. Niels Kowalzig was so 
kind to read and comment on the second chapter. For the summary I am indebted 
to Klaas Slooten. His thesis was a source of inspiration, even though I didn't use 
many theorems from it. 

The KdVI is such a nice place that I come there for more than nine years 
already. Everybody who worked there is responsible for that, but in particular 
Erdal, Fokko, Geertje, Harmen, Misja, Peter, Rogier and Simon. 

Both my ushers, Mariska Bertholee-de Mie and lonica Smeets, are very dear 
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to me. For being such good friends, for having faith in me, for lending me an ear, 
for cheering me up when things did not go as I would have liked. I am very happy 
that they will support me during the defence of this thesis. 

Furthermore I thank all my friends at US badminton for lots of (sporting) 
pleasure. Especially Paul den Hertog, who also took care of printing this book. 

To Karcl van dor Woidc I am grateful for sharing his laconic yet hilarious views 
on the chess world, on internetdating and on life in general. 

Bill Wenger was very generous in granting me permission to use his artwork 
on the cover of this book. 

But above all I thank Lieske Tibbe, for being my mother, and everything that 
naturally comes with that. If there is anybody who gave me the right scientific 
attitude to complete this thesis, it's her. 



Amsterdam, January 2007 
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Chapter 1 

Introduction 



This thesis is about a very interesting kind of algebras, Hecke algebras. They ap- 
pear in various fields of mathematics, for example knot theory, harmonic analysis, 
special functions and noncommutative geometry. The motivation for the research 
presented here lies mainly in the harmonic analysis of reductive p-adic groups. 
The description and classification of smooth representations of such groups is a 
long standing problem. This is motivated by number theoretic investigations. 

The category of smooth representations is divided in certain blocks called Bern- 
stein components. It is known that in many cases Bernstein components can be 
described with the representation theory of certain afline Hecke algebras. This 
translation is a step forward, since in a sense affine Hecke algebras are much 
smaller and easier to handle than reductive p-adic groups. 

Hence it is desirable to obtain a good description of all irreducible represen- 
tations of an affine Hecke algebra. Such an algebra Ti.{W, q) can be considered as 
a deformation of the (complex) group algebra of an affine Weyl group W, which 
involves a few parameters qt G C . Let us briefly mention what is known about 
the classification of its spectrum in various cases. 

1) All parameters Qi equal to 1. 

In this special case 'H{W, q) is just the group algebra of W. The representa- 
tions of groups like W have been known explicitly for a long time, already 
from the work of Clifford [?T| . 

2) All parameters qi equal to the same complex number, not a root of unity. 

With the use of equivariant X-theory, Kazhdan and Lusztig |76] gave a 
complete classification of the irreducible representations of 'H{W, q). It turns 
out that they are in bijection with the irreducible representations of W. This 
bijection can be made explicit with Lusztig's asymptotic Hecke algebra [M] . 

3) Exceptional cases. 

These may occur for example if there exist integers Ui such that Yli q^^^^ 1 
is a root of unity, cf. page [132] The affine Hecke algebras for such parameters 
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Chapter 1. Introduction 



may differ significantly from those in the other cases, so we will not study 
them here. 

4) General positive parameters. 

Quite strong partial classifications are available, mainly from the work of 
Delorme and Opdam [39|l40]. 

5) General unequal parameters. 

These algebras have been studied in particular by Lusztig [55]. Recently 
Kato 2J parametrized the representations of certain affine Hecke algebras 
with three independent parameters, extending ideas that were used in case 
2). 

The affine Hecke algebras that arise from reductive p-adic groups have rather 
special parameters: they are all powers of the cardinality of the residue field of the 
p-adic field. Sometimes they are all equal, and sometimes they are not, so these 
algebras are in case 4). 

Lusztig [HHI Chapter 14] conjectured that 

Conjecture 1.1 For general unequal parameters there also exists an asymptotic 
Hecke algebra. It yields a natural bijection between the irreducible representations 
ofH{W,q) and those ofW. 

We are mainly concerned with a somewhat weaker version: 

Conjecture 1.2 For positive parameters there is an isomorphism between the 
Grothendieck groups of finite dimensional 'H{W,q) -modules and of finite dimen- 
sional W -modules. 

In principle the verification of this conjecture would involve two steps 

a) Assign a VF-representation to each (irreducible) 'H{W, g)-representation, in 

some natural way (or the other way round). 

b) Prove that this induces an isomorphism on the above Grothendieck groups. 

In our study we make use of a technique that is obviously not available for 
p-adic groups, we deform the parameters continuously. We would like to do this in 
the context of topological algebras, preferably operator algebras. For this reason, 
and to avoid the exceptional cases 3), we assume throughout most of the book that 
all qi are positive real numbers. It was shown in |98j that for such parameters there 
is a nice natural way to complete 7i(VF, q) to a Schwartz algebra S{W, q) (these 
notations are preliminary) . We will compare this algebra to the Schwartz algebra 
S{W) of the group W. Using the explicit description of S{W, q) given by Delorme 
and Opdam 39J , in Section |5.3| we construct a Frechet algebra homomorphism 



^o-S{W)^S{W,q) 



(1.1) 



11 



with good properties. This provides a map from S(W, (7)-representations to S{W)- 
representations. Together with the Langlands classification [40j Section 6] for 
representations of H{W, q) and of W this takes care of a). 

To reformulate b) in more manageable terms we turn to noncommutative ge- 
ometry. There are (at least) three functors which are suited to deal with such 
problems: periodic cyclic homology {HP), in either the algebraic or the topologi- 
cal sense, and topological if -theory. 

Conjecture 1.3 There are natural isomorphisms 

1. HP^{n{W,q))'^ HP^{C.[W]) 

2. HP,{S{W,q)) ^ HP,{S{W)) 

3. =^ K^{S{W)) 



The relation with Conjecture |1.2| is as follows. Although HP^ and are functors 
on general noncommutative algebras, in our setting they depend essentially only on 
the spectra of the algebras that we are interested in. These spectra are ill-behaved 
as topological spaces: the spectrum Ti.{W, q) is a non-separated algebraic variety, 

while S{W, q) is a compact non-Hausdorff space. Nevertheless topological K- 
theory and periodic cyclic homology can be considered as cohomology theories on 
such spaces. With this interpretation Conjecture [T3] asserts that the "cohomology 

groups" of Ti.(W, q) and of S(W, q) are invariant under the deformations in the 
parameters qi . Contrarily to what one would expect from the results on page [9j 
from this noncommutative geometric point of view the algebras S{W, q) actually 
become easier to understand when the parameters qi have less relations among 
themselves. 

For equal parameters Conjecture |1.3| has been around for a while. Part 3 
already appeared in the important paper [5j , while part 1 was proven by Baum and 
Nistor [8 . The proof relies on the aforementioned results of Kazhdan and Lusztig. 
In the unequal parameter case Conjecture |1.3[ 3 was formulated independently by 
Opdam ^98i Section 1.0.1]. 

In this thesis we make the following progress concerning these conjectures. In 
Section |3.4| we prove that there are natural isomorphisms 



HP,{n{W,q)) ^ HP,{S{W,q)) ^ K,{S{W,q)) ®^ C (1.2) 
Hence parts 1 and 2 of Conjecture |1.3| are equivalent, and both are weaker than 



part 3. Moreover in Section |5.4| we show that the Conjectures L2 and 1^ 3 are 
equivalent. 

Guided by these considerations we propose the following refined conjecture, 
which has also been presented by Opdam [Ml Section 7.3]: 

Conjecture 1.4 The natural map 

K,{^o) : K,{S{W)) ^ K.,{S{W,q)) 



is an isomorphism for all positive parameters qi. 
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Now let us give a brief overview of this book. More detailed outlines can be 
found at the beginning of each chapter. 

Chapter 2 deals with noncommutative geometry. This chapter does not depend 
on the rest of the book, we do not mention any Hecke algebras. We provide a solid 
foundations for the philosophy that if-theory and periodic cyclic homology can be 
considered as cohomology theories for certain non-Hausdorff spaces. Among others 



we prove comparison theorems like (1.2 1 for more general classes of algebras, all 



derived from so-called finite type algebras ^7\ . 

In the next chapter we introduce affine Hecke algebras. A large part of the ma- 
terial presented here relies on the work of Opdam, in collaboration with Delorme, 
Heckman, Reeder and Slooten. We study the representation theory of affine Hecke 
algebras, which provides a clear picture of their spectra as topological spaces. We 
are especially interested in the image of S{W, q) under the Fourier transform, as 
this turns out to be an algebra of the type that we studied in Chapter 2. We 



conclude with the above isomorphisms (1.2) 



These are also interesting because they can be generalized to algebras asso- 
ciated with reductive p-adic groups, which we will do in Chapter 4. Given a 
reductive p-adic group G we recall the constructions of its Hecke algebra Ti{G), its 
Schwartz algebra S{G) and its reduced C*-algebra C*{G). The main new results 
in this chapter are natural isomorphisms 

HP,{n{G)) ^ HP,{S{G)) ^ K,{C;{G)) ®i C (1.3) 

These have some consequences in relation with the Baum-Connes conjecture for 
G. 

In Chapter 5 we really delve into the study of deformations of affine Hecke 
algebras. The Frechet space underlying q) is independent of g, and we show 
that all the (topological) algebra operations in 5(W, q) depend continously on q. 
After that we focus on parameter deformations of the form q^ q^ with e G [0, 1]. 
For positive e we construct isomorphisms 

i>,:S(W,q')^S{W,q) (1.4) 

that depend continuously on e. The limit linie^o is well-defined and indeed is 
( |1.1[ ) . Furthermore we elaborate on the conjectures mentioned in this introduction. 

In support of the these conjectures, and to show what the techniques we de- 
veloped are up to, we dedicate Chapter 6 to calculations for affine Hecke algebras 



of classical type. We verify Conjecture 1.4 in some low-dimensional cases and for 
types Ghn and A„. 

We conclude the purely scientific part of the book with a short appendix. It 
contains some rather elementary results on crossed product algebras that are used 
at various places. 



Chapter 2 



/^-theory and cyclic type 
homology theories 

This chapter is of a more general nature than the rest of this book. We start 
with the study of some important covariant functors on the category of complex 
algebras. These are Hochschild homology, cyclic homology and periodic cyclic 
homology. Contravariant versions of these functors also exist, but we will leave 
these aside. All these functors go together by the name of cyclic theory. 

It is well-known that cyclic homology is related to ii'-theory by a natural 
transformation of functors called the Chern character. Wc arc not satisfied with K- 
theory for Banach algebras, but instead study its extension to the larger categories 
of Frechet algebras or even m- algebras. From these abstract considerations we will 
see that there are three functors which share almost identical properties: 

a) periodic cyclic homology, purely algebraically 

b) periodic cyclic homology, with the completed projective tensor product 

c) ii'-theory for Frechet algebras 

These functors can be regarded as noncommutativc analogues of 

1) Dc Rham cohomology in the algebraic sense, for complex affinc varieties 

2) De Rham cohomology in the differential geometric sense, for smooth manifolds 

3) i^-theory for topological spaces 

By a comparison theorem of Dclignc and Grothendieck 1) and 2) agree for a 
complex affine variety. For smooth manifolds 2) and 3) (with real coefficients) 
give the same result, essentially because both are generalized cohomology theories. 
This is also the reason that both can be computed as 

4) Cech cohomology of a constant sheaf 
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A noncommutative analogue of 4) does not appear to exist, so we develop it. It 
will be a sheaf that depends only on the spectrum of an algebra. Then we can 
also consider 

d) Cech cohomology of this sheaf 

The main goal of this chapter is to generalize the isomorphisms between 1) - 4) 
to the setting of noncommutative algebras. So far this has been done only for b) 
and c). 

Let us also give a more concrete overview of this chapter. We start by recalling 
the definitions and properties of cyclic theory in the purely algebraic sense. Then 
we specialize to finite type algebras, mainly following [77]. For such algebras we 
define a sheaf which provides the isomorphism between a) and d) . 

After that we move on to topological algebras, especially Frechet algebras. 
Most of the properties of algebraic cyclic theory have been carried over to this 
topological setting, but unfortunately these results have been scattered throughout 
the literature. We hope that bringing them together will serve the reader. We also 
recall several results concerning if-theory for Frechet algebras, which are mostly 
due to Cuntz [33] and Phillips [102] . 

In the final section we have to decide for what kind of topological algebras we 
want to compare b), c) and d). Natural candidates are algebras that are finitely 
generated as modules over their center. For finitely generated (non-topological) 
algebras this condition leads to the aforementioned finite type algebras. Their 
spectrum has the structure of a non-separated complex affine variety. 

In the topological setting we need to impose more conditions. Cyclic homology 
works best if there is a kind of smooth structure, so our topological analogue of a 
finite type algebra is of the form 

C°°{X;MN{C)f (2.1) 

where X is a smooth manifold and G a finite group. The action of G is a combi- 
nation of an action on X and conjugation by certain matrices. 

The comparisons between 1) - 4) all rely on triangulations and Mayer- Vietoris 
sequences. We will apply these techniques to X in a suitable way. This will enable 
us to define d) and prove that it gives the same results as b) and c). Moreover 
we prove that if X happens to be a complex affine variety, then there is a natural 
isomorphism 

HP,{0{X;MN{C)f) HP,{C°°{X;MN{C)f) (2.2) 

The O stands for algebraic functions, so the left hand side corresponds to a) and 
1) above. 



2.1. Algebraic cyclic theory 
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2.1 Algebraic cyclic theory 

We give the definitions and most important properties of Hochschild homology, 
cyclic homology and periodic cyclic homology. We do this only in the category of 
algebras over C, although quite a big deal of the theory is also valid over arbitrary 
fields. We will be rather concise, referring to Loday's monograph |81j for more 
background and proofs. 

Cyclic homology was discovered more or less independently by several people, 
confer the work of Connes [32] , Loday and Quillen [82] and Tsygan |129j . We will 
define it with the so-called cyclic bicomplex. So let n G N, let A be any complex 
algebra and let A®" be the n-fold tensor product of A over C. We abbreviate 
an elementary tensor ai (8) • • • (8) a„ to (oi, . . . , a„) and we define linear operators 
6, b' : A^" and A, N : A®" A®" by the following formulas: 

5'(ao, ai, . . . , an) 

b{ao,ai, . . . ,a„) 
A(ai, . . . ,a„) 
N 

For unital A we also define s, B : A^" A'^"+^: 

s(ai, . . . ,a„) = (l,ai, . . . ,a„) 
B = (1 - A)s7V 

These are the ingredients of a bicomplex CCP'^^{A) : 





i 




I 


i 




i 


2 
















l-b' 




ib 


l-b' 




ib 


1 
















l-b' 




ib 











■■ ^ A 




A 






A 




-1 







1 




2 



(2.5) 

The indicated grading means that (^(^^^^(A) = A®9+i. 

Consider also the subcomplexes CC{A), consisting of all the columns labelled 
by p > 0, and CC^^^ (A), which consists only of the columns numbered and 1. 



i=0 



b'{ao,ai, . . . ,a„) + (-l)"(a„ao, ai, . . . ,a„_i) 
(-l)"~^(a„,ai, . . . ,a„_i) 
l + A+--- + A"-i 



(2.3) 
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With these bicomplexes we associate differential complexes with a single grading. 
Their spaces in degree n are 

cci'HA) = cc^o::iA)(Bccf::_,{A) 

n 

CCn{A) = 0cC^-_^(^) 

p+q=n 

This enables us to define the Hochschild homology HHn{A), the cyclic homology 
HCn{A) and the periodic cyclic homology HPn{A) : 

HH„iA) = HniCCf\A)) 

HCn{A) = Hn{CC^{A)) (2.7) 
HPr,{A) = Hn{CCr{A)) 

Since all the above complexes are functorial in A these homology theories are 

indeed covariant functors. The definitions wc gave arc neither the simplest possible 
ones, nor the best for explicit computations, but they do have the advantage that 
they work for every algebra, unital or not. 

By the way, wc can always form the unitization ^4+. This is the vector space 
C(B A with multiplication 

{zi,ai){z2, a2) = (-21-22, -21 a2 + -22ai + aia2) (2.8) 

Clearly every algebra morphism (f) : A ^ B gives a unital algebra morphism 
0+ : A'^ B+. There are natural isomorphisms 

HHn{A) ^ coker {HH„{C) HH„{A+)) ^ ker {HHn{A+) HHn{C)) (2.9) 

and similarly for HCn and HPn- 

Often we shall want to consider all degrees at the same time, and for this 
purpose we write 

HH4A) = ^HH^{A) 

n>0 

HC,{A) = ^HCn{A) 

n>0 

The map S : CCP'^g{A) CCp'^2.q{A) simply shifting everything two columns to 
the left is clearly an automorphism of CCp^^{A). Moreover it decreases the degree 
by two, so it induces a natural isomorphism 

HPr,{A) ^ HP„_2{A) (2.10) 



(2.6) 

9>0 



2.1. Algebraic cyclic theory 
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Thus we may consider periodic cyclic homology as a Z/2Z-graded functor, or we 
may restrict n to {0, 1}. In particular we shall write 

HP,{A) = HPo{A) e HPi{A) 

Regarding CC{A) as aquotient of CCp^'^{A), we get an induced map S : CC{A) — > 
CC{A). This map is surjective, and its kernel is exactly CC^^^{A). This leads to 
Connes' periodicity exact sequence : 

> HH,,{A) ^ HCn{A) ^ HCn-2{A) ^ HH,,^i{A) ^ • • • (2.11) 

Here / comes from the inclusion of CC^^^{A) in CC{A) and B is induced by the 
map from (2.4 1. In combination with the five lemma this is a very useful tool; it 
enables one to prove easily that many functorial properties of Hochschild homology 
also hold for cyclic homology. 

Furthermore we notice that the bicomplex CC'"^^{A) is the inverse limit of 
its subcomplexes S^{CC{A)). In many cases this gives an isomorphism between 
HPn{A) and limi7C„+2r(^)- In general however it only leads to a short exact 
sequence 

^ lim^ HCn+i+2r{A) ^ HP,,{A) ^ lim HCn+2r{A) ^ (2.12) 

oo< — r oc< — r 

Here lim^ is the first derived functor of lim, see [H] Propostion 5.1.9]. 

Next we state some well-known features of the functors under consideration. 

1. Additivity. If A,n {m G N) are algebras then 

/ oo \ oo 

HHr^ Am - HHniA„,) 




m— 1 

oo 



HH,, ( n 1 - n HH^{,A^) 

\ni—l / m— 1 

and similarly for HCn and [HPn , H ) • 
Stability. If A is H-unital then 

HH„iAU,{A)) = HH„{A) 
More generally, if B and C are unital and Morita-equivalent, then 

i/i/„(B) = HH^iC) 
These statements hold also for i?C„ and iJP„. 
Continuity, li A = lim A,„ is an inductive limit then 

m — >co 

HHn{A) = lim HHn{A„,) 

m — '■oo 

HC,,{A) = lim HCn{A^) 
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However, iJP* is not continuous in general. A sufficient condition for con- 
tinuity can be found in [16l Theorem 3] : there exists a. N G N such that 

HH„lA,n) = Vn > iVVm. 

To an extension of algebras 

0^ B C ->0 



we would like to associate long exact sequences of homology groups. This is no 
problem for unital algebras, but in general it is not always possible. However we 



can consider unitizations instead, see (2.8 1. The sequence 



is still exact, so by (2.9) we may, without loss of generality, assume that B and 
C are unital. It was discovered by Wodzicki that what we need for A is not so 
much unitality, but a weaker notion called homological unitality, or H-unitality 
for short. It is easily seen that for unital algebras the map s defines a contracting 
homotopy for the complex (A®", 6'), and in fact with some slight modifications 
this construction also applies to algebras that have left or right local units. Thus, 
we call a complex algebra A H-unital if the homology of the complex (A®", b') is 
0. Now Wodzicki's excision theorem |136j says 

Theorem 2.1 Let O^A—fB—fC—^Obean extension of algebras, with A 
H-unital. There exist long exact sequences 

••• ^ HHr,iA) ^ HHr,iB) ^ HHniC) ^ HHr^-M) ^ ••• 
••• ^ HP„{A) -> HP„iB) ^ HPniC) iJP„-i(A) ^ ••• 

It turns out [3^ that for HP^, it is not necessary to require H-unitality. Due 
to the 2-periodicity of this functor we get, for any extension of algebras, an exact 
hexagon 

HPo{A) ^ HPoiB) ^ HPoiC) 

T i (2.13) 

HPiiC) ^ HPiiB) ^ HPi{A) 

It will be very useful to combine the excision property with the five lemma: 

Lemma 2.2 Suppose we have a commutative diagram of abelian groups, with ex- 
act rows: 



Ai - 


- A2 - 


. A, - 


. A4 - 


. A, 


ifi 


i/2 


i/3 


i/4 


i/5 


Bi - 


^ B2 - 


^ B3 - 


^ Bi - 


. B5 



If fi is surjective, /2 and f^ are isomorphisms and f^ is injective, then /a is an 
isomorphism. 
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Because we intend to apply the next result to several different functors, we 
formulate it very abstractly. 

Lemma 2.3 Let A and B be categories of algebras, and AG the category of abelian 
groups. Suppose that F^, : A ~* AG and : B ^ AG are "L-graded, covariant 
functors satisfying excision, and that : G* is a natural transformation of 

such functors. Consider two sequences of ideals 



lo C h C ••• C /„ C In+l = A 

= Jo C Ji C ••• C J„ C Jn+l = B 



(2.14) 



in A and B respectively. If we have an algebra homomorphism (j) : A ^ B such 
that 4>ilm.) C Jm and 

T(J„/J™+l)F(0) = G(0)T(/„//™+i) : Filra/Im+l) -> GiJm/Jm+l) 

is an isomorphism Vto < n, then 

T{4>) = G{<f)T{A) : F{A) ^ G{B) 

is an isomorphism. Similarly, consider two exact sequences 



^ Ai ^ A2 ^ ••• ^ A„ ^ 
^ Bi B2 ^ ••• ^ Bn 



(2.15) 



in A and B. Suppose that we have a morphism of exact sequences ip = {'4'm)m=i' 
such that 

r(i^„) : F{A,n) ^ G(S,„) 
is an isomorphism for all but one m. Then it is an isomorphism for all m. 

Proof. Consider the short exact sequences 

^ Im — l ^ Im ^ Irn/Im—l ^ 

> Jm— 1 ^ Jrn ^ Jm/ ^m—l ^ 

^ im {A„i-i A„i) A,n im {Am A„i+i) 

im {B„i-i ^ B„i) B„i im (B„j ^ S„i+i) 

They degenerate for m = 1, so with induction we reduce the entire lemma to the 
statement for exact sequences, with m = 3. Now we consider only the case where 
T{iprn) is an isomorphism for m — I and to = 3, since the other cases are very 
similar. For any fc G Z we see from the commutative diagram 

Fk+iiAs) ^ Ffe(Ai) ^ FkiA^) ^ FkiAs) ^ Fk-M^) 

Gk+i{B^) — > Gk{Bi) Gk{B2) — > Gk{B^) Gk-i{Bi) 

and Lemma |2.2| that Tk{ip2) is an isomorphism. □ 
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Having elaborated a little on the functorial properties of HH.^, , C* and HP^ , 
we will show now what they look like on some nice algebras. First we fix the 
notations of some well-known objects from algebraic geometry. 

Assume for the rest of this section that A is a commutative, unital complex 
algebra. The A-module of Kahler differentials Q}{A) is generated by the symbols 
da, subject to the following relations, for any a, G A, z G C : 

d{za) ^ z da 

d{a + b)^da + db (2.16) 
d{ab) = adh + bda 

The A-module of differential n-forms is the n-fold exterior product over A : 

n'^{A) = /\^'^n\A) (2.17) 

and, just to be sure, we decree that ri*'(v4) = A. The formal operator d defines a 
differential f^"(A) ^ n"+^{A) by 

d{aQdai A • • • A (ia„) = dag A dai A • • • A c?a„ (2.18) 

The De Rham homology of A is defined as 

i/^^(A)-i/„(f]*(A),d) (2.19) 

If ^ = 0(1^) is the ring of regular functions on an afline complex algebraic variety 
V , not necessarily irreducible, then we also write 

n"{V) = n'\A) and H'^niV) = H^^{A) 

One can check that the following formulas define natural maps: 

HHn{A)~> ri"(y4) : (ao,ai, . . . ,a„) a^dai A ■ ■ ■ A dan 

^"{A) ^HHn{A): aodai A ■ ■ ■ A dan -> J2 e(o')(ao, arT(i), ■ • ■ , acr(ri)) 

(2.20) 

The celebrated Hochschild-Kostant- Rosenberg theorem [iBIT says that these maps 
are isomorphisms if ^ is a smooth algebra. Yet the author believes that a precise 
definition of smoothness would digress too much, so we only mention that a typical 
example is 0{V) with V nonsingular, and that all the details can be found in [5TJ 



Appendix E]. Anyway, under (2.201 the differential d corresponds to the map B 
from (2.4 1 and therefore the Hochschild-Kostant-Rosenberg theorem also gives the 
(periodic) cyclic homology of smooth algebras: 

HHn{A) =n'\A) (2.21) 

HCniA) = n'\A)/dn''~\A) ® H^^^iA) ® Hl^^^iA) © • • • (2.22) 

HPn{A) = H H^^,„,{A) (2.23) 
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2.2 Periodic cyclic homology of finite type alge- 
bras 

The theory of finite type algebras was built by Baum, Kazhdan, Nistor and Schnei- 
der [8j [77] . This turns out to be a pleasant playground for cyclic theory, culmi- 
nating roughly speaking in the statement "the periodic cyclic homology of a finite 
type algebra is an invariant of its spectrum." We discuss this result, and some 
of its background. We also add one new ingredient to support this point of view, 
namely a sheaf, depending only on the spectrum of A, whose Cech cohomology is 
isomorphic to HP^,{A). 

All this is made possible by several extra features that HP^, possesses, compared 
to HH^ and HC^ . Recall that an extension of algebras 

^ / ^ A ^ A/I (2.24) 

is called nilpotent if the ideal / is nilpotent, i.e. if /" = for some n S N. 

An algebraic homotopy between two algebra homomorphisms f,g:A—fB 
is a collection (j)t ■ A B of morphisms, depending polynomially on t, such 
that (f>o — f smd 01 = g. This is equivalent to the existence of a morphism 
(p : A ^ B ^C[t] such that / — evo o ^ and g = evi o ip. 

Goodwillie [HJ Corollary II. 4. 4 and Theorem II. 5.1] established two closely 
related features: 

Theorem 2.4 The functor HP^ is homotopy invariant and turns nilpotent exten- 
sions into isomorphisms. Thus, with the above notation, 

HP.4f) = HP,ig) 
HP,{I) = 

and HP^,{A) > HP^,{A/I) is an isomorphism. 

Homotopy invariance can be regarded as a special case of the Kiinneth theorem, 
which holds for periodic cyclic homology under some mild conditions. 

Theorem 2.5 Suppose that A is a unital algebra such that 

• the \m)} -term in (2.121 vanishes, i.e. HPn{A) ^ lim HCn+2riA) 



• HP^{A) has finite dimension 

Then the Kiinneth theorem holds for HPi,{A). This means that for any unital 
algebra B there is a natural isomorphism of X/2'L-graded vector spaces 

HP, (A) (g> HP, {B) ^ HP, {A ® B) 
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Proof. See [701 Theorem 3.10] and Theorem 4.2]. □ 



Reconsider the Hochschild-Kostant- Rosenberg theorem (2.231 for the periodic 
cyclic homology of the ring of regular functions on a nonsingular affine complex 
variety. It gives an isomorphism of Z /2Z-graded vector spaces 

HP,{0{V))^H*^^iV) (2.25) 

Now let be the set V endowed with its natural analytic topology. By a 
famous theorem of Grothendieck and Deligne (cf. [5? and fSTJ Theorem IV. 1.1]) 
the algebraic De Rham cohomology of V is naturally isomorphic to the analytic 
De Rham cohomology of 1/°": 

HhHiV)^Hhn{V^'';C) (2.26) 

As is well-known, all classical cohomology theories agree on the category of smooth 
manifolds, for instance 

HhRiV''; C) ^ i7*(F""; C) (2.27) 
the latter denoting Cech cohomology with coefficients in C. Because of the similar 



functorial properties, it is not surprising that the composite isomorphism of (2.251 



(2.27) holds in greater generality. This was con&med in [771 Theorem 9] 



Theorem 2.6 Let X be an ajfine complex variety, I C 0{X) an ideal and Y C 
X the subvariety defined by I. It is neither assumed that X is nonsingular or 
irreducible, nor that I is prime. There is a natural isomorphism 

HPnH) = 7?["l(X''",r''";C) := W iy"+2™(x'^",y™;C) 

Recall that a primitive ideal in a complex algebra is the kernel of a (nonzero) 
irreducible representation of A. The primitive ideal spectrum Prim(A) is the set of 
all primitive ideals of A, and the Jacobson radical Jac(A) is the intersection of all 
these primitive ideals. Note that every nilpotent ideal is contained in Jac(A). We 
endow Prim(yl) with the Jacobson topology, which means that all closed subsets 
are of the form 

5 := {/ e Prim(A) -.1^3} (2.28) 

for some subset S of A. Denote by d/ the dimension of an irreducible representation 
with kernel / G Prim(j4). If di < ooV/ then Prim(yl) is a Ti -space, but in general 
it is only a To'Space. 

For commutative A the primitive ideals are precisely the maximal ideals, and 
Prim(yl) is an algebraic variety. In this case there also is a natural topology on 
the set Prim(yl) that makes it into an analytic variety, see [116, Section 5]. 

If (/) : A ^ i? is an algebra homomorphism and J € Prim(_B) then 0~^( J) is an 
ideal, but it is not necessarily primitive. So Prim is not a functor, it only induces 
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a map J (j)~^{J) from Prim(i?) to the power set of Prim(j4). However, if for 
every J G Prim(i3) there exists exactly one / € Prim(A) containing (j)~^{J), then 
does induce a continuous map Prim(i3) — )■ Prim(A) and we call (j) spectrum 
preserving. 

Now we give the definition of a finite type algebra. Let k be a finitely generated 
commutative unital complex algebra, i.e. the ring of regular functions on some 
affine complex variety. A k-algebra is a (nonunital) algebra A together with a 
unital morphism from k to Z{A4{A)), the center of the multiplier algebra of A. 
An algebra B is of finite type if there exists a k such that B is k-algebra which is 
finitely generated as a k-module. An algebra morphism (/) : A — > i? is a morphism 
of finite type algebras if it is k-linear, for some k over which both A and B are of 
finite type. 

As announced, the most important theorem in this category says that HP^ is 
determined by Prim, see [51 Theorems 3 and 8] . 

Theorem 2.7 Let cf) : A B be a spectrum preserving morphism of finite type 
algebras. Then Prim(_B) — > Prim(A) is a homeomorphism and 

HP^ct)) : HP^A) -> HP^{B) 

is an isomorphism. 



More generally, we might have ideals like in (2.14), such that the induced maps 
Im/Im+i ~^ Jm/Jm+1 SiXG all spcctrum preserving, but (p : A ^ B is not. In that 
case (j> is called weakly spectrum preserving. By Theorem |2.7| and Lemma |2.3| such 
maps also induce isomorphisms on periodic cyclic homology. 

To understand this better we zoom in on the spectrum, relying heavily on j77[ 
Section 1]. Until further notice we assume that ^ is a unital finite type algebra. 
The central character map 

e : Prim(A) ^ Prim(Z(A)) : I I (1 Z{A) (2.29) 

is a finite-to-one continuous surjection. For fc,p G N we write 

Primfc(.4) = {/ e Prim(A) : dj = k} , , 

VriTn<p{A) = ULiPrinifc(A) ^^'^"^ 

The sets Prim<p(^) are all closed and, as the frequent occurence of the word 
"finite" already suggests, there exists a Na € N such that Prim<jv^(A) = Prim(yl). 
This leads to the so-called standard filtration of A : 

A = I^' D /f D . . . D D /^^ = Jac(A) 

Ip^ = ^ I — {a £ A : 7r(a) = if tt is a representation with dimTr < p} i"^-"^^) 

di<p 

Observe that 

Prim(/f//^*)= y Prim,(^) (2.32) 

k=q+l 
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From (2.31 1 we also get a filtration of the cyclic bicomplex : 

CCr^A) = CCr''{A)o D CCr''{A)i D • • • D CCr''{A)NA-i ^ CCr''{A)N^ 
CCr'^(A)p = ker {CCr''{A) ^ CCf )) 

(2.33) 

Using standard (but involved) techniques from homological algebra we con- 
struct a spectral sequence E^'"^ with 

^p., ^ ccr{Ayp-i/ccr{A)p - ker (cc^;i, {A/i;') ^ 

(2.34) 

Ef^" ^ HP_,_, {i;U/Ip) (2.35) 

EP^ = i/p„p_, /i?p-p-, {i;') (2.36) 

Moreover : Eq'"^ Sq''^^ comes directly from the differential in the cyclic 
bicomplex and df : Ef''' — > P^^^'"^ is the composition 

of the map induced by the inclusion Ip^i/Ip* A/Ip*- and the connecting map of 
the extension 

- - A/i;X, - A/i;' ^ 

A most pleasant property of the standard filtration (2.311 is that the quotients 
Ip-i/Ip* behave like commutative algebras. More precisely, consider the analytic 
space Xp associated to Prim(Z (A//^*)), and its subvariety 

Yp^{leXp:Z {A/ If) n C /} (2.37) 
The central character map for Ajlf defines a bijection 

Primp(A) - Prim {rpU/Ip) ^ Xp\Yp (2.38) 
and according to [77, Theorem 1] there is a natural isomorphism 

= HP_p_, {i;U/Ip) = H^''+''\Xp,Yp-C) (2.39) 



Comparing this with Theorem 2.6 we see that Ip^Li/Ip* is indeed "close to com- 
mutative" in the sense that its periodic cyclic homology can be computed as the 
Cech cohomology of a constant sheaf over its spectrum. 

We seek to generalize this to "less commutative" , nonunital finite type algebras. 
Let X be the set Prim(k) with the analytic topology, and V{A) the set Prim(yl) 
with the coarsest topology that makes O : Prim(A) X continuous and is finer 
than the Jacobson topology. This topology depends only on the fact that A is a 
finite type algebra, and not on the particular choice of k. So if A is unital we may 
just as well assume that k = Z{A) and X = Xq. 
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We will construct a sheaf 21 over X whose stalk at x is the (finite dimensional) 
complex vector space with basis Q~^{x). By definition all continuous sections of 
this collection of stalks arc constructed from local sections of O : V{A) X. More 
precisely, given an open Y C X we call a section s of HxeF 2l(a;) Y continuous 
at y e y if there exist 

• a neighborhood U of y in Y 

• connected components Ci, . . . , C„ of Q~^{U), not necessarily different 

• for every i a section Sj of the quotient map from Cj to its Hausdorfiization 

• complex numbers Zi, . . . , Zn 
such that yx £ U 

n 

s{x) = J2z,{si{Cf)nQ-\x)) (2.40) 

i=l 

For example if X' is a closed subvariety of X and A = {f € 0{X) : f{X') = 0} 
then 21 is the direct image of the c;onstant sheaf (with stalk C) on X \ X'. 

Notice that 21 is functorial in A. If ^ : A ^ J5 is a morphism of finite type 
k-algebras and ^ is a left j4-module, then B (^a V is a -B-module. If we consider 
only the semisimple forms of these modules, then we get a homomorphism 

Z[Prim(yl)] ^ Z[Prim(B)] 

which extends naturally to a morphism 21 ^ *8 of sheaves over X. 

The motivation for this sheaf comes from topological K-theovy: the local sec- 
tions Si are supposed to model "local" idempotents in A. The classes of these 
things should generate ifP«(A), leading to 

Theorem 2.8 There is an unnatural isomorphism of finite dimensional vector 
spaces 

HP,{A)^H*{X-Ql) 

Proof. Assume first that A is unital. Let 2lp be the sheaf (over X) constructed 
from A/Ip* in the same way as we constructed 21 from A; it has stalks 

2lp(.T) = C{e-\x) n Prim<j,(v4)} (2.41) 

Since Prim<p(A) is closed in Prim(j4) there is a natural surjection 2t 2tp, which 
comes down to forgetting all primitive ideals I with dj > p. Thus we get filtrations 
of the (pre) sheaf 21: 



21 = Jo =) 3^l 3 • • • 3 '3na-i D'3na=0 
3p = ker (2t ^ 2lp) 



(2.42) 
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and of the Cech complex C*{X;^) (this is a pretty complicated object, see jlT) 
§5.8]) : 

C*{X;^) = (7*(X;2l)o D D •• • D (7* (X; 2t)Ar^_i D = 

C'*(X;2l)p = ker (C'*(X;2t) ^ C'*(X;ap)) = C'*(X;3p) 

(2.43) 

The presheaf Q3j, := ker(2lp 2lp_i) is actually a sheaf, and it has stalks 

«Bp(a;) = C{e-\x) n Primp(A)} (2.44) 

From these data we construct a spectral sequence PP'"^ with terms 

pP,q ^ c'P+9(X; 2l)p_i/C'f+«(X; 2t)p = C'P+''(X; «Bp) (2.45) 
Ff'« = 7?p+,(X;»p) (2.46) 

= Hp+g{x; (2.47) 

In this sequence : Fq'"^ — ^ Fq'''^^ is the normal Cech differential, while df : 
Ff'"^ pP'^^-'^ is induced by the inclusion Q5p 2lp and the connecting map 
associated to the short exact sequence 

Sp+i ^ 2lp+i ^ ap ^ 



From (2.381 and the local nature of the continuity condition for *Bp we see that 
there are natural isomorphisms 

HP+''{X;^p)^HP+'^{Xp,Yp;C) 

Clearly, all this was set up to compare the spectral sequences E"^'' and F^''. On 
the first level we have a diagram 

i?[P+9l(Xp,yp;C) mP+'^+'\Xp+,,Yp+,;C) (2.48) 

n£Z riSZ 

Since df (df ) is natural with respect to filtration-preserving morphisms of It- 
algebras (of presheaves over X), these differentials must commute with the natural 



isomorphisms in the diagram (2.48). This yields natural isomorphisms 



2.2. Periodic cyclic homology of finite type algebras 



27 



for all r > 1. For r = oo we see that there exist filtrations of finite length on 
HP^,{A) and i/*(X;2l), such that the associated graded objects are isomorphic. 
Hence HP^{A) and H*{X;'Qi), being vector spaces, are unnaturally isomorphic. 

Moreover they have finite dimension since every term TJIp+^I (Xp, 1^; C), being 
the cohomology of the affine algebraic variety Xp \ Yp , has finite dimension by jSTj 
Theorems 4.6 and 6.1]. 

This proves the theorem for unital finite type algebras, so let us now assume 
that J is an nonunital finite type k-algebra. By stability HP^,{M2{J)) = HP^,{J) 
and the sheaves corresponding to M2{J) and J are isomorphic, so we may assume 
that J has no one-dimensional representations. Consider now the unital finite type 
algebra A = k + J, with multiplication 

{hM){hM) = (/1/2, /i&2 + hbi + hb2) (2.49) 

Its standard filtration is 

^ = D J = /f D . . . D D /^'^ ^ Jac(v4) = Jac(J) (2.50) 

The above considerations show that, as vector spaces, 

771 7n 

HP_UJ) = HP_^{lf) - H E'PJ^'-P = n n = i/l"l(X;3i) 

(2.51) 

It only remains to see that 3i is isomorphic to the sheaf constructed from J, but 
this is clear from looking at the stalks. □ 



So we managed to describe the periodic cyclic homology of a finite type k- 
algebra using only the following data: 

• the spectrum Prim(yl) with a natural topology that makes it a non-Hausdorff 
manifold 

• the complex analytic variety X 

• the continuous map Q : Prim(j4) X 

For some time the author believed that this construction on page |25] could 
be extended to a cohomology theory on the category of non-Hausdorff manifolds, 
but now it seems to him that it only gives good results under rather restrictive 



conditions. Apparently we need the following implication of (2.381 : there exists a 
stratification of Prim( A) such that at every level the set of non-Hausdorff points in 
a component is either the whole component, or a submanifold of lower dimension. 
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2.3 Topological cyclic theory 

We would like to discuss the topological counterpart of the algebraic cyclic the- 
ory of Section |2.1[ To prepare for this, and to fix certain notations, we start 
by recalling some general results for m-algebras and topological tensor products. 
When studying the literature, it quickly becomes clear that this topological setting 
is significantly more tricky than the purely algebraic setting, for several reasons. 
Firstly, the category of topological vector spaces is not abeUan, i.e. not every 
closed subspace has a closed complement. Secondly, the tensor product of two 
topological vector spaces is not unique, and the functor "(gj^^l" (for some unam- 
biguous choice of a topological tensor product) is in general not exact. And finally, 
although the appropriate results are all known to experts, there does not appear 
to be an overview available. 



A topological algebra A (over C) is an algebra with a topology such that 
addition and scalar multiplication are jointly continuous, while multiplication is 
separately continuous. When we talk about the spectrum of A, we usually mean 
the set Prim(yl) of all closed primitive ideals of A. The closed subsets of Prim(^) 



are as in (2.28) 



A seminorm on yl is a map p : A — > [0, oo) with the properties 

• p(Aa) = \\\p{a) 

• p{a + b) < p{a)+p{b) 

for all a, 6 € ^ and A e C. Moreover p is called submultiplicative if 

• p{ab) < p{a)p{b) 

We say that p' dominates p if p'{a) > p{a) Va € A. If {pi}i£i is a collection of 
seminorms, then there is a coarsest topology on A making all the pi continuous. 
The sets 

{a e A : pi{a ~ b) < 1/n} beA,neN,ieI 

form a subbasis for this topology. If it agrees with the original topology, then we 
call A a locally convex algebra and say that it has the topology defined by the 
family of seminorms {pi}i^i. Notice that the pi may have nontrivial nuUspaces Ni 
and that A is Hausdorff if and only if Hi^jNi = 0. Furthermore the multiplication 
in A is jointly continuous if, but not only if, all the Pi are submultiplicative. 

Two families of seminorms are equivalent if every member of either family is 
dominated by a finite linear combination of seminorms from the other family. Two 
families of seminorms define the same topologies if and only if they are equivalent. 

A locally convex algebra is metrizable if and only if its topology can be defined 
by a countable family of seminorms {pi}°Zi with n°^iNi = 0. In that case a metric 
is given by 

^(«'^) = EPn^ (2-52) 

^ l+p^{a-b) 
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Clearly this implies a notion of completeness for such algebras, and it can be 
generalized to all locally convex algebras by means of Cauchy filters on uniform 
spaces. For sequences this comes down to calling a sequence {a„}J^j in A Cauchy 
if and only if for every i E I the sequence {a;„ + Ni}"^^^ is Cauchy in the normed 
space A/Ni. 

Combining all these notions, an m- algebra is a complete Hausdorff locally con- 
vex algebra A whose topology can be defined by a family of submultiplicative 
seminorms. We call A Frechet if it is metrizable on top of that. If i? is a topologi- 
cal algebra such that GLi{B^) is open in then we call B a Q-algebra. Every 
Banach algebra, but not every Frechet algebra, is a Q-algebra. 

Since m-algebras are not so well-known we state some important properties. 
Let A be a unital m-algebra and A^ = GLi{A) the set of invertible elements in 
A. Recall that the spectrum of an element a £ A is 

sp{a) = {XeC:a-X(^A''} 

Contrarily to the Banach algebra case, sp(a) is in general not compact. 

Theorem 2.9 1. M-algebras are precisely the projective limits of Banach alge- 
bras. 

2. Inverting is a continuous map from A^ to A. 

3. Suppose that U d C is an open neighborhood of sp{a), and let C°'"'{U) be the 
algebra of holomorphic functions on U . There exists a unique continuous 
algebra homomorphism, the holomorphic functional calculus 

C-'\U)^A:f^f{a) 

such that 1^1 and idu — > a. 

4-. IfT is a positively oriented smooth simple closed contour, around sp{a) and 
in U, then 

f{a) = ^Jj{\){\-a)-'d\ yfeC^^iU) 

Proof. 1 and 2 were proved by Michael [92l Theorems 5.1 and 5.2]. 3 and 4 are 
well-known for Banach algebras, see e.g. |125l Proposition 2.7]. Using 1 they can 
be extended to m-algebras, as was noticed in |102l Lemma 1.3]. □ 

For some typical examples, consider a C'^-manifold X , with k G {0, 1,2,..., oo}. 
We shall always assume that our manifolds are cr-compact, hence in particular 
paracompact. Let [/ C M'' be an open set and : t/ — > X a chart. For a multi- 
index a with \a\ = n and g G C^{U) let 



(2.53) 
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be the derivative of g with respect to the standard coordinates yi, . . . ,yd of M.'^. 
For K C U compact and n € N<fc we define a seminorm i'n,^,K on C^{X) by 

^n,4,,K{f) = sup > 2.54 

Straightforward estimates show that every i'n.4>,K is submultiplicative and that 
C''{X) is complete with respect to the family of such seminorms. Moreover, be- 
cause X is cr-compact, we can cover it by countably many sets (t)i{Ki). 

{'^n,^,,Kr- hn<EN,n< k} (2.55) 

is a countable collection of seminorms defining the topology of C''{X), which 
therefore is a Frechet algebra. 

Finally, if X is compact and k E N then C'^(X) is a Banach algebra. Indeed, 
if we cover X by finitely many sets (j)i{Ki) then 

11/11 (2-56) 

i 

is an appropriate norm. 

We now give a quick survey of topological tensor products, completely due to 
Grothendieck [SU]. To fix the notation, we agree that by ® without any sub- or 
superscript we always mean the algebraic tensor product. By default we take it 
over C if both factors are complex vector spaces, and over Z if there is no field 
over which both factors are vector spaces. 

The algebraic tensor product of two vector spaces V and W solves the universal 
problem for bilinear maps. This means that every bilinear map from V y. W to 
some vector space Z factors as 

V xW — > Z 
\ / 

v®w 

resulting in a bijection between Bil(y x W, Z) and Lin(V^(8) VK, Z). This procedure 
can be extended in several ways to the category of locally convex spaces, corre- 
sponding to different classes of bilinear maps and different topologies o\iV ® W . 

For example we have the projective tensor product V W [50j Subsection 
1. 1.1], called so because it commutes with projective limits. It is V ®W with 
the topology solving the universal problem for jointly continuous bilinear maps 
V X W Z . If {pi}ii£i and {qj}jeJ ^re defining families of seminorms for V and 
W, then this topology is defined by the family of seminorms 

{n n ^ 

^Pi{vk)qj{wk) ■ X = ^Vk<^Wk> ielJeJ (2.57) 
fe=l fe=l J 

The completion ]/(X)W^ ofV(^W for the associated uniform structure is called the 
completed projective tensor product. 
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Similarly the inductive tensor product V (E)iW [SUl Subsection 1.3.1] solves the 
universal problem for separately continuous bilinear maps, and it commutes with 
inductive limits. The topology of V (^iW is finer than that of V (^^^ W, and the 
associated completion is denoted by V^(8)M^. Typically, for a C'^-manifold X and a 
Banach space V we have 

C''iX)®V ^C''iX;V) (2.58) 

There exists also more subtle structures on V ^ W, such as the injective tensor 
product V [Sni p. 1.89], which in a certain sense has the weakest reasonable 

topology. 

If V satisfies V Z — V Z for every Z then it is called nuclear, and if 
both V and W are nuclear, then so are V (8),^ W and On the other hand, 

if V and W are both Frechet spaces, then V iS)iW = V (^^^ W HOI P- 1-74] and its 
completion = y^W^ is again a Frechet space [SUl Theoreme II. 2. 2. 9]. 

Consequently the tensor powers of a nuclear Frechet space can be defined un- 
ambiguously. For example if X and Y are smooth manifolds, then C°°{X) and 
C°°{Y) are nuclear Frechet spaces and 

C°°{X)^C°°{Y)^C°^{X xY) (2.59) 

Now that we have come this far, it is logical to spend a few words on topological 
tensor products over rings. So let A be an m-algebra, V a right A-module and W 
a left A-module. We assume that V and W are complete Hausdorff locally convex 
spaces and that the module operations are jointly continuous. Then the completed 
projective tensor product ^(gjyiiy is the completion of V W for the topology 
solving the universal problem for jointly continuous A-bilinear maps from V x W 
to some A-module Z. Just as over C, this topology is defined by the family of 



seminorms (2.57) 



Let us return to homology of algebras. In any category of locally convex alge- 
bras with a topological tensor product we can form the bicomplex CCP'^^{A, (g)t) 
with spaces 



The maps from (2.3) and (2.4) are continuous because they use only the algebra 
operations of A. This, and the subcomplexes CC{A, (g)t) and CC^'^^{A, (g)^), lead to 
functors HHn{A,(^t), HCn{A,(^t) and ffP„(A, (g)t). They are related by Connes' 
periodicity exact sequence, but to get more nice features it is imperative that we 
use only completed tensor products and place ourselves in one of the following 
categories: 

• CCA: complete Hausdorff locally convex algebras 

• A4A : m- algebras 

• J^A : Frechet algebras 

• BA : Banach algebras 
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Although the objects of none these categories form a set, we allow ourselves to 
use £ to indicate with what kind of algebra we are dealing. 

By Theorem |2.9| the completed projective tensor product of two m-algebras 
is again an m-algebra, so we use (g) as our default and (g) as a reserve. Just as 
in Section |2.1| we are going to study the functorial properties of the resulting 
homology theories. Let A, A^ & C£A, m G N. 

Notice that the topological cyclic bicomplexes under consideration contain the 
algebraic cyclic bicomplexes. This yields natural transformations from the alge- 
braic cyclic theories to their topological counterparts. Therefore any homomor- 
phism from a complex algebra B to A induces maps on homology groups like 

HHn{B) ^ HHn{A,®) 

These maps are compatible with all the properties below. 

1. Additivity. 

(oo \ oo 

Ara,m = HHr,{AraM 
m— 1 / m— 1 

COQ \ OQ 

n Am,® \ = n HHniA,n3) 
ni—l / ni—l 

and similarly for HCn- The corresponding isomorphisms for (8) and Y[ hold if 
Am G Vm and the isomorphisms for (g) and are valid if Am S BA Vm. 
For HPn we can only be sure about the case with Y[ and (g). 

The proof of all these statements can be reduced to that of the algebraic 
case, by using [SDl, Propositions 1.1.3.6 and 1.3.1.14]. 

2. Stability. 

HH,,{Mm{A),§>) ^ HHn{A,%) 
and similarly with HCn, HPn and (E). 

This follows from the algebraic case, since all topological tensor products of 
A with a finite dimensional vector space (such as M„i{C)) are the same, and 
essentially equal to the algebraic tensor product. 

It is not known to the author whether HHn and HCn are Morita-invariant 
in a more general sense, but for HPn we will soon return to this point. 

3. Continuity. Here great concessions to the algebraic case must be made. As- 
sume that all the Am are nuclear Frechet algebras and that A = lim,„_^oo Am 
is a strict inductive limit. (Strict means that all the maps Am Am+i are 
injective and have closed range.) In this setting Brodzki and Flymen showed 
[16. Theorem 2] that 

HHn{A,®)= lim HHn{Am,W) 
HCn{A,®)= lim HCn{AmM 
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To make HPn continuous we need even more conditions. For example if 
3N gN such that iJi/„(A„, ®) = Vn > iV, Vm, then by [16l Theorem 3] 

HPn{A,^)= lim i?P„(A„,®) 

m — >oo 

The author knows of no continuity results for (g), which is not surprising, con- 
sidering the bad compatibility of projective tensor products with inductive 
limits. 

Excision is also pretty subtle for topological algebras. Let A be one of the 
four categories from page [31] Extending Wodzicki's terminology, we call A G A 
strongly H-unital if, for every V G A, the homology of the differential graded 
complex {A^"§)V , &'§idy) is 0. 

It follows from [MJ Section 1] that every Banach algebra with a left or right 
bounded approximate identity (e.g. a C*-algebra) is strongly H-unital, and in [151 
Section 3] it is claimed that this also holds in !FA. 

Recall that an extension of topological vector spaces >Z-^T4^— >Ois 
admissible if it has a continuous linear splitting. This implies in particular that Y 
(or more precisely, its image) has a closed complement in Z. Furthermore we call 
an extension 

0^ A^ B ^ C ^0 (2.60) 
in A topologically pure if, for every V £ A, 

^ A§)V ^ B§)V ^ C®V ^ (2.61) 

is exact. According to [T5j Section 4] the following types of extensions are topo- 
logically pure in J^A: 



1. admissible extensions 



2. extensions (2.601 such that A has a bounded left or right approximate iden- 
tity 

3. extensions of nuclear Frechet algebras 

With this terminology, the following is proved in [15, Theorems 2 and 4] : 

Theorem 2.10 Let O^A—fB—^Cbea topologically pure extension of Frechet 
algebras, with A strongly H-unital. Then there are long exact sequences 

HHn{A,®) HH,,{B,®) HH,,{C,®) ^ HH^_i{A,^) 

^ HCn{A,§,) ^ HCn{B,§,) ^ HCn{C,§,) ^ HCn-l{A,^) ^ 
^ HP„{A,^) ^ HPn{B,^) ^ HPniC,^) ^ HPn-l{A,iE)) ^ 



With the help of Theorem |2.9[ all these results on excision (except [3] ) can be 
extended to the category of m-algebras. 
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Actually HP^, has much more features than those listed above. Let f,g:A^B 
be morphisms in CCA. We say that they are homotopic if there exists a morphism 
(p : A C{[0, l],B) such that / — cvq o (p and g = evi o (p. They are called 
diffeotopic if there exists a morphism 

(j):A-^ C°°([0, 1])§)B ^ C°°([0, 1]; B) 

with these properties. 

Theorem 2.11 In the category M.A the functor i7P*(-,(g)) has the following 
properties: 

1. If f,g are diffeotopic, then HP^,{ f) = HP^,{g). 

2. Let E and F be linear subspaces of an m-algebra A, and let A(EF), respec- 
tively A{FE), be the subalgebra generated by all the products ef , respectively 
fe, with ee EJ G F. Then HP.,{A{EF)) = HP^{A{FE)). 



3. Every admissible extension (2.601 gives rise to an exact hexagon 



T i 
HPi{C,§)) ^ HP^{B,®) ^ HP^{A,®) 

Proof. 1 comes from [32, p. 125] 2 from |3S] and 3 from □ 

A clear omission at this point is a Kiinneth theorem for topological periodic 
cyclic homology. It certainly exists, but the author does not know in what gen- 
erality. Fortunately, for all the algebras that we use there is an ad hoc argument 
available to prove the Kiinneth isomorphism. 

What happens to differential forms in the presence of a topology? If A is a 
commutative unital m-algebra, then the definition of Q}{A) must be modified to 
retain completeness. So, identifying the Kahler differential adb with the elemen- 
tary tensor a®h, we define ^^(A,®) to be the quotient of A® A by the closed 



A-sub module generated by the relations (2.16). Furthermore let Vn be closed sub- 
space of {p}{A, (g)))'^'*" generated by all the 7i-forms cji A • • • A cj„ for which there 
exist i ^ j with uji — ojj . Then 



§) = /\^ n\A, i) := {n\A, i))^^" /f„ (2.62) 

Thus, finally, we have the topological De Rham homology 

H^''{A,®)^H,,{n*{A,®),d) (2.63) 



Let us consider the topological counterpart of a smooth algebra. It is not exactly 
clear what that should be, but obviously it should be related to algebras of smooth 
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functions. Nuclearity is also an advantage. So let C°°(X) be the (nuclear Frechet) 
algebra of infinitely often differentiable complex valued functions on a smooth real 
manifold X. It is well known that in this case we have natural isomorphisms 



r2"(c°°(x), i) = r2"(x) (2.64) 

H^R^C°^^X)3) = Hl^{X) (2.65) 
These hold both with real and with complex coefficients, but we are mostly in- 



terested in the latter. Furthermore the maps (2.20) and the Hochschild-Kostant- 
Rosenberg theorem can be extended to this topological situation [32l 11261 1134] , so 
there are natural isomorphisms 

HHn{C°°{X),^) = 17"(X) (2.66) 
ifC„(C°°(X), i) ^ n'\X)/d^"-\X) ® Hdr\X) ® Hl-j^{X) © • • • (2.67) 
HP„{C°^{X),%) = J] Hl+^^{X) (2.68) 

We conclude the section with a warning. An algebra may be "too big" for cyclic 
theory to work properly. In fact the results are pretty noninformative for most 
Banach algebras. Let A be an amenable Banach algebra [66 , for example C{Y) 
with Y a compact HausdorfF space or L^{G) with G a locally compact amenable 
group. Then we have 

HH^iA3)^['"Y^ I III (2.69) 

where \A, A\ is the range of the commutator map A® A — > A. Thus V?i > 
HC2u{A,®) = HP2n{A,^) ^ A/[A,A] 

HC2n+M,®) - HP2n+M3) - 



2.4 Topological ii'-theory and the Chern charac- 
ter 

Topological ii'-theory is at the very heart of noncommutative geometry. For a com- 
pact topological space it is defined roughly speaking as the Grothendieck group of 
equivalence classes of vector bundles over X. By the Gelfand-Naimark and Serre- 
Swan theorems it can be transferred to (commutative) C*-algebras, and there it 
becomes the Grothendieck group of isomorphism classes of finitely generated pro- 
jective modules. This in turn can be extended to Banach algebras, and on that 
category K^, {A) is something like the Grothendieck group of homotopy classes of 
idempotents or invertibles in the stabilization of A. 
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In the present section we study the K-functor on even larger categories of 
topological algebras. We collect some important theorems, focussing especially 
on those results that are fit to compare /-iT-theory with topological periodic cyclic 
homology. 

Of course there also exists a purely algebraic if-theory, which is a natural 
companion of the algebraic cyclic theory of Section |2.1[ However, since these 
algebraic groups are notoriously difficult to compute, and since they contain 
more number-theoretic than geometric information, we will not study them here. 

The most general construction of a topological i^-functor is due to Cuntz [33] , 
and it realizes K^. as the covariant half of a bivariant functor on the category of 
m-algebras. As Cuntz's construction is rather complicated, we will not elaborate 



on it. Instead we recall the definition of Phillips |102j . which works for Frechet 
algebras and is similar to that for Banach algebras. 

Let A be the nuclear Frechet algebra of infinite matrices with rapidly decreasing 
coefficients. It is also referred to as the algebra of smooth compact operators, 
because it is a holomorphically closed dense *-subalgebra of the usual algebra of 
compact operators, and it is isomorphic, as a nuclear Frechet space, to the algebra 
of smooth functions C°°(T^) on the two-dimensional torus. 

For any Frechet algebra A, let {A^A)~^ be the unitization of A(E)A, and consider 
the Frechet algebra M2 ((.^^A)"*"). Define P{A) to be the set of all idempotents e 
in this algebra satisfying 

I e M,{mA) 

Similarly U{A) is the set of all invertible elements u £ AI2 [{A(^A)~^) for which 

(0 1) ^^^2(i?®A) 
Following |102l Definition 3.2] we put 

Ko{A) = vro {P{A)) (2.71) 
Ki{A) = TTo {U{A)) (2.72) 

With the multiplication defined by the direct sum of matrices, these turn out to 
be abelian groups with unit elements 



1 




and 



1 
1 



Later we shall want to pick "nice" representants of if-theory classes, so now we 
try to discover how much is possible in this respect. Let A be unital, e G Mn{A) 
idempotent and u e GLn{A). Pick a rank one projector p £ K and an isomorphism 
Mn{R) — ^ K and extend it to 

A„ : M„{R§)A) ^ A§)A 
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Now consider the elements 

The resulting classes in K^{A) do not depend on p and A„, and are simply denoted 
[e] and [u]. The natural inclusion u ^ u ® 1 of GLn{A) in GLn+i{A) enables us 
to construct the inductive limit group 

lim 7:0 (GLniA)) 

n — >oo 

Similarly, the inclusion e ^ e of Mn{A) in Af„+i(A) leads to the inductive 
limit space 

K+{A):= lim 7ro(ldem M„(A)) 

n — *oo 

Actually this is an abelian semigroup with unit element 0. By |102l Lemma 7.4] it 
is naturally isomorphic to the monoid of equivalence classes of finitely generated 
projective A-modules. In this notation |102[ Theorem 7.7] becomes 

Theorem 2.12 Let A be a unital Frechet Q-algehra. The assignments e — *■ [e] 
and u — > [u] extend to natural isomorphisms 

G{K+{A))^Ko{A) 
lim 7To{GL^{A)) ^ K,{A) 

n — ►oo 

where the G stands for Grothendieck group. 

In particular Ko{A) has a natural ordering, for which Kq{A) is precisely the 
semigroup of positive elements. These construction are especially important in 
connection with density theorem for if-theory \12}, Theoreme A. 2.1] : 

Theorem 2.13 Let A and B be Frechet Q-algebras, and (p : A ^ B a morphism 
with dense range. Suppose that a € A"*" is invertible whenever <t>'^{a) G _B+ is 
invertible. Then for any n e N the induced maps 

IdemAf„(A+) ^ IdemAf„(B+) 
GL^{A+) ^ GL„(B+) 

are homotopy equivalences, and K^,{(j)) : K^,{A) — s- K^,{B) is an isomorphism. 

The conditions are typically satisfied if i? is a unital Banach algebra, A is a 
dense unital subalgebra which is Frechet in its own finer topology, and A n i?^ = 
A"". 

If we are working in m*-algebras then everywhere in the above discussion we 
may replace invertibles by unitaries, and idempotents by projections. This is a 
consequence of the following elementary result. 
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Lemma 2.14 Let A be a unital m*-algehra such that sp{z*z) C Vz G A. The 
set of unitaries in A is a deformation retract of the set of invertibles in A. Likewise, 
the set of projections in A is a deformation retract of the set of idempotents in A. 



Proof. Using Theorem 2.9 3 write \z\ — {z*zY^^. Then z\z\ ^ is unitary for every 
z e A^ and 

[0,1] X ^ : {t,z) z\z\-' 

is the desired deformation retraction. Similarly, there is a natural path from an 
idempotent to its associated Kaplansky projector, see e.g. [lOl Proposition 4.6.2]. 
□ 



Quite often it is possible to find a bound on the size n of matrices that we need 
to construct all i^i-classes. To measure this we recall the notion of topological 
stable rank. Given a unital topological algebra A define 

Lgn{A) := {(ai, . . . , a„) G A" : ^ai + • • • + Aa„ = A} (2.74) 
tsr{A) := inf {n : Lgn{A) is dense in A"} (2-75) 

RiefFel |106lll07l showed that this is useful for /^-theory of C*-algebras. The most 
general result in this direction is [107, Theorem 2.10] : 

Theorem 2.15 Let A be a unital C* -algebra. For any n > tsr(A) we have 

7To{GLn{A)) ^ Ki{A) 

To bound the topological stable rank of algebras that are not too far from com- 
mutative we use the following tools, cf. |106} Propostion 1.7] and |100[ Theorem 
2.4] : 

Proposition 2.16 Let X be a compact Hausdorff space and dim X its covering 
dimension. Also let A d B be an inclusion of unital C* -algebras, such that B is a 
left A-module of rank n. Then 

tsr{C{X)) = 1 + [dimX/2j 
tsr{B) < n tsr{A) 

Together with Theorems |2.12| - |2.15| this will allow us to realize the iiTi-group 
of certain C* -algebras entirely by invertible matrices, of a certain bounded size, 
with coefficients in a dense subalgebra. 

Now we return to the study of the more abstract features of the ivT-functor. 

1. Additivity. For any m-algebras A„i (m G N) 



Coo \ oo 

n ^™ p n Kn{A^) 
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2. Stability. 

3. Continuity. If Am {m G N) are Banach algebras and A — lim,, 
their Banach inductive limit, then 

KniA) = lim K„{Arn) 
m — *oo 

4. Excision. Let O^A^i?^C^Obean extension of m-algebras, 
admissible if not all the algebras are Frechet. There exists an exact hexagon 

Ko{A) ^ KoiB) ^ Ka{C) 

T i 

Ki{C) ^ Ki{B) ^ Ki{A) 

5. Diffeotopy invariance. Let f,g:A^Bhe diffeotopic morphisms of m- 
algebras, or homotopic morphisms of Frechet algebras. Then 

In this list |3] is classical, but the author does not know of any extension to 
Frechet algebras. Proofs of [T| |2] |4]and[5]can be found in [33 and [102 . 

Obviously we will compare the features of if* with those of HP^, given in 



Section 2.3 Since topological if-theory is built with the completed projective 
tensor product, it only makes sense to compare it with the cyclic theory with 
the same topological tensor product. Hence, from now on HP^,(A) will mean 
HP^,{A,®) for any m-algebra A, unless explicitly specified otherwise. 

First we deduce from the excision and diffeotopy properties that if* and HP^ 
react in the same way on suspending an algebra. This is essentially a manifestation 
of Bott periodicity. By definition the smooth suspension of A is 

S^{A) = {,f eC^{S'-A):f{l) = Q} 

Lemma 2.17 For i = 0, 1 there are natural isomorphisms 

Ki-^{A) ^ K^{Soo{A)) 

Ko{A)®KM) ^ K,{C°-{S^-A)) 

The same holds for periodic cyclic homology. 

Proof. Let (not an algebra! but easy to repair) 

Coo{A) := {/ e C°°([0,1]; A) : /(O) = 0,/(")(0) = /<")(!) Vn > 0} 

be the smooth cone of A. Consider the admissible extension 

0-^5oo(A)-^Coo(A)-> A^O (2.76) 
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where the third map is evaluation at and the second arrow comes from composing 
a function with the surjection 



2'iTix 



The boundary maps from the exact hexagon associated with (2.76 1 are the desired 
maps Ki^i{A) Ki{Soc{A)). To prove that these are isomorphisms we will show 
that Coo{A) is diffeotopy equivalent to the algebra 0. Let r : [0, 1] [0, 1] be a 
bijective diffeomorphism with the properties 

• r'{x) > OVx G (0,1) 

• r(")(0) = r(")(l) = Vn > 
We have m-algebra homomorphisms 

Coo{A) ^ C^{[0,1],{0};A) : f ^ f 
Co°°([0,l],{0};A)^Coo(A) :/^/or 

Since r is diffeotopic to id[o,i], both compositions of these algebra homomorphisms 
are diffeotopic to the respective identity homomorphisms. Hence we get natural 
isomorphisms 

K,{CUA)) ^ K,{C^ {[0,1], {0}; A)) 

However, C^([0, 1], {0}; A) is diffeotopy equivalent to by means of the homo- 
morphisms 

0t : Co°°([0, 1], {0}; A) ^ C^{[0, 1], {0}; A) 
Mf)is) - fits) 

and therefore its X-theory vanishes. 

Similarly there is an admissible extension 

O^Soo{A)^C°°{S^;A)^A^O (2.77) 

But this extension splits, just send a G A to the element a E C°°{S^;A) with 
a{t) = a Vi G S^. Applying Ki we get a split exact sequence of abelian groups 

^ K,{Soo{A)) ^ K,{C°°{S';A)) ^ K,{A) ^ 

Combined with the above this yields natural isomorphisms 

ifi_,(A) ® K,iA) K,iSoo{A)) ® K,{A) ^ K,{C°°{S^; A)) 

The same proof applies with periodic cyclic homology. □ 



Continuing our comparison, we see from Theorem |2.11[ 2 that HP^, is also 
stable. Namely, we may take for E all the matrices whose only nonzero entries are 
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in the first column, and for F all the matrices which have only zeros outside the 
first row. The isomorphism 

HP^ [A] ^ HP^ {mA) (2.78) 

is induced by the algebra morphism a —t pap, where p G .ft is an arbitrary rank 
one projector. Its inverse 

HP., [mA) ^ HP, {A) (2.79) 

is a little more tricky, since it is not given by an algebra morphism, but a morphism 
of bicomplexes, the so-called generalized trace map. This is the linear map 

tr : {mA)'^" ^ A®"" (2.80) 

defined on elementary tensors by 

tr{kiai (g) • • • (g) fc„a„) = tr{ki ■ ■ ■ A;„) ai (g • • • (g) a„ (2-81) 

Note that this works equally well if R is replaced by a finite dimensional matrix 
algebra M™(C), cf. gT] Section 1.2]. 

So now we know that HP, is halfexact, diffeotopy invariant and .ft-stable. On 
the other hand, Cuntz' kk [33l Section 6] is the universal halfexact, diffeotopy 
invariant, .ft-stable bivariant functor from m-algebras to abelian groups. This 
implies the existence of a unique natural transformation of functors 

ch:K,^ HP, (2.82) 

respecting these features. It is called the Chern character, because it is a far- 
reaching generalization of the classical Chern character 

Ch: K*{X) ^ H*{X;<[^) (2.83) 

that assigns to a complex vector bundle over a paracompact Hausdorff space X a 



class in the even Cech cohomology. Indeed, we can get (2.831 for smooth manifolds 



by applying (2.82) to C°°{X) and using the isomorphism (2.681. 

The Chern character is compatible with the countable additivity of K, and 
HP,, and also with excision, as was shown by Nistor [9F, Theorem 1.6] : 

Theorem 2.18 Let 0— s-B— s-C— >0 he an extension of m-algebras. The 
various Chern characters make a commutative diagram 

K,{A) ^ K,{B) ^ K,{C) ^ Ko{A) ^ Ko{B) ^ Ko{C) 

HPi{A) HP,{B) ^ HPiiC) ^ HPo{A) ^ HPo{B) ^ HPo{C) 

Moreover, if the extension is admissible and rj : Ko(C) Ki{A) and 

d : HPq(C) — ^ HPi{A) denote the connecting maps, then ch o rj = 27ri d o ch. 
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Explicit formulas for the Chern character, from Phillips' picture to the cyclic 



bicomplex, were first given by Karoubi [69j Chapitre II]. In the setting of (2.731 
we may replace A by M„(A) to achieve that e,u E A. Define 

C2m+i{e) = (-ir^(e,...,e) e 

m! 

C2m{e) = (_l)™-i|!jy!(e,...,e) G A^^™ ^2.84) 



C2m(w) = (m - 1)! (u \ u, . . . , M \m) e 
C2m+i(w) = m!(2,u-i,M,...,?/-i,u) gA«52™+i 

and place c„(e) in CCf!_"„^„_i(A, i) = A^" and c„(m) in CCfr„_„_i(A, §) yl®". 
By Lemma 2.1.6, Theorem 8.3.4 and Proposition 8.4.9 of [HI] we have 

ch[e] = [{c^{e))^^,]eHPo{A) (2.85) 
ch [u] = [(c„(u))^^i] e i/Fi(A) (2.86) 

With the density theorem and the homotopy invariance of X-theory we can 
compute it for many Frechet algebras, in particular commutative ones. The max- 
imal ideal space of a commutative m-algebra A is defined like in algebraic geome- 
try : it is the collection Max(A) of all closed maximal ideals of A, endowed with 
the coarsest topology that makes all elements of A into continuous functions on 
Max{A). This is called the Gelfand topology, and we denote it by Tq. 

Contrarily to the C*-algebra case, there may be several commutative Frechet 
algebras with the same maximal ideal space. The spectrum of a commutative 
Frechet algebra is Hausdorff, cr-compact and paracompact, but it need not be 
locally compact. Therefore we also consider the compactly generated topology 7^ 
on Ma,x{A) . This means that we call U C Ma,x{A) open in 7^ if and only ii U DC 
is open in C, for any compact C with the relative topology from {Ma.x{A),Tc). If 
A+ is the unitization of A, then Max(A+) = Max(A) U {A} and we put 

Ca ■■= {.f e C{Max{A+),%) : f{A) = 0} (2.87) 

Theorem 2.19 For any commutative Frechet algebra A there are natural isomor- 
phisms 

K,iA) = K,{Ca) - K* (Max(A+), {A}) 
If Max(A) is locally compact then 

{A)(SQ^ H* (Max(A+) , { A}) «) Q 

Proof. The isomorphisms with integral coefficients are due to Phillips |102l The- 
orem 7.15]. Here K* means representable A'-theory of topological spaces, in the 
sense of Karoubi [HI] . He represents 

K'^iX) ■.^[X,m"] (2.88) 

as the set of homotopy classes of continuous maps from a paracompact Hausdorff 
space X to some classifying space ^U"'. This agrees with the usual definition if 
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X is compact, but in general it yields a generalized cohomology theory without 
compact supports. It has been known since the beginning of topological A'-theory 



that (2.831 gives an isomorphism 

C/i(^idQ:/r(X)®Q^i7*(X)®Q (2.89) 

if X is a finite CW-complex Section 2.4]. With spectral sequences, as in |114j . 
one can extend this to all compact HausdorfF spaces, since these are homotopy 
equivalent to CW-complexes. □ 



This theorem can be considered as the counterpart in topological iiT-theory of 
Theorem |2.6[ If we apply it to a smooth manifold we get 

K, (C°° {X))®C^ H*{X- C) (2.90) 

Since Cech cohomology agrees with De Rham cohomology (both with complex 
coefficients) on the category of smooth manifolds, we deduce from ( |2.68 1, (2.901 
and the naturality of the Chern character that 



ch® idc ■■ K,{C°°{X))(g>C^ HP,{C°°{X)) (2.91) 

is an isomorphism. If we think a little more about this, it becomes clear that such 
an isomorphism should hold for many more algebras, even noncommutative ones. 
To make this precise, we introduce yet another category of topological algebras, 
denoted CTA. It is a full subcategory of the category of m-algebras MA, and its 
objects are those A e A4A for which the Chern character induces an isomorphism 

ch (g) idc : K^{A) ®C ^ HP^A) (2.92) 



Proposition 2.20 The category CTA is closed under the following operations: 
L countable direct products 

2. tensoring with Af„j(C) or R 

3. diffeotopy equivalences 

4-. admissible extensions, quotients and ideals 



Proof. 1,2 and 3 follow directly from the features of and HP^ on pages 32 



and|39| As concerns 4, by Theorem 2.18 we can apply Lemma 2.3 to the functors 



K»{ • ) (8) C and HP^{ ■ ,®) on the category A4A with admissible morphisms. The 
factor 27Ti in Theorem 12. 181 is inessential. □ 



In view of these similarities, it is logical to try to extend the material from 
Section |2.2| to topological JC-theory. However, this is somewhat problematic, as 
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general compact Hausdorff spaces are much less easy to handle then algebraic 
varieties. In the next section we will avoid these difficulties by considering only 
smooth manifolds with a finite group action. Right now we will prove a coarse 
analogue of Theorem |2.7| which applies to semisimple algebras which " live" on 
finite simplicial complexes. We formulate it in terms of C*-algebras, but with 
Theorem 2.13 it can easily be generalized to certain Frechet algebras. 

Proposition 2.21 Let Y. be a finite simplicial complex and (j) : A B a homo- 
morphism of C* -algebras. Suppose that 

• there are unital homomorphisms from C(S) to the centers of the multiplier 
algebras M{ A) and M{B) 

• for every simplex aofY. there are finite dimensional C* -algebras A„ and B„ 
such that 

ACq{g, 5a) = Co{a, da; Acr) and BCo{a, 6a) = Co(o-, 5a; B^) 

• (f> is C(T,) -linear 

• for every x„ € a \ 5a the localization (t>{xa-) '■ A„ — > B„ induces an isomor- 
phism on K-theory 

Then 

K,{(j)) : K^{A) ^ K^{B) 

is an isomorphism. 

Proof. Let S" be the n-skeleton of S and consider the ideals 

C(E)=/oD/iD---D/„D--- ^2.93) 

They give rise to ideals An — AIn and _B„ — Bin. Because S is finite all these 
ideals are for large n. We can identify 

A„_iM„^^Co(S",E"-i)^ ACo{a,5a):^ Co{a,5a;A^) 

cjGE : dim (T—n (TfES : dim cr— n 

and similarly for B. Because (/> is C(E)-linear, it induces homomorphisms 
(f){a) : Co{a, 5a; A^) Co(o-, Sa; B„) 



By Lemma 2.3 and the additivity of i^-theory it suffices to show that every (l){a) 
induces an isomorphism on iiT-theory. Let Xa be any interior point of a. Because 
a\5a is contractible, 4>a is homotopic to ''f^Co(<y,S(y) ® 4>{^<t)- By assumption the 
latter map induces an isomorphism on i^-theory. With the homotopy invariance 
of A'-theory it follows that if*((/)(cr)) is an isomorphism. □ 

Note that this proof applies equally well to the functor K^,{-) ®z Q. 
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2.5 Equivariant cohomology and algebras of in- 
variants 

This section is all about algebras that carry an action of a finite group, and their 
subalgebras of invariant elements. To place things in a classical context we first 
recall some beautiful theorems on equivariant topological ii'-theory and cyclic 
theory for crossed product algebras. 

All the results after that are due to the author, but some of them already 
appeared in |123j . We broaden our view, to algebras of the form 

with X a smooth manifold. We relate iiT-theory of such algebras to a G-equivariant 
cohomology theory due to Bredon [T3], which can also be described as the Cech 
cohomology of a certain sheaf over the orbifold X/G. This depends on the exis- 
tence of a G-equivariant triangulation of X. Using the same Mayer- Vietoris type 
of arguments we also prove that the Chern character for A*^ becomes an isomor- 
phism after tensoring with C. Finally, if X happens to be a complex afhne variety, 
then we show that the " polynomial" subalgebra A'^i^ has the same periodic cyclic 
homology as A'^ . 

Let G be a topological group acting continuously on a topological space X. 
Then G also acts continuously on the closed subspace 

X ■■= {(.9, x)c,Gy^X:gx^x} (2.94) 

of G X X by 

g{9',x)^{gg'g-\gx) (2.95) 

and X/G is called the extended quotient of X by G. In the literature one often 
encounters the notation X for X, but we avoid this because it might be confused 
with the spectrum of a topological group. 

Let (G) be the set of conjugacy classes in G, and denote the class containing 
g by {g). We have a decomposition 

X/G= □ (5,X7Zg(.9))= □ X<^/ZG{g) (2.96) 

(9)e{G) (g)e(G) 

where Za^g) is the centralizcr of 5 in G and 

X3 ^ {x e X : gx ^ x} (2.97) 

Notice that the components of this partition are always closed, and they are open 
if G is finite. 

A G-vector bundle over X is a vector bundle p : V ^ X together with an 
action of G on V, such that yvEV,x£X,g£G 
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• p{gv) = gp{v) 

• g : p~^(x) — > p~^(gx) is linear 

If X and G are both compact HausdorfF, then it makes sense to consider the 
Grothendieck group of equivalence classes of complex G- vector bundles. This 
group was first studied by Atiyah [1], and it is denoted by Kq{X). By the same 
suspension procedure as in the nonequivariant case this leads to a sequence of func- 
tors K^, together called equivariant /^-theory. This is a equivariant cohomology 
theory which shares most of the properties of ordinary topological A'-theory. 

For any g G G, the restriction of a complex G-bundle p : V X to X^ is 
a vector bundle on which g acts linearly in every fiber. So we can decompose it 
canonically into to its f/-eigenspaces : 

^Ix. = e p-\X<^) : gv = X,v} (2.98) 

i i 

By the continuity of the action and the compactness of X^ there are only finitely 
many A,; G C for which Vi is nonzero. From this decompostion we cook a canonical 
map 

Pg : K^{X) K*{X'^)(E)C (2.99) 

sending [V] to J2i AH these Pg's together combine to a map that classifies 

G-bundles over X in terms of ordinary vector bundles over the extended quotient 
X/G. Indeed, for finite G the identification 

K*{X)= K*{XS) (2.100) 
(5>e(G> 

gives a map 

P-^^Pa-K^iX)^K*{X)(g)C (2.101) 
geG 

It is easy to see that the image of p is contained in the subspace of G-invariants, 
so if we compose it with the Chern character for X we land in H*{X; C)^, which 
by [5TJ CoroUaire 5.2.3] is naturally isomorphic to H*{X/G; C). By the way, this 
composition 

Cha -.^ iCh(g>idc)o p (2.102) 

is called the equivariant Chern character. The punchline is of course [H Theorem 
1.19] : 

Theorem 2.22 For any finite group G acting on a compact Hausdorff space X 
there are natural isomorphisms 

p(g>idc:K*a{X)(g>C^ (^K*{X)(g,cY 
Che ® idc ■.Kl;{X)®<C^ (h*{X; C)^ = H*{X/G; C) 
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We switch back to a more algebraic point of view. Suppose that the compact 
group G acts by *-automorphisms on a C*-algebra A. The above leads us to 
consider finitely generated projective A-modules AI with a G-action satisfying 
g{am) = (ga)(gm). The Grothendieck group of equivalence classes of such modules 
is the equivariant iiT-theory Kq{A). This gives rise to sequence of functors 
which by the equivariant Serre-Swan theorem |101L Theorem 2.3.1] are related to 
the above homonymous functors as 



(2.103) 



We already managed to describe G-bundles in terms of ordinary vector bundles 
over a related space, and the same is possible for C*-algebras. Namely, Julg |S7] 
showed that there is a natural identification 



K^iA) ^K^{Ay> G) 



Combining ( |2.103[ ) and ( [2.104^ with Theorem [2^ we see that 

K4C{X) >^ G) ® C ^ H*{X; ^ H*{X/G; C) 



(2.104) 



(2.105) 



This is important for our purposes, since it shows that the homology of a crossed 
product algebra can be described in geometric terms. This can even be refined in 
cyclic theory. Let X be either a nonsingular complex afline variety or a smooth 
real manifold, not necessarily compact, and A the algebra of either regular or 
smooth functions on X. Suppose that the action of G preserves this structure, so 
that the partially invariant subspaces X^ are of the same type as X. Brylinski 
dH 112 proved that 



HHn{A X G) 
HPn{A » G) 

HCn{A XI G) 



^''{X') 

(9>e(G> 



(3>e(G>mez 



Zcia) 



n+2m J 
DR 



(n'''{xs)/dn''-\x3) e h 



(2.106) 
(2.107) 



m£2 



(9)e(G) 



'(X9)ei/;^^4(X9)® •••) 



ZG(g) 



(2.108) 



[n"{x)/dn"-\x)®H'^-j^^{x) e -ff^A W ® • 

Moreover Nistor [96, Theorem 2.11] constructed an explicit map 

HH,,{A^G)^ n''\X^) 

{g)e{G) 



(2.109) 



(not the naive restriction!) and showed that it induces these isomorphisms. 

When we combine ( |2. 105 ), (2. 107 1 and Theorem 2.13 with the naturality of the 
Chern character, we arrive at 
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Theorem 2.23 Suppose that a finite group G acts by diffeomorphisms on a com- 
pact smooth manifold X . Then the Chern character gives an isomorphism 

ch (g) idc : X, (C°° (X) X G) C ^ HP, (C°° (X) x G) 

Later we will see that the compactness assumption in this theorem is not 
necessary, so we drop it now, at least for the rest of this section. 

Interestingly, the crossed product (X) x G can also be realized as an algebra 
of invariants : 

C°°(X) X G ^ C°°(X;End(C[G]))'^ (2.110) 

where the group algebra C[G] carries the right regular representation of G, see 
Lemma [A3| We propose to study such algebras also with other G-representations 
instead of C[G]. Then C[G] is universal in the sense that it contains every irre- 
ducible G-representation. At the other extreme we have the trivial representation, 
which leads us to the Frechet algebra 

C°^{X/G) C°°{X)'^ (2.111) 

of smooth functions on the orbifold X/G, cf. |110j . Wassermann [134] Section 
IV] showed that the periodic cyclic homology of this algebra equals, as one would 
expect, the Cech cohomology of X/G: 

HP, {G°°{X)^) = H*oj^{Xf = H*{X/G;C) (2.112) 

But he also noticed that Hochschild homology does not behave so well in this case, 
as 

HH, (G°°(X)^) and fl*{X)^ 

are not isomorphic in general. 

Let Z C Y he arbitrary subsets of K", and V a Frechet space. To include 
manifolds with boundary in our studies we adhere to the following conventions : 

{fly : f e G°°{U) for some open U with Y dU d M"} 
{/GG°°(r) :/|^-0} (2.113) 
C^{Y,Z)®V 

Unfortunately this slightly ambiguous for orbifolds embedded in M" . For example 
if y = M/{±1}, identified as a topological space with [0,00), then 

C°°([0,oo)) D G°°(M)^±i> 

since the right hand side contains only functions whose odd derivatives vanish 
at 0. However, the difference is not too big, since both algebras are diffeotopy 
equivalent to C ® G^(E, (-00, 0]) via / / o where cj) e G^(M, (-00, 0]) is 
an automorphism of [0,cxd) which is diffeotopic to the identity of [0,cxd). In such 
situations we shall usually give priority to the orbifold structure and use ( |2.111| 
as a definition, at least locally. 



G°°(y) := 
C^{Y,Z-V) 
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Now let X be a smooth manifold with boundary, still cr-compact, and consider 
the Frechet algebra 

A := C°^{X- Mjv(C)) ^ Mn{C°°{X)) (2.114) 

We assume we have elements G and diffeomorphisms Ug of X such that 

ga{x) = Ug{x)a{a'g^x)u'g^{x) (2.115) 

defines an action of G on A. Although this implies that g — > is a group 
homomorphism, g Ug need not be one. The algebra 

A^ = C°°(X; MN{C)f (2.116) 

will be our Frechet version of a finite type algebra. Clearly A^ is finitely generated 
as a module over C°°{X)'-^. It follows from a classical theorem of Newman that 
the set of points of X whose G-stabilizer equals ker a is open and everywhere 
dense in X, see gl Theorem 1]. Hence, if kera = {e} then Z{A^) = C°°{X)^. 

To compute its /iT-theory we will use an " equivariant cohomology theory with 
a local coefficient system" , as defined by Bredon [T3] . This theory can be combined 
with the ideas of Segal |115j and Slomihska |120j to describe if* (^'^) in sheaf- 
cohomological terms. 

First we recall some of Bredon's constructions, referring to jl4j for more precise 
information. Let S be a countable, locally finite and finite dimensional G-CW 
complex. Assume that all cells are oriented and that the action of G preserves 
these orientations. 

We define a category /C whose objects are the finite subcomplexes of S. The 
morphisms from K to K' are the maps K ^ K' : x ^ gx for g G G such that 
gK C K'. Now a local coefficient system £ on S is a covariant functor from K. 
to the category of abelian groups, and the group C"'(5];£) of g-cochains is the 
set of all functions / on the q-cells of E with the property that /(t) G £(t)Vt. 
Furthermore we define a coboundary map d : C"^(S; £) — > C^^^CE; £) by 

(a/)(a) = ^[r:a]£(r^a)/(r) (2.117) 

r 

where the sum runs over all g-cells r and the incidence number [t : a] is the degree 
of the attaching map from da (the boundary of a in the standard topological 
sense) to t/Ot. The group G acts naturally on this complex by cochain maps, so, 
for any if C E , (^C* {K; £,)'^ ,d) is a differential complex and we can define the 
equivariant cohomology of K with coefficients in £ as 

ii^(if ; £) ii" {C*{K; d) (2.118) 

More generally for K' C K, C* {K, K'; £) is the kernel of the restriction map 
C*{K;2) G*{K';£,) and 



(2.119) 
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By construction there exists a local coefficient system (more or less consisting of 
the G-invariant elements of £) on the CW-complex S jG such that the differential 
complexes {C*{K, K'; £)^,d) and {C*{K/G, K'/G; £^),d) are isomorphic. Notice 
that defines a sheaf over S /G (with the cells as cover) , so that 

H^iK, K'; £) ^ iJ« {K/G, K'/G; (2.120) 

Let be the p-skeleton of S. We capture all the above things in a spectral 
sequence {EP''^)r>i, degenerating already for r > 2, as follows : 

£;f9 = i/P+«(SP,SP-i;£) = | ^"(^'-^^^ ![ ^^[j (2.121) 

i?- = | (2.122) 
^ \ if g > ^ ^ 

The differential df is the composition 

^ HP+\^P- £) ^ El^^'" (2.123) 

of the maps induced by the inclusion (E^, 0) (S^, and the coboundary d. 

Now let S'-^ be an algebra like (2.1161, but without the differentiable structure. 
We will see later that this algebra has the same iiT-theory as A'^ , for a suitable 
triangulation oi X. So we put 

B = C(E; Mn{C)) = Mn{C{1:)) (2.124) 

and we assume that we have Ug Cz such that 

gb{x) = ug{x)big-^x)u-\x) (2.125) 

defines an action of G on B. To associate a local coefficient system £„ to this 
algebra we first assume that K is connected. In that case we let 

Gk -.^ {g £ G : gx ^ X ^x e K} (2.126) 

be the isotropy group of K and we define £„ (K) to be the free abehan group on 
the (equivalence classes of) irreducible projective G/f-representations contained in 
(7ra;,C''^), where TTxig) = Ug{x) for g G Gk, x € K. By the continuity of the Ug we 
get the same group for any x € K. If if is not connected, then we let {Ki]i be its 
connected components, and we define 

&u{K) ^\{Zu{Ki) (2.127) 

i 

Suppose that gK C K' and that p is a projective G^f-representation. Then we 
define a projective Gjc-representation by 

Z^{g:K^K')p{g')^p{g-^g'g) g'&GK' (2.128) 
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If h E G gives the same map from K to K' as g then h E Gk and 

: K ^ K')p{g') = p{h-^g'h) = p{h-'g)p{g-'g'g)p{g-'h) (2.129) 

so £u{h ■ K — > K')p is isomorphic to : K K')p as a projective representa- 
tion. This makes into a functor. 

Suppose for example that Ug{x) — IVx G Y., g £ G. Then i2„ and £^ are the 
constant sheaves Z over E and E/G respectively, and 

iI5(S;£„) = 7?*(E/G;Z) (2.130) 

is the ordinary cellular cohomology of S/G. Moreover B'~^ = C{Y./G; Afjv(C)), so 
(B^) ^ i^*(S/G), which is isomorphic to H*{T./G;Z) modulo torsion. 
Of mo st int erest is the case where B*^ = G(E) x G is the crossed product, as 
in Lemma A. 3 Then we compare £^ to the direct image of the constant sheaf Z 
on S, under the canonical map p : S/G —t S/G. Although they may not always 
be isomorphic, their Cech complexes are identical, for any cover that refines the 
cell structure. Since p is finite to one we can deduce, using even more spectral 
sequences |171 Chapitre 5], that 

FS(S;£„®Q)-7?*(S/G;Q) (2.131) 



and by Theorem 2.23 this is the same as K^, {B'^) ® Q if E is compact, i.e. if it is 
a finite CW-complex. 

It turns out that this close relation between {^'^) and the Cech cohomology 
H* (S/G; £^) is valid in general. Consider the following analogue of ( |2.33 1 

= (B«) D Kl (S«) D • • • D "^^ (S^) D i+dims (sG) = 
Kl (S«) := ker (if, (G(E; M^,(C))«) ^ A^, (G(I]^'-i; M^(C))«)) 

(2.132) 



Theorem 2.24 T/ie graded group associated with the filtration (2.1321 is isomor- 
phic to H* (E/G;£^). In particular there is an (unnatural) isomorphism 

K,{B^)(g)Q^H*{Y./G;£^(g>Q) (2.133) 

and 

(BG)-i/* (S/G;£^) 
if one of both sides is torsion free. 

Proof. Using Section XV. 7] we construct a spectral sequence (F,?'*)^>^^^^ 
with the following terms: 

Ff « = K.p+, (Go(S7S''-^ Miv(C))^) 

Ff' = i?P(S/G;/C«) (2.134) 
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where K.l{a) = {C{Ga; Mn{C))'^ 
over all q. If we compare the result with Ff — 
So we get a diagram like (2.481 : 



1,0 



Now replace £ in (|2.121|) by and sum 



F^ ' we see that 



nez 



(2.135) 



The differential df for Fi is induced from the construction of a mapping cone of 
a Puppe sequence in the category of C*-algebras. This is the noncommutative 
counterpart of the construction of the differential in cellular homology, so by natu- 
rality df corresponds to df under the above isomorphism. Therefore the spectral 
sequences and F^ are isomorphic, and in particular Fr degenerates for r > 2. 
Now the isomorphism ( |2.133 ) follows from (2.120). 

If either {B^) or H* (E/G; £^) is torsion free, then every term FP^-J ^ F^;? 
must be torsion free. Hence in this case both {^^) H* (S/G; £,^) are free 
abelian groups, of the same rank. □ 



The main use of this theorem is really to compute A'* (i?*^) 
tensive machinery of Cech cohomology becomes available. 



for now the ex- 



The requirements (2.126 ) - (2.128 1 allow us to construct the sheaves and 



without reference to the cellular structure of E. If we do this for the algebra A'^ of 



( 2.116 ) then the stalk of over x £ X is the free abelian group on the (equivalence 
classes of) irreducible projective Ga;-representations contained in {tTx,C^) and the 
G-action on £„ is determined by (2.128). A section s is continuous at x if there 



exists a neighborhood U of x such that £ U : 

• Gy C Gx 

• s(x) = s{y) as virtual projective Gj,-representations 

This £u is a generalization of the sheaf constructed in [4i §2] . Clearly, the subsheaf 
£^ of G-invariant continuous sections descends to a sheaf on X/G. 

To relate this sheaf to the iiT-theory and periodic cyclic homology of we 
need two preparatory results. The first is a weak version of Theorem |2.19[ which 
however does include HP^ . 



Lemma 2.25 Let U C M" be an open bounded star-shaped set. The Frechet 
algebra G(f \ U) belongs to CIA and 

K^{G^{W\W" \U))^ i7*(M",M" \ C/;Z) =Z 

is concentrated in degree n. 
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Proof. Clearly we may assume that is the center of U. Let P be the point of the 
n-sphere corresponding to infinity under the stereographic projection S" — > M". 
By assumption C^(K",K" \U) ^ C^{S'\Y) for some closed neighborhood Y of 
P, and we will show that the latter algebra is diffeotopy equivalent to C^{S"',P). 
Let {rt)te[o,i] be a diffeotopy of smooth maps S"" 5"" such that 

• Wt : rt{P) = P and rt{Y) C Y 

• a neighborhood of — P is fixed pointwise by all rt 

• ri = idgn and rQ{Y) — P 

To construct such maps, we can require that stabilizes every geodesic from —P 
to P and declare that furthermore rt{Q) depends only on t and on the distance 
from Q to P. Then we only have to pick a suitable smooth function of t and this 
distance. Given this, consider the Frechet algebra homomorphisms 

4) : C5"(S'", P) C5"(S'", Y) 
4>{I) ^ f°ro 

(2 136) 

i : C^{S'\Y) -> C^(S'",P) ^ ■ ' 

Kf) = f 

By construction (j) o i and i o (f> are diffeotopic to the respective identity maps 
on Cq°(S'", F) and C^(S'", P), so these algebras are indeed diffeotopy equivalent. 
Thus we reduced our task to calculating the X-groups and periodic cyclic homology 
of C^(S'", P). Fortunately there is an obvious split extension 

^ C^{S",P) ~^C°°{S") ^C^O (2.137) 



which by Proposition 2.20 consists entirely of Frechet algebras in the category 



CJA. It is well known that 

ii:*(C°°(S'")) ^ K*{S") ^ H*{S";Z) = (2.138) 

with one copy oil, in degree and the other in degree n. Since K^, (C) — Kq{C) ^ Z 
the lemma follows from the excision property of the ii'-functor. □ 



Next we prove an equivariant version of the Poincare lemma. 

Lemma 2.26 Let X,A,G and A'^ be as in ( |2.116[ ), and suppose that X is G- 
equivariantly contractible to a point xq E X. Then A^ is diffeotopy equivalent to 
its fiber End^ (C^) over xq. In particular (^'^) = (^'^) o, free abelian 
group of finite rank, and A'^ G CIA- 
Proof. Our main task is to adjust the Ug suitably. Since X is contractible we 
can find for every g G G a, function fg G C°°{X) such that f~'^ = det(Mg). The 
G-action does not change when we replace Ug with fgUg, so we may assume that 
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det(ug) = 1, V(7 e G. The premise that (2.1151 is a group action guarantees that 



there is a smooth function X: GxGxX^€. such that 

Ug{x)uh{a~^x) = X{g, h, x)ugh{x) (2.139) 

Taking determinants we see that in fact X{g,h,x)^ = 1, so A does not depend 
on X G X. All the elements of q;(G) fix xq, so the fiber Vq = over that point 
carries a projective G-representation ttq. Thus we are in a position to apply Schur's 
theorem |113] , which says that there exists a finite central extension G* of G such 
that ttq lifts to a representation of G* . This lift only involves scalar multiples of 



the Ug{xo), so it immediately extends to X. Then (2.139) becomes the cocycle 
relation 

Ugh{x) = Ug{x)uh{ag'^x) (2.140) 

Notice that still A'^ ~ A^, so without loss of generality we can replace G by G*. 

Now we want to make the Ug{x) independent of a; G X. Wassermann |133j 
indicated how this can be done in the continuous case, and his argument can 
easily be adapted to our smooth setting. The crucial observation, first made by 
Rosenberg |109j . is that A^ can be rewritten as the image of an idempotent in a 
larger algebra. This idempotent can then be deformed to one independent of x. 

Indeed, let A xi^ G be the crossed product of A and G with respect to the 
action a of G on X, and (''t)tg[o,i] ^ smooth G-equivariant contraction from X to 
xq. (For smooth manifolds the existence of a continuous contraction implies the 
existence of a smooth one.) Define 

Pt{x):=\G\-'Y.''ainx)g (2.141) 



Then G A xi^ G is an idempotent by (2.1401, and by Lemma A. 2 

(/.I :^^^Pi(Ax«G)pi ^2 142) 

(/)l(cr) ^piapi 

is an isomorphism of Frcchet algebras. Clearly the idempotents pf are all homo- 
topic, so they are conjugate in the completion G{X; AIn{C)) y^aG of AxIqG, which 
is a Banach algebra if X is compact. Moreover the standard argument for this, as 
for example in |101 Proposition 4.3.2], shows that po and pi are conjugate by an 
element of A x q, G. Alternatively we can use the stronger result that homotopic 
idempotents in Frechet algebras are conjugate, but this statement is vastly more 
difficult to prove than its Banach algebra version, cf. |102l Lemmas 1.12 and 1.15]. 
In any case, we have 

A« ^ pM Xa G)pi ^ po{A x„ G)po = G°°(X; ¥.ndc{Vo)f (2.143) 

To this last algebra we can apply the obvious diffeotopy a ^ a o rt- This shows 
that A'^ is diffeotopy equivalent to its fiber EndG(Vo) over Xq, and the remaining 
statements on K^, (A*^) and HP^ {^'^) follow from the semisimplicity of the finite 
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dimensional algebra EndG(Vb). □ 



Now we can prove the main result of this section, which extends Lemma 2.26 
to general X. 

Theorem 2.27 Let X,A, G and = C°°(X; Mn{C))'^ he as m ^JlG^ , and let 



£^ be the sheaf over X/G constructed on page 52 Then there exists a filtration 
on (^*^) whose associated graded group is isomorphic to H* [X/G;Z^^, and 
the Chern character induces an isomorphism 

(A"^) (8) C ^ HP^ {A^) 

Moreover K^, {A^^ is a finitely generated abelian group whenever X is compact. 

Proof. All our arguments will depend on the existence of a specific cover of X. To 
construct it we use a theorem of lUman fS5' , which states that X has a smooth 
equivariant triangulation. In slightly more down-to-earth language this means 
(among others) that there exists a countable, locally finite simplicial complex S in 
a finite dimensional orthogonal representation space V of G, and a G-equivariant 
homeomorphism ip : X . Moreover -0 is smooth as a map from a subset of V 
to X, and its restriction to any simplex u of E is an embedding. In particular E 
is a G-CW complex, so the assertion on the Cech cohomology of £^ follows from 
Theorems [2l3l and [2^241 
For a simplex cr we put 

U'^ -.^ {v e Y. : d{v, a) < r^} (2.144) 

where d is the Euclidean distance in V. We require that the radius depends 
only on the G-orbit of a and that Tt- > > if r is a face of a. The orthogonality 
of the action of G on y guarantees that 

gK^u'g, and c/; n c/; C f/^n. 

if we take our radii small enough. Let D'^ be the union, over all faces r of ti, of 
the U!^ , and Ga the stabilizer of a in G. From the above we deduce that \ D'^ 
is Go--equivariantly retractible to cr \ D'^. 

Now we abbreviate := 4'{U'„) and D„ V'(-D^), so that {1/^ ■ cr simplex of 
S} is a closed G-equivariant cover of X. Let Xm be the union of all those Ua for 
which m + dim cr < dimX. It is a closed subvariety (with boundary and corners) 
of X and it is stable under the action of G. Define the following G-stable ideals 
of ^: 

I^:={aeA:a\^^=0} (2.145) 

By [UHl Theoreme IX.4.3] 

^ /,„ _ ^ ^ G°°(X; Mjv(C)) -> G°°(X„; Afjv(C)) ^ (2.146) 
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is an admissible extension of Frechet algebras. Using the finiteness of G we see 
that is an admissible ideal in I^^i and that 



In order to apply Lemma |2.3| to the sequence 



— Iq II ■ ■ ■ I dim X ^ ^l+dim X — ^ 



(2.147) 



(2.148) 



we only have to show that the algebras in (2.1471 are in the category CXA. In fact, 



since \Jc \ r\Ur\ D^- = if dim a = dim r and a ^ t, we have an isomorphism 



n 



C^{U„,D„-Mm{€)) 



\X 



Now G permutes the simplices in this product, so 



(2.149) 



(2.150) 



aeLr, 



where is a set of representatives of the simplices of dimension dimX — m 
modulo the action of G. Invoking the additivity of K^, and HP^, we reduce our 



task to verifying that every factor of (2.1501 belongs to CXA. 

If m = dimX then Dc is empty and we see from Lemma 2.26 that 
C°°{Ua;MM{C))^'' has the required property. 



For smaller m there also exists (for every a) a Go--equivariant contraction of U„ 
to a point Xa € V'(f )• Thus we can follow the proof of Lemma 2.26 up to equation 



(2.143), where we find that the factor of (2.1501 corresponding to cr is isomorphic to 
C^{Ua,D„;'Ei\idciycr))'^° ■ Here {-k^, Va) denotes the projective Gcr-representation 
over the point Xa- Using the Gcr-equivariant retraction of Ua- \ to ip{a\D'^) we 
see that this algebra is diffeotopy equivalent to C§°{a, a fl D'^) (g) Endc^iVcr)- The 
right hand side of this tensor product has finite dimension and is semisimple, so 
by the stability of CX^ it presents no problems. Seen from its barycenter a\D'^ is 



star-shaped, hence by Lemma 2.25 the left hand side is also in the category CXA. 



2.3 



We conclude that all the algebras in (2.1471 and (2.1501 are indeed objects of 
can be applied to (12. 1481) to prove that A'^ € CXA. 



CXA, so Lemma 

Note that the simplicial complex S has only finitely many vertices if X is com- 
pact, so then all the above direct products are in fact finite and if* {A^^ is finitely 
generated. □ 



It is clear from the proofs of Lemma [2. 26| and Theorem |2 . 27| that many similar 
Frechet algebras are also in CXA. For example if y is a closed submanifold of X 
then the algebra 

B = {f e C~(X; Af2(C)) : f{y) diagonal Vy G Y} (2.151) 

is in CXA, as can be seen from the admissible extension 

0~^C^{X,Y; A'hiC)) ^ B ^ G°°(r)2 -> (2.152) 
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One might even study arbitrary Frechet algebras that are finitely generated over 
C°°{Y), with Y an orbifold. Although it is not unlikely that these are all in the 
category CTA, it seems that a substantial generalization of Lemma [2.26| is needed 
to show this. 

Since the periodic cyclic homology of A'^ is finite dimensional and can be 
computed in terms of Cech cohomology, it is not surprising that the Kiinneth 
formula is an isomorphism for such algebras 

Corollary 2.28 Let {X,A,G,u) and {X' , A' ,G' ,u') both be sets of data like we 
used in (2.1161. There is a natural isomorphism of graded vector spaces 

HP,{A^)^HP,{A'^') ^ HP,{A^^A'^') 

Proof. By Theorem 2.27| we have 

HP,{AG) ^ H* {X/G;2^^zC) 

HpS{A'('') = H*{X'/G';£^: ®zC) 

HP^Ia^^A'"^') = 7?*f(XxX')/(GxG');(£$?®z-C5')'=^^'®i 
= H* (x/G X X'/G'; (£G c) ®c (^S' ®z C) 

According to [47l §6.3] there is a natural map of Cech complexes 
C* {X/G; £^ (g>z C) (g>c C* (X'/G'; ®z C) 



(2.153) 



G* [x/G X X'/G'- (£^ ®z C) ®c (-C^ ®z C)) 



Because all three cohomology groups are finite dimensional vector spaces the ab- 
stract Kiinneth theorem [26, Theorem VI. 3.1] tells us that 

HP^{A^) (g) HP^{A'^') = HP^{A^ig)A'^') 

The construction of the map in [44, p. 211] is also possible in the topological 
setting, and yields a natural map 

6 : HP^{A^) (E) HP^{A'^') HP^{A^®A"^') 

Although the isomorphisms ( |2.153 1 are not natural, they come from certain fil- 
trations of the underlying topological spaces, which is enough to ensure that O is 
also an isomorphism. □ 



Notice also the similarity between £^ and the sheaf 21 contructed on page 
[25] Suppose that our manifold X has the underlying structure of a complex 
nonsingular affine variety Xaig^ that the ag are automorphisms of Xaig and that 
the Ug are invertibles in 



A^ig 0{Xaig) ® Mn{C) = M^iOiXaig)) 



(2.154) 
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Then 



ga{x) = Ug{x)a{a ^x)u ^(x) 



(2.155) 



defines an action of G on Aaig, and AJ^, has the same irreducible representations 



as A'-^ . Applying the recipe on page 25 to the finite type algebra A'^^ , we see 



that the bases of the stalks £,^{Gx) and 2l(Ga;) can be identified, and that the 



requirements for continuity of sections on page |25] reduce to those on page 52 
Therefore 

2l = £^(^C (2.156) 

This insight, together with Theorems |2.8| and |2.27[ was the inspiration for an 
explicit comparison theorem between algebraic and topological periodic cyclic ho- 
mology, analogous to (2.26). 

Theorem 2.29 The inclusion A'^^^ 
mensional vector spaces 



A'^ induces an isomorphism of finite di- 



HP. (At 



ig) 

Proof. After noticing that by Theorem |2.8| the left hand side has finite dimen- 
sion, we introduce some notations. Let Y be any complex algebraic variety, Z a 
subvariety and V a complex vector space. Like for smooth functions we write 



Oo{Y,Z) 
Oo{Y,Z-V) 



{f^O{Y):f\ 
Oo{Y,Z)®V 



0} 



(2.157) 
(2.158) 



Start with the finite collection C of all irreducible components of the X^i^, as g 
runs over G. Extend this to a collection {V^ jj of subvarieties of Xaig by including 
all irreducible components of the intersection of any subset of C. Notice that 



AlIn{X3C^X^) < max {dim X^, dim X'*} 



if dig ^ at- Define G-stable subvarieties 



u 



and construct the ideals 



{aeA%:a{Xp) 
{aeA^ :a(Xp) 



0} 
0} 



Oo{X,Xp;Mn{C))^ 
C^{X,Xp;Mn{C))^ 



(2.159) 



(2.160) 



(2.161) 



From (2.1461 and (2.1471 we see that all the ideals J„ are admissible in A'-^, and 



by Theorem |2. 27| they are in CTA. By Lemma [273| it suffices to show that for every 

{Xp, Xp-i; Mn{C))^ = Jp-i/Jp 



p the inclusion 

OoiXp, Mjv(C))^ ^ 



(2.162) 
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induces an isomorphism on periodic cyclic homology. These algebras have the 
same primitive ideal spectrum, namely Yp\ Zp, where 



Yp = Prim (A^/Jp) 



Prim [A^/Ip 



(2.163) 



(2.164) 



(2.165) 



(2.166) 
(2.167) 



Zp = Prim (AG/Jp_i) = Prim(AG^/Vi) 
Because all the representations (tt^jjC^) are completely reducible 

is an abelian filtration of A'^^^, in the sense of |77J Definition 3], and 

Z (A^/Ip) n Ip-i/Ip = Z (Ip-i/Ip) = OoiYp, Zp) 

This gives alternative descriptions 

Yp = Max{Z{A%/Ip)) 
Zp^{IeYp:Z{Ip^i/Ip)cI} 

and the proof of [77, Theorem 10] shows that there are natural isomorphisms 

HP, (Ip-i/Ip) ^ HP, (Zilp^JIp)) = H*{Yp,Zp;C) (2.168) 

To get something similar on the topological side we turn to i^T-theory, knowing 
already that Jp-i/Jp G CIA. Moreover this algebra is dense in Co{Xp, Xp-i; C)*^, 
so from theorem |2.13| we get 

HP,{Jp_i/Jp) ^ K, {CoiXp,Xp_,;Cf)®C (2.169) 

Since Ug e Aaig the type of (7rj.,C^) as a projective G^j-representation cannot 
change along the (connected or irreducible) components of X^'' n Xp \ Xp^i. It 
follows from this, (2.159) and Theorem 2.24 that the inclusions 

^'a^O^pjZp) — > C'o{Yp,Zp) = Z (Co(Xp, C)*^) Cai^Xp, Xp^i;C)'^ 

(2.170) 

induce isomorphisms on X-theory with rational coefficients. Moreover 



K, (C^iYp, Zp)) ®C^HP, (C^iYp, Zp)) = H*{Yp, Zp- C) 
We put all the above in a diagram 



HP,{Ip^,/Ip) 

i 

HP,{Jp^i/Jp) 



HP,iOo{Yp,Zp)) 

I 

HP,{C^{Yp,Zp)) 



H*{Yp,Zp-£) 

II 

H*{Yp,Zp;C) 



(2.171) 



(2.172) 



The horizontal arrows are all natural isomorphisms, so the diagram commutes and 
the vertical arrows are isomorphisms as well. □ 
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Chapter 3 

AfRne Hecke algebras 



Here we commence our study of the main subjects of this thesis, affine Hecke 
algebras. They first appeared in the representation theory of certain topolog- 
ical groups, but that will be discussed only in the next chapter. Instead we 
consider Hecke algebras as deformations of the group algebra of a Weyl group. 
More precisely, Iwahori-Hecke algebras are deformations of Coxeter groups, while 
affine Hecke algebras are deformations of affine Weyl groups. This deformation is 
achieved as follows. Let s be a typical generator of a Coxeter group W. There is 
a relation 

(r,-i)(r, + i) = o 

in Z[iy]. We replace this relation by 

(T,-g(s))(T, + l) = 

where the label q{s) can be any element of a commutative ring. In general it 
is possible to have different labels for different generators. Section |3.1| is mainly 
dedicated to making this precise, by providing the definitions of root data, label 
functions and related objects. 

The affine Hecke algebra associated with these data will be denoted by 7i(7?., q). 
If the labels are all positive then one can complete this to a C*-algebra C*{TZ, q) 
or, more subtly, to a Schwartz algebra S(TZ, q). 

We have two main goals in this chapter. On one hand we want to prepare 
everything for a careful study of deformations in the parameters q, which we will 
undertake in Chapter 5. This dictates that we should provide explicit formulas 
whenever possible. 

On the other hand we would like to apply the ideas developed in Chapter 2 
to affine Hecke algebras. Therefore it is imperative that we get a clear picture 
of representations and the spectrum of 'H{TZ, q). This is provided by the work of 
Opdam ^5 on the Plancherel measure and the Fourier transform for affine Hecke 
algebras. It turns out that Prim(7i(7?., g)) is a non-separated variety lying over 
a complex torus modulo a finite group, see Theorems |3.24| and |3.25| Similarly 
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Piim{S{TZ,q)) is a non-HausdorfF orbifold. On these spaces 7i(7?,, g) is related 
to polynomial functions, S(TZ,q) to smooth functions and C*(TZ,q) to continuous 
functions. In fact S(TZ, q) is isomorphic to an algebra of the type that we studied 
in Section [231 

However, this is not enough, we also need the Langlands classification for 



T-l{TZ,q). In Section 3.2 we explain that it says essentially that Prim(iS(7?,, 9)) 
is a deformation retract of Prim(7i(7?., 9)). The final form in which we will ac- 
tually apply this is the rather technical parametrization of irreducible Ti.(TZ,q)- 
representations Theorem |3. 31 [ With all these preparations, and the interpretation 
of periodic cyclic homology as a cohomology theory on primitive ideal spectra, 
we can prove the main theorem of this chapter. It says that there are natural 
isomorphisms 

HP,{n{n,q)) ^ HP,{s{Ti,q)) ^ K,{c;{n,q)) d) c (3.1) 



3.1 Definitions of Hecke algebras 

We give precise definitions of (most of) the objects needed to construct Hecke 
algebras. We do this both for Iwahori-Hecke algebras associated to Coxeter groups 
and for affine Hecke algebras associated to root data. 

A Coxeter system {W, S) consists of a finite set S such that W is the group 
generated by S, subject only to the relations 

{s,s,r^^ = e 

for certain rriij e {1,2,.. .,00} such that 

• niij = 1 if and only if Si = Sj 

• rriji = rriij 

Because the most important examples are Weyl groups, we denote the Coxeter 
group by W and call the elements of S simple reflections. This simple definition 
still imposes a lot of structure, and indeed Coxeter groups have been studied 
deeply. The most relevant results for us can be found for example in |61j . 

A Coxeter system is completely determined by its Coxeter graph. This is a 
graph whose vertices correspond to elements of S. There is an edge between Si 
and Sj if and only if rriij > 3, and it is labelled by this number niij. A Coxeter 
system is called irreducible if its Coxeter graph is connected. 

Just as for any finitely generated group, there is a natural length function £ on 
W, which assigns length 1 to any s E S. To define it, pick w E W and write it as 

w = Si ■ ■ ■ Sr 

If r > is as small as possible, then this is called a reduced expression for w and 
£{w) = r. Notice that £{w-'^) = l{w) since all the simple reflections have order 2. 
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Depending on the numbers rriij, {W,£) can be finite, of polynomial growth or of 
exponential growth. 

If P C S" then Wp := (P) is a very special kind of subgroup of W, a standard 
parabolic subgroup. In general a parabolic subgroup of W is conjugate to some 
Wp. The pair {Wp,P) is a Coxeter system in its own right, and its length function 
agrees with the restriction of £ to Wp. Every right coset wWp contains a unique 
element of minimal length, so there is a canonical set of representatives W^ for 
W/Wp. Moreover, if {Pj}j are the connected components of the Coxeter graph of 
{W, S) then W — 0^ Wp^ . Hence one can learn a lot about Coxeter systems by 
studying only irreducible ones. 

Let g : T4^ k be a function from W to a commutative unital ring k which is 
length- multiplicative, i.e. 

q{wv) = qiw)qiv) if £{wv) = i{w) + (3.2) 

This is equivalent to giving a map g : S" — > k such that q{si) — q{sj) whenever rriij 
is odd. 

We say that q is an equal label function in the special case that q{si) = q{sj) 
for all Si, Sj € S. In this situation it is customary to denote q{si) simply by q, so 
that 

q{w) = g^^'") 

The Iwahori-Hecke algebra 7i(VK, = 'H]i{W,q) associated to the Coxeter group 
W {S is usually suppressed from the notation) and the label function q is an 
associative k-algebra which is a free k-module with bases {T^ : w € W} and 
fulfills the multiplication rules 

T,,X,^T^, if £{wv) ^ £iw) + £{v) (3.3) 

T,T, ^ {q{s) - 1)T, + q{s)T, if seS (3.4) 

It is proved in [611 Section 7.1] that such an object exists and is uniquely deter- 
mined by these conditions. 

Notice that if q{s) = 1 Vs G S*, then n{W, q) = \i[W] is the group algebra of W 
over k. Any standard parabolic subgroup V gives rise to a parabolic subalgebra 
T-L {y,q\y), which as an A-module has bases {T„ : v £ V}. 

Two choices of k are especially important. The first is simply k = C. For 

1 /2 

the second, write qi = q{si) if Si e S. Let q,/ be indeterminates satisfying 
(q^^^ = qisi), and put 

k = Z 

In this case we have 



- g(s)-ir, + (g(s)-i - l)Te seS (3.6) 
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So Tn, is invertible in Ti.(W, q) for any w € W . Indeed, if it; = si • • • is a reduced 
expression, then 



rp — 1 rp — 1 rp — 1 

W Sr ' ' Si 



To explain the introduction of the square roots we write 

N^, = q{w)-^'^T^ (3.7) 



These elements form again a bases of Ti.{W, q), while (3.3 1 and (3.4 1 become some- 
what more manageable: 

N.^N^ = N^^ if e{wv) = £{w) + £{v) (3.8) 

{N,^~qy^){Ns,+q-'^^) =0 if s,eS (3.9) 

We generalize the notion of an Iwahori-Hecke algebra as follows. Let be a 
group acting on W, and consider the semidirect product W x il. Assume that 

ywew,ujen 

£{liJWUJ~^) = £{w) and q{Lij'WLj~^) = q{w) 
so that we can extend £ and q to W yi H. hy 

£{wuj) :— £(w) and q(wLo) := q^w) 



In this situation the rules ( |3.3| and ( 3.4 1 again define a unique associative k-algebra 
with basis {Tg : g W il}. Such algebras are called extended Iwahori-Hecke 
algebras. Note that this is extremely general, since can be nearly any group. If 
we do not want to get too far away from proper Iwahori-Hecke algebras we have 
to impose some restrictions on this group. 

We do this in the setting of an important class of such algebras, namely affine 
Hecke algebras. We will mainly follow the notation of jHH], which implies that 
sometimes we attach a subscript to a finite object, to distinguish it from its 
affine counterpart. 

First we introduce root data, for which we need the following objects. 

• X and Y are free abelian groups of the same finite rank, and (• , •) : X xY ^ 

Z is a perfect pairing between them 

• Rq CZ X and Rq C Y are finite subsets with a given bijection a ^ 

The elements of Rq are called roots and the elements of Rq are called coroots. 
Define endomorphisms of X and of Y by 

Sa{x) — X — {x , a^)a (3.10) 
sl{y) = y-{a,y)a'' (3.11) 

For every a a Rq we impose the conditions 

• (a, a^) =2 
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• Sa (Ro) = Ro 

A quadruple TZ = {X,Y,Ro,B^) with these properties is a root datum. Further- 
more it is 

• reduced if Za n i?o = {«, —ct} Va e Rq 

• semisimple if Rq = {0} C F 

Let Q := ZRq C X and := ZRq C F be the root lattice and the coroot lattice. 
The weight lattice is Homz((5^,Z) D Q. li TZ is semisimple then it contains X. 

These lattices do not necessarily span t* := X0R and its linear dual t := F^M, 
but except for that Rq and Rq are root systems in the classical sense, and they 
are dual to each other. 

Recall that a basis of Ro is a linearly independent subset Fq such that every 
a e -Ro can be written as 

a = ^ 71/3/3 

where either 

nf3 G Z>o V/3 G Fo or G Z<o V/3 G Fq 

This gives a partition Rq = Rq U Rq . We call the roots in Fq simple, those in 
Rq positive and those in Rq negative. Bases always exist, and we will assume 
that one is given with the root datum, which we will henceforth write as 

n={X,Y,RQ,R^,FQ) (3.12) 

There are several ways to construct new root data from a given one. Firstly, we 
can take the direct product of two root data: 

TZxTZ' — {Xx X', Y xY' ,Rq\JR!q,R^q^ Ro^^Fq U F(^) (3.13) 

In particular we always have the "trivial one dimensional extension" 

nxZ:= {X xZ,Y xZ,Ro,R'^,Fq) (3.14) 

Alternatively one can simply exchange the roles of X and Y. Then 

n'' = {Y,X,R:^,Ro,F^) (3.15) 

is the dual root datum of TZ. Furthermore, for P c Fq write 

Rp^QPn Rq and i?)^, = QP^ n R^^ 

This i?p is a parabolic root subsystem of Rq, and with it we associate the root 
datum 

TZ^ := {X, Y, Rp, R'^p, P) (3.16) 
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Finally, define 

Xp = X/{XC]{P'^)^) Yp = Yr\QP'^ 

= X/ {X nQP) Y^ = Yr]P-^ (3.17) 
np= {Xp,Yp,Rp,R''p,P) 

Let us have a look at the various Weyl groups associated to TZ. Clearly every Sa 
induces a reflection of t, and they generate a finite Coxeter group Wq, the Weyl 
group of Rq. In accordance with the terminology for roots, we can take 

So = {sa.:ae Fo} (3.18) 

as the set of simple reflections. The action of Wq on X is by group homomorphisms, 
so we can construct the semidirect product 

W = W(n) -.^ X yiWo (3.19) 

By identifying x Cz X with the translation , we can regard W as a, group of affine 
linear transformations of X. This W is the Weyl group of TZ, and in the same way 
we construct its normal subgroup 

W^s -.^QyiWo (3.20) 

which we call the affine Weyl group of either TZ or Rq. Although W may be 
isomorphic to Z" (if Rq = (d), W^s is always a Coxeter group, and it is possible to 
extend Sq to a set of Coxeter generators for Waff. To do so, observe that pairing 
with Fq defines a partial ordering on Y, and let -F",^ be the set of maximal elements 
of Rq for this ordering. For every G F^ we consider the affine reflection 

taSa X ^ X — {x , a^)a + a (3.21) 

in the hyperplane {x G X : {x , a^) = 1}. The desired set of generators is 

^aff := Sq U {t„s„ : G F^^} (3.22) 

The Coxeter graph of TZ is that of (Waff,5'aff)- It is obtained from the Coxeter 
graph of (Wq, Sq^ by suitably adding exactly one vertex to every connected com- 
ponent. Hence a standard parabolic subgroup Wp C W^aff is infinite whenever 
\P\ > \Fq\. If (Waff,5'aff) is irreducible, then any proper parabolic subgroup of 
Waff is finite. 

We have a length function £ on Waff, which however does not immediately 
extend to W. To achieve that we need a different characterization of £. It is well 
known that in the finite Weyl group Wq the length of w is the number of positive 
roots made negative by w : 

e{w) =^{ae R^ : wia) e Rq} = \R^ n {R.q)\ (3.23) 

The same holds in Waff, one only has to replace Rq by an affine root system. [65l 
Propostion 1.23] says 
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Proposition 3.1 The following formula defines a natural extension of i to W : 
i{wt^)^ |(a;,a^> + l|+ ^ \{x , a"")] weWo,xeX 

Moreover the set 

n:={ujeW : £{uj) = 0} 
is a subgroup ofW, complementary to WaS'- 

Hence we can say that a reduced expression for w e is a decomposition 
w = VLO ov w — ujv, where lu € and v € VFaff is written in a reduced way. Define 



X+ := {x e X : (x , a"") > Va € Fq} 
X- -.^ {x e X : (x , a"") < Va G i^o} = 
It is well known that 

z{w) = x+nx- 

WoX+ = X 

It follows immediately from Proposition |3 . 1 1 that for x G X^ 



(3.24) 
(3.25) 



£(i,) - J2 (3.26) 

SO £ is additive on the abelian semigroup X^ C W. 

Our definition of a label function is more restrictive than that for an extended 
Iwahori-Hecke algebra. It is a function q : W ^ such that \/w, v E W, lu G 

• q{Lj) = 1 

• q(wv) — q{w)q(v) if l^wv) = £{w) + £(v) 

The set of label functions is in bijection with the set of functions q : S'aff ^ 
such that q{si) = q{sj) whenever Si and Sj are conjugate in W. 

One can also describe q in terms of a function on a root system associated to 
TZ. Assume for simplicity that Rq is reduced, and define a non-reduced root sytem 
in X : 

Rnr ■■= Ro U {2a : a" G 2Y} (3.27) 
Obviously we write {2aY — q;^/2, and we let i?i be the root system of long roots 

in Rnr ■ 

Ri := {a G Rnr ■ a" i 2Y} (3.28) 
The set of simple long roots is 

Fi {a G i?i : a G or a/2 G Fq} (3.29) 
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For a £ Ro\ Ri and [3 E Rq O Ri we put 

qa^ ^ q{taSa) Qa^ /2 = q{Sa)q{taSa)~^ (3.30) 

qpy = q{sfi) = qitpsp) = (72/3^ = 1 (3.31) 

Since /3^/2 ^ F and 2/3^ ^ -Rnn can ignore them here. However we include 
these conventions because they will simplify some future notations. Clearly q : 
i?^^ — !• is Wo-invariant, and conversely every Wo-invariant function R^^ — s- 
determines a unique label function — > as above. This correspondence 
implies the following formulas [97, Corollaries 1.3 and 1.5] 

Corollary 3.2 For w eWq and x G X+ 

W qa-^ and q{tx) ^ W g^v'" ^ 

Qei?+,.niii-i(i?,T,.) a£Rtr 

Given a reduced root datum TZ — {X, Y, Rq, Rq^Fq) and a label function q, we 
define the affine Hecke algebra 7^(7?., q) as the unique associative C-algebra which 
has basis {T^ : w £ W} and satisfies the multiplication rules 

T^T,=T^. if l{wv) ^ £{w) + t{v) ^^^^^ 

TsTs = {q{s) ~ l)Ts + q{s)Te if s G S'aS 

This algebra is canonically isomorphic to the crossed product of an Iwahori-Hecke 
algebra and the group of elements of length in M^: 

7^(7^,g)^7^(VKaff,g) xr! (3.33) 

Our affine Hecke algebra has a large commutative subalgebra A, isomorphic to the 
group algebra of X. We will regard this also as 0{T), where 

T = Homz {X,C'') ^ Prim(C[X]) (3.34) 

The action of Wq on X induces an action on T by 

{w ■t){x) ^t{w~^x) (3.35) 

To identify this algebra A, let q^^^ : ^ C be a label function such that 
q^/^{w)^ — q{w) y-w G W. Abbreviate 

q^/^{w)-' = q-'/^{w) and q'/^{s,) - q-'/\s,) = r^, (3.36) 

In terms of the new bases 

the multiplication rules for TL{TZ, q) become 

N^N„ = iV^„ if l{wv) = t{w) + t{v) 

{N,-q^/\s)){N, + q-^'\s))=Q if sG5aff 



(3.37) 
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Furthermore every is invertible, and 

N;-/ = Ns^ ~ 7j,N, e^aft (3.38) 

Because £ is additive on the map 

X+ ^nin,q)'' -.x-^ Nt^ (3.39) 

is a monomorphism of semigroups. Extend it to a group homomorphism 9 : X ^ 
H{TZ,q)^ by defining 

0, = Nt^N,-' = N,-'Nt^ (3.40) 

if X = y — z with y, z d . This independent of the choice of y and z. 

The following theorem is due to Bernstein, Lusztig and Zelevinski, see [86j Sec- 
tion 3]. It describes what is also known as the Bernstein presentation of 7i(7?., q). 



Theorem 3.3 1. The sets {N^Ox : w G Wo,a: e X} and 
{OxN^ : w € Wq,x G X} are both bases of H{Tl,q). 

2. The subalgebra A spanj^j^ : x € X} is naturally isomorphic to C[X]. 
The Weyl group Wq acts on A by w ■ 0x — Owx, or equivalently 

(w ■ a){t) = a'"{t) := a{w-H) teT,aeA^ 0(T) 

3. The center ofH{Tl,q) is 

z{n{n,q)) = A^" = o{T)^'> ^ o{T/Wo) 

4-. Take a A, £ Fq and let Sq be the unique vertex of the Coxeter graph of 
TZ which is connected to Si = Sq. but does not lie in Sq. Then 

-^^-^s.a''^\rK~''V\'-sC « W "i^Z (3-41) 



Equations (3.41) are also known as the Bernstein-Lusztig-Zelevinski relations. 
Since A is of finite rank over A^° , it follows that H{Tl,q) is of finite rank as a 
module over its center. In particular it is a finite type algebra in the sense of 
Section O 

For P C Fq we can use the above to define label functions q^ and on 



the root data TZ^ and TZp. For q^ , use (3.301 and (3.31) as a definition for 
all a,/3 e Rp, and extend this to : (^^^ C"". Notice that q^{tx) = 1 
whenever x _L . Now qp : W{TZp) — > is simply the map induced by q^ . The 
affine Hecke algebra H (TZ^ , q^) can be identified with the parabolic subalgebra of 
Ti.{TZ,q) generated by A and Ti.{Wp,q\^^). Furthermore H{TZp,qp) is naturally 

a quotient of H {TZ^ , q^) . 

Notice also that if 7?. = 7?.i x TZ2, then q restricts to label functions on the Weyl 
groups associated with TZi and TZ2, and there is a canonical identification 



n{TZ,q)^n{TZ,,q)^n{TZ2,q) 



(3.42) 
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To study the above algebras we introduce the complex tori 

Tp ^ Homz;(Xp,C^) = |i e T : = 1 if a: _L P^} 
TP = Homz(X^,C^) = {t £T -.tlx) ^lif X e 

They decompose into a unitary and a real split part: 

Tp = Tp^uXTp,rs = HomzfXp,^!) xHomz(Xp, 
TP = T^xT^ = Homz(X^,5i) xHomz(X^^ 



(3.43) 



(3.44) 



Notice that 



Kp ^T^nTp^ n Tp. „ 



is a finite group, not necessarily equal to {1}. We make the identifications 

E 

C (3.45) 



Lie 


'rpP^ 

\ rs ) 


= e 


= yp 


Lie 


trpP\ 


= t^®K 


z = yp 


Lie 


'frpPS 

\ u j 




= yp 



Also define the positive parts 

t^-+ = {A e : (a, A) > Va G Fo \ P} 

T,^'+ - {t e TP^ : t{a) >iyaeFo\P} = exp (t^^+) 



3.2 Representation theory 

This section is meant as an introduction to the representation theory of affine 
Hecke algebras. None of the results presented here are original, varying from 



classical (Theorem 3.151 to very recent (Proposition 3.101. 

Since an affine Hecke algebra is of finite type over its center, all its irre- 
ducible representations have finite dimension. Therefore we mainly study fi- 
nite dimensional representations. We give two partial classifications of H{Tl,q)- 
representations. One is in terms of their restrictions to subalgebras associated 
with finite Coxeter groups. The other is more important, and in the spirit of 
Langlands. It shows that the study of 7i(7?., q)-representations can be reduced to 
the study of so-called tempered representations. After that we define the C* and 
Schwartz completions C*{Tl,q) and S{Tl,q) of an affine Hecke algebra. It turns 
out that 5(7?., (7)-representations are characterized among 7i(7?., q)-representations 
by the requirement that they are tempered. 



Let H = Ti-iTZ, q) be an affine Hecke algebra and Rep(7i) its category of finite 
dimensional representations. Since A = C[X] is commutative, every irreducible 
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^-module is onedimensional, of the form Ct for a character t d T. For (tt, V) G 
Rep(H) and t & T we put 

Ft = {w e : 3?i e N : (7r(a) - a(i))"w = Va G yl} (3.47) 

If 14 7^ then there exists an eigenvector v ^ V with 7r{a)v = a(i)u Va € yl. In 
this case t is called an ^-weight of V, and 14 a generalized weight space. As an 
v4-niodule V is the direct sum of the nonzero 14 . 

Let us consider principal series representations. By definition they are the 
representations 

/t = Ind2(Ct) forteT (3.48) 
They have dimension \Wq\, and we realize them all on the vector space 

niWQ,q)9iH/{{a-a{t) -.aeA}) (3.49) 

The importance of principal series representations is already clear from the follow- 
ing well-known result. 

Lemma 3.4 1. Every irreducible TL-representation (tt, V) is a quotient of some 
It 

2. If It{h) ~ for all t in a Zariski-dense subset ofT, then h — 

3. Jacin) = 

Proof. 1 was first proven in |89j . Take an ^-weight t of V and a corresponding 
eigenvector v G V. Define an 7i-module homomorphism 

It-^V -.h^ 7T{h)v (3.50) 

This is surjective because V is irreducible. 
2 is based upon Theorem |3. 3 1 The function 



r^Endc(H(Wo,'z)) :i->/t(/i) (3.51) 

is polynomial, and since it is on a Zariski-dense subset it vanishes identically. 
Write h — J2weWo '^^"'^w with E A and suppose that h 0. Then we can find 
w' G Wo such that a^' ^ and £{w') is maximal with respect to this property. 
From (3.41 1 we see that 

It{h){Te) = ^ bw{t)T^ with b^^ = a^' 

w£Wo 

There ( 3.51[ ) is not identically 0, so our assumption h ^ Q must be false. 

3. By [90, (3.4.5)] or [71] Theorem 2.2] there is a nonempty Zariski-open subset 

T' of T such that /* is irreducible \/t G T'. So if ft. G Jac(H) then /i = by part 2. 

□ 
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Similarly we can define the Z- weights of V, where 

z^z{nin,q)) 



is the center of Ti. Using 3.3 2 we identify Prini(Z) with T/Wq- Assume that Z 
acts by scalars on V, which by Schur's lemma is the case if V is irreducible. Then 
the central character of V is the unique orbit W^t e T/Wo such that 

TT{a)v — a{t)v Vw G V, a G Z 

For any W^g-stable U C T let Rep[;(7i(7?., g)) be the category of all finite dimen- 
sional 7i-modules whose Z- weights are contained in U /Wq. There are a few ways 
to "localize" the algebra Ti at U , i.e. to construct an algebra whose representations 
are precisely Repj;(7i(7?., g)). One way, suitable for open U, is by tensoring (over 



A) with analytic functions on [/, as we shall see in (3.116). Another way, which 
works best if f/ is a closed subvariety of T, is by completing Ti. with respect to the 
ideal 

Ju^iheH: It{h) = Vt e [/} 
Notice that Jjj is generated by {a € Z : = 0}. Explicitly, we get the modules 

Vu = V(g)n Uu 

Hu = lim n/JJ) ^^-^^^ 

7U — OO 

For U = Wot with t eT this was done in [86, Section 7], and it is consistent with 



(3.471 in the sense that 

ywot= J2 (3.53) 

wGWo 

Finally, we can vary on this construction in a less subtle fashion, by replacing Tiu 



in (3.52) with Ti/Ju- This has the advantage that we reduce things to modules 
over finite dimensional algebras. 

Now we start the preparations for the Langlands classification, which can be 
found in [ID]. We say that is a tempered 7i- module if \x{t)\ < 1 for every 



X G and every ^-weight of V. The explanation will follow in Lemma 3.14 
Contrarily, we call V anti-tempered if \x{t)\ > 1 for every such x and t. And less 
restrictively we say that V is essentially tempered if \x{t)\ < 1 for every y^-weight 
tofV and every x S Zi?o H X~^. The only difference with tempered is that t 
need not be a unitary character. 



\Z(W) 



Lemma 3.5 Let (tt, V) be an essentially tempered TL-representation which admits 
a central character W^rt, with t G and \r\ e Tp^^rs- There exists an automor- 
phism ipt ofTi such that {it o tp^^ , V) is a tempered Ti -representation with central 
character Wor. 



Proof. Define 



MN^o^x) = t{x)N^e, 



(3.54) 
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This is an automorphism because f is 1 on Zi?o. Let ti, . . . ,td be the ^-weights 
of (tt, V). Clearly, the yl-weights of (tt o ^/j^-^, F) are tit~^, . . . , tdt~^. For 
X E ZB.0 n we have 

\Ut~\x)\ = \U{x)\ < 1 

because tt is essentially tempered, and for x G n X~ we have — 1 

because \ti\ € Wo\r\ C Tpg^rs- Hence {no tp^^jV) is tempered with central char- 
acter WoUt^^ = Wor. □ 

In general, let (u, Vo-) be any finite dimensional representation of 
= n{nP,q^). Recall [611, Proposition 1.10] that 

^ {w EWf)-. w{P) c (3.55) 

is the set of minimal length representatives of Wo/Wp. Construct the vector space 

n{W^) ^ span{iV„ : w G W^} C H{Wo, q) (3.56) 
The ?i-representation 

7r(P,CT) := Ind^p(cr) (3.57) 

can be realized on Ti{W^^ ®c V<j- From the proof of [98, Proposition 4.20] we can 
see what the weights of this representation are: 

Lemma 3.6 The A-weights ofTT{P,a) are precisely the elements w{t), where t is 
an A-weight of (cr, V„) and w E . 

If a is irreducible then it has a central character Wpr E T/Wp. Since 

Trs - Tr^, X Tp^rs (3.58) 

and Wp acts trivially on T!^, there is a unique r„ E such that 

Wp\r\ = Wpr'r^ for some r' E Tprs 

Let A be the set of all pairs (P, a) , where a is an irreducible essentially tempered 
representation of . The set of Langlands data is 

A+ = {(P, a) e A : e T^^ + } (3.59) 

Now we can state the Langlands classification for affine Hecke algebras: 

Theorem 3.7 Let (P, cr) E A+. The Ti-module 7r{P,a) is indecomposable and has 
a unique irreducible quotient L(P,a). For every irreducible Ti.-representation tt 
there is precisely one Langlands datum (P, a) E A+ such that n is equivalent to 
L{P,a). 
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Proof. This is entirely analogous to the corresponding statements for graded Hecke 
algebras, which were proved by Evens ^45| Theorem 2.1]. See also |40l Section 6]. 
□ 

Another way to study ^-representations is by their restrictions to simpler 
subalgebras. We do this by constructing a nice (projective) resolution of an H- 
module, which stems from joint work of Opdam and Reeder, cf. [TOl Section 8]. 

Number the Si G S'aff such that the elements corresponding to one connected 
component of the Coxeter graph of (Waff , ^aff) are numbered successively. For 
/ C {1,2,..., IS'affl} let C[J] be the vector space with basis {e^ : « e /} and Wj 
the standard parabohc subgroup of W^s generated by {si : i £ I}. Recall that 
the "length 0" subgroup of acts on S'aff by conjugation. Transfer this to an 
action of on the indices i and put 

fli := {lj e n : Lu{I) = 1} 

By definition ilj acts on Wj, so the extended Iwahori-Hecke algebra 

n{n,i,q) = n{Wi,q) x 

is well-defined. Note that Wj can be either finite or infinite, but that we always 
have X+r^X~ = Z{W) d^li. If 7^ is semisimple and Wj is finite, then Hijl, I, q) 
has finite dimension. 

Because we want to define a conjugate-linear, anti-multiplicative involution on 
Ti.{TZ,q), from now we will we assume the following. 

Condition 3.8 The label function of an affine Hecke algebra only takes values in 
(0,oo) 

Lemma 3.9 Suppose that Wj is finite and let x be a character of Z{W). Then 

n{n,i,q)^ := n{n,I,q)/ker (ind^^f^^^Jc^) 

is a finite dimensional semisimple algebra. 
Proof. As vector spaces we may identify 

7^(7^, /, q)^ = indJ^[^^'J^;(,'JC;, = mwi, q) ® c[ni/z{w)] 

We can extend |x| canonically to X (g)M, making it 1 on Rq. Using this extension 
we define an involution on TL{TZ, I, q) by 

{HM*- =K,\x\{'2w{{)))T^^i 

This map is antimultiplicative by Condition |3.8| The associated bilinear form is 

(ft., h')^ ~ Xe if h*^ ■ h' — XwNyj 
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By construction lnd^^^\^^^ C^ is now a unitary representation. This makes 
'H{TZ, I, q)y. into a finite dimensional Hilbert algebra, so in particular it is 
semisimple. □ 



For (tt, V) e Rep(H) and n e N consider the H-module 

n 

Pn{V) = H /\C[I] (3.60) 

|/|=n,|Wj|<cx3 

Here yiZ{W) is just an abbreviaton of (8)C[Z(H/')]. We put Pip^i+iiV) = V and 
fn(l^) = if n < or n > |Fo| + 2. Define W-module homomorphisms 

dn : Pn{V) ^ Pn+l{V) 

dn{h®n(Wi,q)y<z{w)V'»X)= hi»'n(Wjuyy,q)^z(w)V ® \f\ej 

j:\Wnj{j}\<oo 

(3.61) 

Notice that actually the sum runs only over j ^ 7, for otherwise X A ej = 0. To 
construct a fitting map d\Fo\ we need to exert ourselves a little more. We introduce 
a sign function by 



r 1 if 

sign(e„jA---Ae„J = | |f 



if e„j A • • • A e„^ A 7? = ei A 62 A • • • A e|s^jf| 
„i A • • • A e„^ A ?7 = -ei A 62 A ■ ■ ■ A e\s,tt\ 



where 77 is the wedge product of the Cj with 1 < i < \Sas\ and i ^ Uj, in standard 
order. Using this convention we define 

d\F,\--P\F,\{V)^V 

d\Fo\{h '^HiWi,q)>iZ{w) v(g)X)^ sign{X)TT{h)v 

Looking at the A-terms we see that d„+i o (i„ = 0, so (P*(V), d») is an augmented 
differential complex. The group fl acts naturally on this complex by 

U){h <S'H{Wi,q)>^Z{W) V (g) A) = <^H{W^i,-),q)xZ{W) Tr{T^)v (g) u{X) (3.62) 

This action commutes with the action of H and with the differentials d„, so 
(P*(V)^,<i*) is again a differential complex. 

Proposition 3.10 

PoiVf PiiVf > P\Fo\iVf ^ V^O 

is a natural resolution ofV by finitely generated modules. IfV admits the Z{W)- 
character x then every module PniV)^ is projective in the category of all H- 
modules with Z{W)-character x- 
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Proof. This result a generalization of [SHj Proposition 8.1] to root data that are 
not semisimple. The proof is based upon [73l Section 1], as indicated by Opdam 
and Reeder. 

First we consider the case — Z{W) — {e}, W — W^aff- There is a linear 
bijection 

(l):C[W](g)cV ^H(E)cV ^ ^ 

, (3.63) 
(j){w®v) = (g) tt{T^)~\ 

For Si e S'aff we write 

Li spa.n{hTs, (»'k{TsJ^'^v - h(»v : h en, V eV} C H(»cV 

C[W]^ {E^o&w^^wW■.xis. = -x^yweW} C C[W] 

(3.64) 

This Li is interesting because 

n(g>niw,,g)V={n(gcV)/Y,L^ (3.65) 

Let w €W he such that £{wst) > e{w). 

(j){{wSi-w)®v)=T^,,®n{T^,^y^v-T^®TT{T^)-^v 

(3.66) 

= T„T,, ® ^(T,J-V(T^)-i?; ~T^(g, 7t{T^)-'v G 



so (/)(C[M^]i iSiV) C Li. On the other hand, Li is spanned by elements as in (3.641 
with h = Tyj or h = T^si- 

(j)~^{qiTw + (qi - l)Twsi 'Si it{Ts.)~^v) - wSi S 'k{T^s,)v = 
QiW (g) 7r(ru,)7r(TsJ~^-(; + (g^ - l)wsi (g) 7r(r^sj7r(rsJ"iw - wSi (g) 7r(Tu,sJu = 
qi{w - WSi) <g 7r(r«,r~i)w + ws.i (g) niqiT^T'^ + {qi ~ l)T^s,T;'^ - T^si)v = 



{w - WSi) (g '^{TwqiTs^)v + g) n[T^{Ts^ + I ~ qi) + (qi - l)T^ ~ T^Ts-)v ^ 
{w~ws,)(g)TT{T^lT,^'+l~q,))v e C[W],(g>V 

(3.67) 

We conclude that cjj^^iL,) = C[W]i g) V. Now we bring the linear bijections 

C[W] j ^ C[M^]i -> <C\WlWi\ : w wWi (3.68) 

into play. Under these identifications our differential complex becomes 

n 

0^C[W]SVSC^ > C[W/Wi]sV S /\C[I]^ ^V-^O 

\I\=n,\Wi\<oo 

We have to show that the cohomology of this complex vanishes in all degrees. 
Because d\pg\ is surjective it suflices to show that the complex 

c'„ =0 c[w/Wi]sA"c[i] 

\I\=n,\Wi\<oo RQ"! 

d'„iwWi(g>X) = J2 wWju{j} S X A ej 

r-\Wiu{j}\<°o 
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has cohomology 



This is best seen by a geometrical interpretation. It is well-known that the alcove 
C0 {x e Q ®z M : (a; , a"") > Va'' G , {x , p"") < 1 yp"" € F^^} 

is a fundamental domain for the action of on Q M. The finite groups Wi 
are naturally identified with the stabilizers of the faces Cj of Cg. Thus every 
coset wWi corresponds to a polysimplex wCj of dimension |i^o| ^ l-^l- It follows 
that {Cl,d'^) is the complex that computes H^pg^_^{Q ®z K; C) by means of a 
(polysimplicial) triangulation. Together with the Poincare Lemma this leads to 
( |3.70[ ), proving the proposition in the special case = {e}. 

Now the general case. Clearly Pn{V) is finitely generated because V has finite 
dimension and because there are only finitely many /'s involved. 

Since the action of 17 on 5aff factors through a finite group we can construct a 
Reynolds operator 

Rn.^[^.Z{W)]-^ ^ ^ End„(P„(y)) 

It follows that PniyY^ = Rn ■ Pn{V) is a direct summand of Pn{V), and hence 
also finitely generated. 

We generalize (3.631 to a bijection 



: £[W/Z{W)] ®cV^n ®c[z(,w)] V 



(3.71) 



Just as above this leads to bijections 



C[W/{Wi X Z{W))]®V® /\C[I]^ Pn{V) (3.72) 

\I\=n,\Wi\<QO 

Since both sides are free ri/Z(W^)-modules we see that 

n 

C[W^s/Wi] ^V^/\ C[I] ^ PniVf (3.73) 

|/|=n,|Wj|<oo 

Now the above geometrical argument shows that the P„(y)^^ do indeed form a 
resolution of V. 

Assume now that V admits a Z(W^)-character x- Then '""[^(•tj / factors 
through Ti.(TZ, I, q)^ and by Lemma 3.9 it is projective as a representation of this 
algebra. This implies that Pn{V) and its direct summand Pn{V)^ are projective 
in the category of ^-representations with Z(M^)-character x- ^ 
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Corollary 3.11 Suppose that V, V G Rep(7Y) are such that ^l^^^^^ j ^-j o.nd 
^'IniTZ I q) equivalent whenever Wj is finite. Then V and V' define the same 
class in the Grothendieck group oj finitely generated Ti.-modules. 

Proof. By assumption we can find a collection of Ti(TZ, /, g)-niodule isomorphisms 
ai : V ^ V such that 

7r'(r„)a/ = ac:j(/)7r(T^) Vw G 
These combine to ?i-module isomorphisms 

an : PniVf ^ PniVT 



Hence by Proposition 3.10 and V' have equivalent finitely generated resolutions. 
□ 



Unfortunately this result is not very strong, as the class of V is nearly always 
0. This certainly is the case if V is of the form 7t{P, a) with P ^ Fq. 

Let G{Ti.) be the Grothendieck group of finite dimensional H-modules, and 
Kq{H) the Grothendieck group of finitely generated projective H-modules. The 
Euler-Poincare pairing |112[ Section III. 4] on G(7i) is defined as 

oo 

EP{V,V') = ^(-l)"dimExt^(F,F') (3.74) 

Tl = 

where Ext^i!^ is the higher derived functor of Hom-^ . 

Let us recall some relevant observations from [SSI Section 8] . Assume that TZ is 



semisimple. By Proposition 3.10 the Euler characteristic can be defined for finite 
dimensional 7i-modules by 

Eul : GiH) Ko{H) 

l-Pol (3 75) 

Eul[F] = ^(-l)l^«l-"[P„(l/)"] 

n=0 

Moreover there is a natural pairing between G{'H) and Kq{T-C). Given a represen- 
tation IT oiTL and an idempotent p G M„(C) (^H we put 

[ [p], [tt] ] = rank (id ® n){p) G Z (3.76) 

Because {P^,{VY^, rf*) is a projective resolution of V we have the equalities 

EPiV,V') = ^(-l)l^«l'"dimHom« {P„iVy\V') = [Eul[y],[y']] (3.77) 

ri=0 
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But the modules Pn{V) are induced from semisimple subalgebras of finite dimen- 
sion, so this can be expressed more explicitly. By Frobenius reciprocity we have 



dimRomn{Pn{V),V') 



E 



dimIlomH(^Wi,q)y>z(w){V, V) (3-78) 



|/|=n,|iy/|<oo 



Let e/ be the character of the fij-representation /\'^' C[/]. Taking the fi-invariants 
oiP„{V) in (|3J8| we find 



EP{V,V') - E 



ICS^{{,\Wi\<oo 



(_l)|f'o|-|/| 



dimRomn(K,i,q)iV®eiX) (3.79) 



Thus the Euler-Poincare pairing of two finite dimensional 7i-modules is completely 
determined by their restrictions to the finite dimensional semisimple subalgebras 
Ti.(TZ, I, q). Because such algebras have only finitely many inequivalent irreducible 
modules, this pairing is symmetric and invariant under continuous deformations 



of its input. However, from (3.74) we quickly deduce that modules with different 



central characters are orthogonal for EP. We will see in (3.921 that every module 



of the form 7r(P, a) with P C. Fq admits continuous deformations of its central 
character. Therefore all such modules are in the radical of EP. 



So far for the purely algebraic properties of affine Hecke algebras, we are also 
interested in their analytic structure. Condition |3.8| gives us a canonical way to 
define the label function g^/^ and the basis elements N^. Let x = '^^^y[/ x^N^ 
be an element of TiiTZ, q) and define its adjoint and its trace by 

X* :— x^Nyj-i and t{x) — Xe (3.80) 



Condition (3.8 1 assures that indeed r is positive and that {xy)* — y*x* . This leads 



to a bitrace or Hermitian inner product 

{x , y) := T{x*y) x,yGn{n,q) (3.81) 

and a norm 

||a;||^ ^/{x,x) = V^(x*a;) (3.82) 

By a simple calculation one can show that {N^^ : w £ W} is an orthonormal bases 
of HiTZ, q) for this inner product. The bitrace (• , •) gives HiTZ, q) the structure 
of a Hilbert algebra, in the sense of [HI Appendice A 54]. Let Sj{TZ,q) be its 
Hilbert space completion, and B{S^{TZ,q)) the associated C*-algebra of bounded 
operators. Consider the multiplication maps 

X{x) -.y^xy 
p{x) -.y-^yx 
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According to [HH] Lemma 2.3] these maps extend to bounded operators on ^^(T^, q) 
of the same norm, which we denote by 

Mo — \\Hx)\\B(Mn,q)) = \\pi^)\\B{Mn.q)) (3-83) 

Thus, H{TZ, q) being a *-subalgebra of B{Sj{TZ, q)),we can take its closure C* {TZ, q) 
in the norm topology. By definition this is a separable unital C*-algebra, and we 
call it the reduced C*-algebra of H{TZ,q). This is analogous to the reduced C*- 
algebra of a locally compact group G, which is the completion of Cq{G) for the 
topology coming from the regular representation of G. 

There is also a "smoother" way to complete an affine Hecke algebra. As a 
topological vector space, it will consist of rapidly decreasing functions on W with 
respect to some length function. For this purpose it is a little unsatisfactory that 
£ is on the subgroup Z{W) = D X~ , since this can be the whole of W. To 
overcome this inconvenience, let / : X (g) M ^ [0, oo) be a function such that 

• f{X) C Z 

• f{x + q) = f{x) yxeX(x)R,qeQ®R 

• / induces a norm on X ®U/Q <g)R= Z{W) (g) M 
Now we define for w E W 

J\f{w) := £{w) + /(w(0)) (3.84) 

so that for any w,v e W, u E WaS, uj £ ft 

Af{uLu) ^ JV{luu) = £{u) + 7V(w) (3.85) 
Af{vw) < M{v) + Miw) (3.86) 

Because Z{W) + Q is of finite index in X, the set ^' = {w & W : Af{w) = 0} is 
finite. Moreover, since W is the semidirect product of a finite group and an abelian 
group, it is of polynomial growth, and different choices of / lead to equivalent 
length functions Af. Now we can define for any rt G N the norm 

Pn( V x^N^) := sup \x^\{Af{w) + 1)" (3.87) 
^ --^ ' wew 



wew 



The completion S{TZ, q) of Ti-iTZ, q) with respect to the family of norms {pn}nefi is 
a nuclear Frechet space. It consists of all possible infinite sums x — X^toew x^N^ 
such that Pn{,x) < oo Vn g N. Opdam [98, Section 6.2] proved that these norms 
behave reasonably with respect to multiplication: 

Theorem 3.12 There exist > 0, d e N such that Vx, y G 5(7?., g), n e N 

< CqPd{x) (3.88) 

Pn{xy) < CqPn+d{x)Pn+d{y) (3.89) 

In particular S(TZ,q) is a unital locally convex *-algebra, and it is contained in 

c;{n,q). 
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The proof of this theorem uses heavy machinery, namely the spectral decomposi- 
tion of the trace r, which we will state in Theorem |3.24[ 4. Closer examination of 



that proof shows that we can take d — rk(X) + |WoP + 1- In Section 5.2 we will 
use more elementary tools to prove a generalization of this theorem, resulting in 
a smaller d. 



We call iS(7^, q) the Schwartz algebra oiH{TZ, q). In Section 4.2 we will see that 
this construction is analogous to the Schwartz algebra of a reductive p-adic group. 
Considering Schwartz completions of parabolic subalgebras, we see that S{TZp,qp) 
is still a quotient of S{TZ^ , q^), but that the latter algebra is in general no longer 
contained in S{TZ,q). The same holds for the respective reduced C*-algebras. 

From the work of Casselman [211 §4.4] one can find necessary and sufficient con- 
ditions under which ^-representations extend continuously to certain completions. 
Indeed it is shown in [98', Lemma 2.20] that 

Lemma 3.13 For an irreducible Ti-representation (tt, V) the following conditions 
are equivalent, and summarized by saying that vr belongs to the discrete series: 

• (tt, T^) is a subrepresentation of the left regular representation {X, 9){TZ, q)) 

• all matrix coefficients of (tt, V) are in S^{TZ, q) 

• \x{t)\ < 1 for every A-weight t of V and every x € \ 

By definition a discrete series representation is unitary, and it extends to the 
reduced C*-algebra C*{Ti,q). Because this is a Hilbert algebra, a suitable ver- 
sion of jUJ Proposition 18.4.2] shows that tt is an isolated point in its spectrum 
Prim(C* (7^, q)) . Moreover, since C*{TZ,q) is unital, its spectrum is compact |411 
Proposition 3.18], so there can be only finitely many inequivalent discrete series 
representations. On the other hand, they can only exist if X+ n = 0, i.e. if 
the root datum TZ is semisimple. 

Let us mention two important examples, li W — W^s and q{s) > 1 Vs G ^aff 
then 

defines a discrete series representation. This is called the Steinberg representation 
of 7i(7?,, g). Contrarily, if q{s) < 1 Vs G S^s then the representation 



is discrete series. This is known as the trivial representation of Ti(TZ,q), because 
it is a deformation of the trivial representation of W . 

A linear functional / : 7Y C is tempered if there exist C,N ^ (0, oo) such 
that for allw eW 

|/(iV^)| <C(1+AAH)^ 

The collection of all tempered functionals is the linear dual of S{TZ, q). From |S5J 
Lemma 2.20] we get the following characterization: 

Lemma 3.14 For (tt, V) G Rep(7i) the following are equivalent: 
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TT extends continuously to S(TZ, q) 

every matrix coefficient of (tt, V) is a tempered functional 
V is a tempered Ti-representation 



Suppose that our root datum is a product TZ — TZi x TZ2- It is clear from (3.871 
that the Schwartz completion respects the decomposition (3.42), so 

5(7^,g) ^5(7^l,g)i5(7^2,g) (3.90) 

An isomorphism like 

c:{Tz,q) - c;(7^l,g) (g>t c;(7^2,q) 

should also hold, but here the particular topological tensor product (8)f is probably 
dictated by the very isomorphism. 

Let 5° be the label function that is identically 1 and T„ the unitary or real 
compact part of T. For any TZ the above constructions reduce to the well-known 
algebras 

n{n,q°) = c[w] = c[x]y^WQ ^ ©(t) x vkq 

5(7e,g") = SiW) ^ Six) X Wo ^ C°°(r„) x Wq (3.91) 

c;(7^,gO) = c;{w) - c;(x)xWo = c(t„) x Wo 

where S{X) denotes the space of Schwartz functions on X. The representation 
theory of these algebras is not very complicated, and can be obtained from classical 
results which go back to Frobenius and Clifford [3T] . 

Theorem 3.15 1. The W-module It = Ind^(Ct) is completely reducible for 
any t €z T. 

2. It is unitary if and only if t d T^, in which case it is also tempered and 
anti-tempered. 

3. The number of inequivalent irreducible summands of It is exactly the number 
of conjugacy classes in the isotropy group W^.t- 

Proof. 1. As an X-representation 

w£Wo 

and the act on It by permuting these onedimensional subspaces. Hence there 
is a natural bijection between subrepresentations of the left regular representation 
of Wa_t and subrepresentations of It- It is given explicitly hy V ^ ^^'^Zl "^i^h 
X acting on the subspace T^V by the character wt. Since C[Wo.t] is completely 
reducible, so is /(. 

2 will be a special case of Proposition |3.17[ 

3 follows from counting the irreducible representations of the finite group Wq,*. □ 
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3.3 The Fourier transform 



Now we really delve into the representation theory of afhne Hecke algebras. This is 
a very complicated subject and we will barely prove anything. In fact this section 
is more like an overview of some of the work of Delorme and Opdam [351 HDl HE] ■ 
In principle we mention only those things that we use later in some way or an- 
other, but this turns out to be a lot. The highlights are undoubtedly the concise 
Theorems 13.241 and 13.251 which describe the Fourier transform of afhne Hecke al- 



gebras and their completions. Most of the other things are technicalities that can 
be skipped on first reading. 



For any t G there is a surjective algebra homomorphism 

0t : 7^^ Hp 

which is the identity on 7i(VKo, q) and sends 9^ to t{x)9xp, where xp is the image 
of X in Xp = X/{X n {P'^)^)- If o- e Rep(7i:p) then we can construct the U- 
representation 

7r(P, cr, t) = Ind^P (cr o 0^) (3.92) 

Because A is in general not a *-subalgebra of Ti, it is not immediately clear whether 
this procedure preserves unitarity or temperedness of representations. Recall from 
[571 Propostion 1.12] that 

Lemma 3.16 Let wq be the longest element o/Wq. For x Cz X we have 

In particular for x E X O {P"^)^ we have 9* — 9-^ in , so (pt preserves 
the * if and only if i G . Similarly the inclusion — > 7i is in general not 
*-preserving. Nevertheless 

Proposition 3.17 Let a be an irreducible Tip-representation and t G . 

1. 7T{P,a,t) is unitary if and only if a is unitary and t G 

2. 7T{P,a,t) is (anti-) tempered if and only if a is (anti-)tempered and t G 

Proof. The "if statements are [HH Propositions 4.19 and 4.20], so we prove the 
"only if parts. 

1. Clearly u o (j)^ can only be unitary if a is. If now teT^XT^ then there IS an 
xeXn (P'')^ with \t{x)\ 7^ 1. Hence 

a o ^t{9l) = a o = a{t{-x)) = t{x)-^ ^W) ^ ^(ti^))* ^ {'^ ° M^x))* 

2. Again it is obvious that a needs to be tempered for a o (pf to be so. If t and x 
are as above, then either \t{x)\ > 1 or a;)| > 1, so by Lemma 3.14 a o (pf is not 
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tempered. This argument also applies in the anti-tempered case. □ 



Let Ap be the finite set of equivalence classes of discrete series representations 
of Hp = Ti.{Tlp, qp). We pick a representative in every class and confuse Ap with 
this set of representations. Write 

A^{iP,S):PcFo,SeAp} 

and denote by S the complex algebraic variety consisting of all triples {P, S, t) with 
P C Fq, S ^ Ap and t e . Similarly let S„ be the compact smooth manifold of 
all triples (P, 5, t) e S with teT^. 

Let Vs be the representation space of S, endowed with the inner product (• . ■)s, 
and define an inner product on H(W^) (^c Vs by 

{x (g)u, y (g)v) ^ T{x*y){u, v)s x,yeH{W^) u,veVs (3.93) 
With ^ = {P, S,t) E E we associate the parabolically induced representation 

4e) =^(P,5,t) -Ind^p(5o0,) (3.94) 



We realize it on T-l(W^) <S)c Vs with the inner product (3.931. 

For P = we have Tip = C. We denote its unique discrete series representation 
by (50. Note that 7r(0,(50,t) is just the principal series representation If. . 

We gather all parabolically induced representations in the following vector 
bundle over S : 

Vh = U P^ X n{W^) Vs (3.95) 

{P,S)eA 

Sometimes we will write f G S as (P, Wpr, 6, t) to indicate that Wpr £ Tp/Wp 
is the central character of 6. Then the central character of 7r(^) is Wort e T/Wq. 

If we let t run over , we obtain a coset rT^ of the subtorus in T. The 
collection of all such cosets, for different (P, S) G A and different representatives 
of their central characters, has some special properties. It can be described com- 
binatorially with the help of Macdonald's c-function, whose construction we recall 
now. For a long root a S Pi we put 

1 + qJ^^e_„/^ (l - qJ^^q^^.e_^/^ (l - a G Pi (3.96) 



-a/2 J y'^- '/2avC_Q/2^ 

This is a rational function on T, i.e. an element of the quotient field Q{A) of A. 
Strictly speaking, for a € Pq H Pi this formula is ill-defined, because there is no 



such thing as 6_a/2- However in that case 520;^ = 1 by our convention (3.31), so 
we can interpret the above formula as 

ca= (l-g^J^-a) aePoHPi (3.97) 

Macdonald's c-function is the product 

c(i)= n 

aeRt 
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Suppose that L C T is a coset of a subtorus , and let 

i?L = {a e i?i : a(T^) = 1} (3.99) 
be the set of long roots that are constant on T^. Then 

= {teT: x(t) = 1 if x e QRLnX} = Homz(X/(Qi?L nX),C'') (3.100) 
Hence 9_a/2{L) (or 6-a{L) if a ^ Rq) is well-defined. Put 



i?i = {« e i?L : (1 + q-y'e_^/,iL)) (1 - qJ/'q^^.0-^/2(.L)) = O} 
Rl = {ae Rl ■■1-0^„{L) = 0} 



(3.101) 



By construction the pole order of the rational function 

c-^{t)c-'^{r^) (3.102) 

along L is — We say that L is a residual coset if 

\Rl\ -\Rl\^ dini(T) - dini(L) (3.103) 

A residual coset of dimension is also called a residual point. More or less ev- 
erything there is to know about residual cosets can be found in [58l Section 4] 
and [Ml Appendix A]. The collection of residual cosets is finite and Wo-invariant. 
They have been classified completely, and it turns out that a coset of a subtorus 
is residual if and only if its pole order for (3.102 1 is maximal, given its dimension. 

From (3.1011 we see that the residual cosets depend algebraically on q. In 
particular the number of residual cosets is maximal for all g in a certain Zariski 
open subset of the parameter space of all possible q's. Hence it makes sense to call 
q generic if and only if the number of residual cosets attains its maximum at q. 

Define 

Tl^ {teT: t{x) = 1 if a; G (Rl)-^ H X} = Honiz {X / {{RD^ f] X) 

(3.104) 

This is a subtorus of T and Kl = Tl is a finite group. Notice that if L is a 
coset of for some P C Fq, then Ri^ — Rp, Tl — Tp and Kl = Kp. Pick any 
G Tl f) L and consider 

tlItlI'^ e Tl.uCiL 

Since is unique up to Kj^ D , it follows that the tempered form 

^tcmp ^ rL\rL\-^T^ (3.105) 

is independent of the choice of r^. The tempered forms of residual cosets tend to 
be disjoint, cf. [98l Theorem A.18] : 

Theorem 3.18 Let Li and L2 be residual cosets. If i*°™P n ^2'^'"^ ^ then 
Li = w(L2) for some w € Wq. 
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Our reason for studying residual cosets is a particular consequence of [98, The- 
orem 4.23] : 

Theorem 3.19 The collection of residual cosets is precisely 

{rT^ : {P,Wpr,S,t) eE} 

The tempered form of L ^ rT^ is L*™^p = rT^ . 

This theorem implies that for every Wo-orbit of residual points there is at least 
one discrete series representation with that central character. In many cases there 
is in fact exactly one such representation: 

Proposition 3.20 1. Let t E T be a residual point such that the orbit Wot 
contains exactly \Wq\ points. Then there is, up to equivalence, a unique 
discrete series representation with this central character. 

2. If the root system Rq is of type An then 1. applies, and the representation 
in question is onedimensional. 

Proof. For 1 see |1211 Corollary 1.2.11]. For 2 we use the classification of the resid- 
ual points for type An in ^HJ Proposition 4.1]. This shows that we can apply 1. 
To show that the resulting representation has dimension one, we just construct it. 
Since all simple roots are conjugate, we necessarily have an equal label function. 
liW = Wnff then either irst or TTtriv is a onedimensional discrete series represen- 
tation. Which one depends on whether q(s) > 1 or q(s) < 1 for any s e S'aS, see 
page [81] li W VFaff then, given the central character, there is unique way to 
extend this representation to C* {TZ, q) . □ 



However, in general there may be more than one discrete series representation 
with a given central character. This is known to happen already for i?o of type 
B2, for certain label functions, see Section [6^ 

Following IHHl Definition 3.24] we define a radical and a residual algebra at 

W^nin,q)/^^. (3.106) 

Radj — n^r ker tt 

where tt runs over the irreducible representations of TilTZ, q) with the following 
two properties : 

• the central character of tt is W^t 

• TT extends to C* {TZ, q) 

Clearly Radt contains all elements of Z that vanish at t, so W is a finite dimen- 
sional C*-algebra whose irreducible representations correspond to the irreducible 



representations of C*{TZ, q) with central character Wot. By Theorem 3.19 the col 



lection of discrete series representations of Ti.(TZ, q) is precisely the union, over all 
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residual points t, of the irreducible representations of W. 

As one would expect, two parabolically induced representations can be related 
if they have the same central character. Let us try to clarify when and how this 
occurs. For P,Q C Fq write 

W{P, Q) = {n e Wo : n(P) = Q} (3.107) 

For such n there is a *-algebra isomorphism tjjn : H'^, defined by 

MNn,0^) = N^n^^-.Onx W&Wp,X&X (3.108) 

Similarly for k £ Kp there is a *-algebra automorphism ijik ■ — > H^, defined 
by 

MNu,Ox) = k{x)N^0^ wgWp,xgX (3.109) 

These maps descend to isomorphisms ipn '■ 'Hp ^ Hq and tpk ■ Ti-p ^ Hp. 
Let W be the finite groupoid, over the power set of Fq, with 

Wpq = KqxW{P,Q) (3.110) 
(fci,ni)(fc2,n2) = (fcini(fc2),nin2) (fci,ni) e Wpq, (A;2n2) e Wp'p (3.111) 

For kn € Wpq and S G Ap. let ^kn{5) be the equivalence class of the discrete 
series representation 5 o tp^ ^ o ^ of Hq . Then there exists a unitary isomorphism 
Skn '■ Vs ^*fc„(<5) such that 

~6knod{^-'^^'h) = ^knmh)o~Skn h € Hq (3.112) 

By Schur's lemma Skn is unique up to a complex number of absolute value 1. but 
whether or not there is a canonical way to choose these scalars is an open problem. 
This is a subtle point to which we will return later. 
The above maps induce an action of W on S : 

kn{P,Wpr,S,t) = {Q,WQn{r),'^kniS),kn{t)) (3.113) 

We would like to lift 5g to an intertwiner TT{g,^) between 7r(^) and ^{g^). For 
k e Kp this is easy, we can simply define 

7r(fc, = idw(vyp) ^5k--n^n^Vs^n 0„p V5 (3.114) 

This is a well-defined intertwiner since, for all h G H, h' G H^, v gV : 

TT{k,^){hh' (g) -y) = hh' (g) 6k{v) 

= h(^-^k{5){(t>kth'){5kv) 

= h® *fc(5) {M^th')) {hv) (3.115) 
= h<^lk{5{(l)th')v) 
= Tr{k,^){h^S{cl)th')v) 



88 



Chapter 3. Affine Hecke algebras 



On the other hand, for w € Wq it is a tricky business, which is taken care of in 
[98| §4]. We shall recall the parts of the construction that we use later on. 

Let [/ be a Wo-invariant subset of T, open in the analytic topology, and let 
C°''^(U) and Z°'^{U) be the algebras of, respectively, holomorphic functions on 
U and Wo-invariant holomorphic functions on U. There are natural injections 
A ^"{U) and Z Z"-"{U), so we can construct 

w^iu) = z°"(j7) ^zn = c""(c/) (E)A n (s.ue) 

Similarly we define the algebras C™'^{U) and Z""^(C/) of (Wg-invariant) meromor- 
phic functions on U, and 

= z"''{u) ®zn = c'^'^u) ®A n (3.117) 



It follows from Theorem 3.3 1 that T-l°'"{U) and TC^'^{U) are free modules over 
respectively C°"(f/) and C™'=(;7), with bases {N^ : w e Wq}. We define a * on 
these algebras by 



By Lemma 3.16 this extends the * on Ti{TZ,q). 

A finite dimensional 7i- representation extends to 7i°"(t/) if and only if all 
its Z- weights are in U/Wq. Applying this to , we see that S o (f)f extends to 
Ti,^'°''^{U) if and only if Wprt £ U/Wp. The proof of these claims can be found 
on [SHI p. 582]. 

Pick t G T and consider a set _B C Lie(r) = t(8)RC which satisfies the following 
conditions: 

Condition 3.21 1. B is an open ball centred around G t(8)R C 

2. Va e Rnr,b G B : |3(q;(6))| < tt (so exp : B exp{B) is a diffeomorphism) 

3. Write Ut^texp{B). If w e Wq and wUt n C7t 7^ 0, then wt ^ t 
4- Vu G Ut we have 

^{u} U R{u} C U 

Recall that R^^^ U is the set of roots a G i?i for which i is a critical point of 
the rational function Cq,. Notice that these conditions are almost the same as [551 
Conditions 4.9]. In fact the only difference is that we replaced some statements 
with B by slightly stronger versions with B. This is not an essential difference, it 
only makes it easier in Section 5.3 to see that certain functions are bounded. 

By Proposition 4.7] Condition 3.21 can always be fulfilled. This yields an 
alternative description of the representation space of tt{P, Wpr, 6, t) : 
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Let s G S'o be the simple reflection corresponding to a (z Fi. Consider the following 
element of Q{A) ®a'H = Q{Z) (g)z H : 

/' 1/2 , /] N-l/ 1/2 n \-l 

((1 - e^c.)Ts + (gavg2av - 1) +(7yv^(g2av - l)0^a/2) 

1/2 \ (o.i^Uj 

= (Ts(l - 6'a) + {qavq2a'' - 1)6*0 + {q2a'^ " 1)6'q/2) 

(^QV^ + ^a/a) ^{q]!^q2a-^ ~ Oa/2) ^ 

For a G i^i n i?o this simplifies to 

il - = {Ts{l-e^)+{q{s)-l)e^){q{s)~e^)-^ 

Important properties of such elements come from [86, Proposition 5.5] and [98[ 
Lemma 4.1] : 

Theorem 3.22 The map 

So Q{A) <E)a'H:s^i° 
extends to a group homomorphism 

For all w e Wo, f e Q{A) we have 

^lK-^^r^f°w-'eQiA) (3.121) 
As Q(A) -modules, we can identify 

Q{A) ^aH^ ^ ilQiA) - Q{A)il 

weWo weWo 

If t e T and c~^(i) — then by definition is^{t) — I. If we combine this with 



(3.121) we see that it is not specific for simple reflections: 

/3eRo,c-\t)^0 ^ *°,(t) = l (3.122) 
With a straightforward but tedious computation one may show that 

KY-T^o n (^)^°'^-' (3.123) 

where w' = wqw^^wo- It follows more readily from the Bernstein-Lusztig-Zelevinski 
relations ( |3.4ip that, for n £ W{P, Q) and w e Wp, 

z°_i7V^*° =iV„^„-i (3.124) 
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Hence we have the following equality in Q{A) (E)a ■ 
For ^ = (P, Wpr, d,t) €E we define 



(3.125) 



^(n,0 :H'^"(W^oC/w) 

TT{n,^){hiS)v) = hi°^-i i»Sn{v) hen,v eVs 

(3.126) 

With (3.1191 in mind, this map intertwines the 7i-representations 7r(^) and 7r(n^) 
since, for h e H, h' & , v £ Vs : 

TT{n,^){hh' i»v) = hh'i^^-i «)^„(w) 

= /i^^l(^°/^'^^0®^«(^') 

= /l^^,®vI/„(^)(^„(,)(^0;^'^o_,))(^„„) 

= ®^„(<5) (V'„/i'))(^nt') (3.127) 

= hil-,(g)dn{S{(l)th')v) 
= n{n,^){h<»S{(t>th')v) 

For g = kn € yV we define the intertwiner 



TT{g,0^7r{k,nOn{n,0 (3.128) 
Because every 6g is unique up to a scalar, there is a c{gi, g2,5) e T such that 



7^(ffi,5267r(.g2,0 = c(5i,52,'5)7r(5ig2,?) (3.129) 

Things would simplify considerably if we could arrange that all c(gi,g2,S) would 
be 1. In many cases this is indeed possible, but there are some examples for which 
it cannot be done. 

A priori 7r(fcn,^) is well-defined only on the Zariski-open subset of {P,6,T^) 
where i'^ and are regular. In a worst case scenario this set could even be 
empty, but fortunately it is assured by (9^ Theorem 4.33 and Corollary 4.34] that 



Theorem 3.23 For any g G Wpg intertwining map 

nig, : n{W'') Vs UiW^) (g> V^^^s) 

is rational as a function of t G . It is regular on an analytically open neighbor- 
hood of . Moreover, if t d then TT{g,£,) is unitary with respect to the inner 



products defined by (3.93) 
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With this in mind, let Trr (■=■; End(VH)) be the algebra of rational sections of 
End(VE;) that are regular on It can be described more explicitly as 

r,,(S;End(VH)) - T,,, (T^; End(H(VK^) ® F^)) 

(pj)eA 

= {/eQ(0(T^))«)End(H(W^^)(g)V5) :/ is regular on rf} (3.130) 
{P.S)eA 

Obviously this algebra contains the algebra of polynomial sections 

C'(S;End(VH)) = O(T^) ® End(7^(Ty^) ® V^) (3.131) 

(p,5)eA 

Using the standard analytic structure on S, we define the algebras C(S;End(VH)) 
and C°°(S; End(VH)) of continuous (respectively smooth) sections of End(VH) in 
the same way. Furthermore, if /i is a sufficiently "nice" measure on S then the fol- 
lowing formula defines a (degenerate) Hermitian inner product on C(S; End(VH)): 

(/i , f2), = ^ tr(A(^)*/2(0)rfA*(0 (3.132) 

We denote the corresponding Hilbert space completion by L'^(S,/Lt; End(VH)). 

From the action of the groupoid W on S and the above intertwiners we get an 
action of W on F^r (S;End(VH)) by algebra homomorphisms : 

(5 • fm) = ^{9,9-'0n9-'0A9,9-'0^' (3.133) 
whenever g~^^ is defined. The average of / over W is 

Pw{f){P,S,t)^\{{Q,g):QcFo,geWQp}\'' E i9-f){P.S,t) 

QGFo geWQP 

(3.134) 

Notice that for / e ©(S; End(VH)) and g e W, g ■ f and pw{f) need not lie in 
C(S; End(VH)). However, if M is a W-stable subset of S on which all the inter- 
twiners are regular, then there is a well-defined action of W on C(Af ; End(VH)). 
The same holds for smooth sections if M is a smooth submanifold of S on top of 
this. 

The Fourier transform is the algebra homomorphism 

^:H-0(S;End(VH)) 

We can extend it continously to various completions of 7i(7?., g). After doing so, 
its image can be described completely with our intertwiners. For the Hilbert space 
completion Sj{TZ,q) the following was proved in (98^ Theorem 4.43 and Corollary 
4.45] : 
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Theorem 3.24 There exists a unique " Plancherel" measure ^pi on ^ with the 
properties 

1. the support of fipi is 

2. fj,pi is Wg-invariant 

3. on every component {P,S,T^) fipi is absolutely continuous with respect to 
the Haar measure of 

4- the Fourier transform extends to a bijective isometry 

T ■ i3(7^,g) -> i2(5^,^^^.End(VH))^ 
i.e. [ipi is the Plancherel measure for r 
5. the adjoint map 

J : L2(S„,/ip/;End(VH)) 

satisfies JT ~ idfi(K.q) and TJ = pvv- 

The corresponding statements for the Schwartz and C*-completions are |391 
Theorem 4.3 and Corollary 4.7] : 

Theorem 3.25 The Fourier transform induces algebra homomorphisms 

H{n,q) ^ 0{E;End{Vs)r 
S{n,q) ^ C-(S„;End(VH))'^ 
C*{n,q) ^ C(S„;End(VH))'^ 

The first one is injective, the second is an isomorphism of Frechet *-algebras and 
the third is an isomorphism of C* -algebras. 

Some remarkable consequences of this theorem are 

Corollary 3.26 1. The centers ofS{TZ,q) and C*{TZ,q) are 

Z{S{n,q))^C°^{E^)'^ 

z{c:in,q))^c{E^r 



2. Every irreducible tempered TilTZ, q) -representation (tt, V^) is a direct sum- 
mand o/7r(^), for some ^ G In particular we can endow V with an inner 
product such that tt is unitary and extends to C*{TZ,q). 

3. For any ^ G S and g G W such that gS^ is defined, the Ti.(TZ, q) -representations 
7r(<^) and TT{g£,) have the same irreducible subquotients, counted with multi- 
plicity. 
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Proof. 1 comes from [55^, Corollary 4.5]. 

2. As an 5(7?., (7)-representation {tt,V) has a single Z{S{TZ,q))- weight 

G S„/yV. Then it is also an irreducible representation of the finite dimensional 
C*-algebra 

S{n, q)/{h e S{n, q) : 7r{g0{h) = Vg G W} 
By Theorem [3?25l every irreducible representation of this algebra is a direct sum- 



mand of a parabolically induced representation 77(5^). Again by Theorem 3.25 
this means that (tt, V) extends to a (unitary) representation of C*{Ti, q). 
3. See HOI Proposition 6.1]. We have to show that the characters of 7r(^) and 
7r(g^) are equal, i.e. that the function 

HxT^ ^C: ih,t) ^ tr Tr{P, S,t){h) - tr 7r{Q,^ g{S), g{t)){h) (3.136) 

is identically 0. Because this is a polynomial function of t, it suffices to show that 



it is for all t e . This follows directly from Theorem 3.25 



□ 



Corollary 3.27 1. An element h G S(TZ,q) is invertible in S(TZ,q) if and only 
if it is invertible in C*(TZ, q), which happens if and only if it is invertible in 
B{S){n,q)). 

2. The set of invertible elements S(TZ,q)^ is open in S(TZ,q), and inverting is 
a continuous map from this set to itself. 



Proof. By |125l Proposition 4.8] and Theorem 3.25| the inclusions 

s{Tz,q) ^ c;{n,q) B{sj{n,q)) (3.137) 

are isospectral, which is another way to state 1. Because the set of invertibles is 
always open in a Banach algebra, so is 

5(7?,q)^ ^C°°(S„;End(VH))^nC(S„;End(VH))'' (3.138) 



Finally, by Theorem 2.9 2 inverting is continuous on S(TZ, q)' 



Now we will combine the Langlands classification with the Fourier transform 
to obtain a finer classification of irreducible 7i-modules. Although the proofs of 
the following results are mostly in |40j , we give them anyway, because we want to 
generalize them to Hecke algebras of reductive p-adic groups. 

For Q C Fq, let W'^, E'^ , 7r'3(^) etcetera denote the same as the corresponding 
objects without the superscript Q, but now for the affine Hecke algebra H'^ . For 
^ = (P, Wpr, S,t) eE we put 

P{0 ^ {a e Fo : \a{t)\ = 1} D P (3.139) 

We will study 7r(^) by induction in stages, first we construct 7r^^^)(^) and then 
we induce that representation to H. The following result from |40j Proposition 
6.17.1] provides the link with the Langlands classification. 
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Lemma 3.28 The Ti.^'-^^^ -representation n-^^^^^) is essentially tempered and com- 
pletely reducible. 



Proof. By Proposition 3.17 TT^^^'{P,d,t\t\ ^) is tempered and unitary. From the 



proof of Lemma |3.5| we see that 

7r^«)(0°^^l'-'r^^«H^,'5,i|r') (3.140) 



so 7r^^^-'(^) is completely reducible. If ri,...,rd are the y^-weights of ( |3.140 1 



then |i|ri, . . . , are the ^-weights of 7r^'^^^(^). But for x e ZP(^) we have 
|rit(a;)| = |ri(x)|, so 7r^(^)(^) is essentially tempered. □ 

Similar to the definition of Langlands data, we need a kind of positivity con- 
dition on S. Thus we say that ^ E S+ if |t| <E T.^s'~^ — expt-^'+. 

Proposition 3.29 Take £, = {P,Wpr,6,t) e S+. 

1. Let a be an irreducible direct summand o/7r^'^)(^). Then {P{^),a) G A+. 

2. The functor Ind^p({) induces an isomorphism 

EndH(7r(0) = End^PU, 

3. The irreducible quotients of -k^S^) are precisely the modules L{P(S),a) with a 
as above. 

4. Every L(P(^), a) has an A-weight ta such that there exists a root subsystem 
Ra C Ro, of rank \P\, with the properties 

Va e Rt n Ra : \tJa)\ < 1 

, (3.141) 
Vaei?+n(i?^) ■.\t^{a)\>l 

5. Suppose that {p, V) is an irreducible constituent of 7r(^) which is not a quo- 
tient, and that tp is a n A-weight of V . Then every root subsystem Rp with 
the properties ( 3.141[ ) has rank > \P\. 



Proof 1. By definition = \t\ e r^^'+, so (P, cr) € A+. 
2 and 3 follow from 1 and Theorem 13/71 



4. By Lemma 3.6 every yl-weight of a is of the form t^ — w(rt) with r an Ap- 
weight of 5 and 

w £ M^p(5) nW^ ^ {we VFp(5) : w{P) C R^} 

By |45l (2.7)] L{P{^),a) also has an ^-weight of this form. Hence we may take 
R,^w{Rp). 
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5. By [351 (2.7)] every ^-weight of {p,V) is of the form tp — nw{rt), with n E 
\ {e} and w, r, t as in the proof of 4. Clearly, for 

a e nw{Rp) C n{R^) C 

we have 

|tp(Q;)| — \rt(w^^rr'^a) \ < 1 

Furthermore, since n ^ e, there exists a /3 e Rq with n^^{P) G Rq and /? _L 
Now P' = nw{P) U {/3} is a linearly independent set of positive roots 
such that |tp(a)| < 1 Va G P' . Therefore any suitable root system Rp must have 
rank at least IP'I = IPI + 1. □ 



Although it is written down differently, the proof of Proposition 3.29 is rather 
similar to that of the Langlands classification. In particular we use the same ideas 
as Langlands' geometric lemmas jHOj p. 61-63]. 

Lemma 3.30 Every E "E. is Wo-associate to an element o/S+. //^i,$2 G '^'^ 
are W-associate, then P{^i) = P{S,2) ■= Q, o^*^ T^^i^i) O'nd Tr^{£,2) are equivalent 
as TC^ -representations. 

Proof. By |61l Section 1.15] every M^o-orbit in t contains a unique point in a 
pos itive cham ber t'5>+. Hence \ti \ = \t2\ and P{£,i) = P{£,2) = Q- From Lemmas 
we see that there is a single automorphism ilJ\ti\ — "01(21 V-" of 



3.5 



and 



3.28 



such that, for i — 1,2 



7r^(e.)°0"'=^'^(e-) where ^ = iP^, S^,U\t,r') e (3.142) 



If gS^i = ^2 for some g G W, then also g(^'i — Applying Theorem 3.25 to Ti'^, 
we see that 7r'5(^5^) and 77*3 (^^) are unitarily equivalent. It follows from this and 
(3.142[) that n'^i^i) and 7r'3(^2) are equivalent. □ 



Theorem 3.31 For every irreducible ^-representation tt there exists a unique 
association class W{P,6,t) G S/W such that the following (equivalent) statements 
hold : 

1. TT is equivalent to an irreducible quotient of 7r(^+), for some ^+ G S^" n 
WiP,S,t) 

2. TT is equivalent to an irreducible subquotient of TT{P,5,t), and \P\ is maximal 
for this property 



Proof. For 1 we copy [101 Corollary 6.19]. By Theorem 3.7 there is a unique 
Langlands datum (Q, a) G A+ such that tt = L(P, ct), and by Lemma 3.5 a o t/j^'^ 



is tempered. Now Theorem 3.25| tells us that there exists a unique association 



class W^fi = >V'3(Pi,(5i,ti) G Sj/yV^ such that 7r(^i) contains a o -0-1 as an 



irreducible direct summand. Put ^ — {Pi,6i,tir^) G and, using Lemma 3.30 
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for H'^, pick ^+ = {P2,S2,t2) e yy QgnS+. Thencrisadirectsummandof7rQ(^+), 
and we see from Proposition 3.29[ 3 that tt is an irreducible subquotient of 7r(^+). 
By Lemma 3.30 and Theorem 3.7 the class G S/W is unique for this property. 

Suppose that tt is also an irreducible subquotient of 77(^3) — tt^P^, S3, t^), where 
l^'sl > \P\- By Corollary 



3.26 



2 we may assume that ^3 e S+. Comparing parts 4 
and 5 of Proposition |3.29 we see that in fact tt must be equivalent to an irreducible 
quotient of 7r(^3). But then ^3 is W-associate to ^+ by the above. Because the 
class is unique for both properties 1 and 2, this also shows that 1 and 2 are 
equivalent. □. 



3.4 Periodic cyclic homology 

We prove comparison theorems between the periodic cyclic homology of an affine 
Hecke algebra, that of its Schwartz completion, and the iC-theory of its C*- 
completion. We reap some fruits from our previous labor in the sense that the 
technicalities are limited, although still substantial. 

Let 'H{TZ, q) be an affine Hecke algebra. Observe that by Theorems 2.27 and 
|3.25| the Chern character gives an isomorphism 

K^{S(n,q))(SC ^ HP^{S(n,q)) (3.143) 



However, we cannot apply Theorem 2.29 to Ti{TZ,q), since the action of the 
groupoid W on 0(S; End(V2)) is by rational intertwiners, which may have poles 
outside S„. Therefore the proof of the next theorem will involve several steps. 

Theorem 3.32 The inclusion Ti.{TZ,q) S(TZ,q) induces an isomorphism 

HP,{n{n,q)) HP,{s{n,q)) 

Proof. We start by constructing stratifications of the primitive ideal spectra of 
T-l{TZ,q) and S{TZ,q). Choose an increasing chain 

= Ao c Ai c • • • c A„ = A 

of yV-invariant subsets of A with the properties 

• if (P,(5) e A, and |Q| > |F| then Ag C A^ 

• the elements of A^ \ Ai_i form exactly one association class for the action 
of W 

To this correspond two decreasing chains of ideals 

7i = /o D /i D • • • D /„ = 
5 = Jo D Ji D • • • D J„ = 

(3 144) 

h = {heH:n{P,t,S){h) = Oii{P,S)eAi,teT^} ^' ' 

J^ = {heS: 7r(P, t, 5){h) = if (P, 5) G A,, t e T^} 
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For every i pick an element (Pi, Si) G \ Ai_i, let Wi be the stabilizer of {Pi, 6i) 
in W and write Vi 
isomorphisms 

(3.145) 



l/^(p. t 5.). By Theorem 3.25 the Fourier transform gives 
J,^i/J,^C°^\TP';EndVi)'^' 



On the other hand, by Theorem 3.31 the primitive ideal spectrum of (/i_i//i) 
corresponds to the inverse image of \ Aj under the projection S A. Moreover 
the induced map Prim(Ji_i//i) Wi \ T^' is continuous. (In fact it is the central 
character map for this algebra.) By Lemma |2.3| it suffices to show that each 
inclusion 

h-l/h -> J^-l/J^ (3.146) 

induces an isomorphis m on periodic cyclic homology. Therefore we zoom in on 

we can n C°°(T^-End V^) 



3.23 



Ji-i/Ji. By Theorem 
to a neighborhood T' of We may take T' Wi-equivariantly diffeomorphic to 



Because [—1,1] is compact and contractible, we can make the 



inner product on Vi depend on i S T' in a smooth way, such that the intertwiners 
7r((7, Pi, t, Si) are unitary on all of T' . To avoid some technical difficulties we want 
to replace J^^l/J, by C°°(T'; End Vi)^ , but this needs some justification. 



Lemma 3.33 The inclusion T^^ 
phisms 



T' and the Chern character induce isomor- 



HP,{J,^i/Ji) ^ HP, (C°°(r';End^,) 



K, {C(T'; End V 



)C 



Proof. The second isomorphism follows directly from Theorems |2. 27 and 2.13 For 
the first one, we pick a W j-equivariant triangulation E — > T^f* and we construct 
Ua and Ucr as on page 55 Using the projection p„ : T' T^' we get a closed 



cover of T' : 

{T^ : cr simplex of E} 

T^=p-i(L/,)-C/.x [-l,lf-^"' 

From the proof of Theorem 2.27| we see that it suffices to show that for any simplex 
cr we have 

HP, {C^{U„,Dy,EndVi)'^') - HP, {C^'{T;„pZ\D„);EndV)'^-) (3.147) 

where Wa- is the stabilizer of a in Wi- Well, 11^ \ D„ is WCT-equivariantly 
contractible by construction, and it is an equivariant deformation retract of 
\p^^(£'(j) ~ PZ^{Ua \ D„). So we are in the setting of Lemma 



2.26 



and we 

may use its proof. It says that there exist a finite central extension G of Wa and 
a linear representation 

G ^ GL{V) -.g^ug 



such that the Frechet algebras in (3.1471 are isomorphic to 

G^{Ua,Da;'EndV)^ 
C-(r;,p;i(i?,);Endt/,)« 



(3.148) 
(3.149) 
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The G-action on these algebras is given by 



where we simply lifted the action of Wc 
It is clear that the retraction T' — 



on to G. 

Ua induces a diffeotopy equivalence be- 



tween (3.1481 and (3.1491, so it also induces the required isomorphism (3.1471 
□ 



Consider the finite collection £ of all irreducible components of (T-^')™, as 
w runs over Wi. These are all cosets of complex subtori of T^' and they have 
nonempty intersections with T^'. Extend this to a collection {Lj}j of cosets 
of subtori of T^' by including all irreducible components of intersections of any 
number of elements of C. Because the action of Wi on T^' is algebraic 

dim ( {T^'Y n {TP-y ) < max { dim {T^'Y , dim (T^^)" } 

if ai{'w) ^ ai{g). Define Wi-stable submanifolds 

Tm = [J Lj 

j: dim Lj<'m 

T' — T n T' 
and construct the following ideals 

A^^{he h-i/h ■■ n{P,,t,d^){h) = if i e T™} 
B„, = C^{r, T;„; End Vif"^ (3.150) 
C^-C(r',T;.;EndF,)'^' 
Now we have An = Bn = Cn = for n > dimT^' and 

An = h-i/h B„ = C°°(C/;EndV-)^' C„ = C(C/; End T^,)^' for n < 
Just as in ( 3.146[ ) it suffices to show that the inclusions 

Am—i/Aj-,1 > Bni—i/Bjji 

induce isomorphisms on HP^, so let us compute the periodic cyclic homologies of 
these quotient algebras. 

Because Tm is an algebraic subvariety of T^' the spectrum of Am-i/Am consists 
precisely of the irreducible representations of with tempered central char- 

acter in {Pi, Tm\T„i-i, Si). We let ri{t) be the number of tt S Prim(/i_i//i) corre- 



sponding to {Pi,t, Si). F rom Theorem 3.7 and we see that ri{t\t\^) — ri{t) Vs > — 1, 
and from Theorem |3.25| that r,{t\t\-'^) = n{t) if the stabilize rs in Wi of t and t\t\ ^ 
are equal. Choose a minimal subset {Lm,k}k oi C such that every m-dimensional 
element of C is conjugate under to a L^^k- Let Wm.k be the stabilizer of Lm,fe 
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in Wi and write = ri{t) for some t G Lm,k \ T^'- By construction 'Wm,k acts 
freely on Lm,k \ Tm-i, and the spectrum of Am-i/Am is homeomorphic to 

Xm \ Ym ■— \ 11 I {Lm,k \ ?m-l) /V\^m,k 

k 1=1 

= U U iL-^,kMm.k) \ {{Lm,k n T,n-l)/Wm,k) 



k 1=1 



These are separable algebraic varieties, so the morphisms of finite type algebras 

Ara-l/Am ^ Z{Ara-l/Ara) ^ Oo(^m, i^m) (3.151) 



are spectrum preserving. Thus from Theorems |2.6| and |2.7| we get natural isomor- 
phisms 



On the other hand, by |1281 Theoreme IX. 4. 3] the extension 

-> C°°(T', End V,) -> C°^{T'- End Vi) C°°{T^\ End V{) 
is admissible, and since Wi is finite the same holds for 

Q^Bra^ C°°{T'; End V,)^^ -> C°°(74; End Vi)^^ 



(3.152) 



So from Theorems 2.13 and 2.27 and Proposition 2.20 we get isomorphisms 

HP,{Brn) ^ K,{Brn) «) C ^ K,{Cm) ® C (3.153) 

The spectrum of Cm^i/Cm is 

x:„ \ := (x,„ n T'/w,) \ (r™ n r'/w.) 



These are locally compact HausdorfF spaces, so the C*-algebra homomorphisms 

Cm-l/Cm ^ Z{Cm-l/Gm) * C'o(J'f^J^) (3.154) 

are spectrum preserving. By construction the stabilizer in Wj oit G T' is constant 
on the connected components of T'^\T'^_i, so by the continuity of the intertwiners 
Tr{g, Pi,t,6i) the vector space Cm-i/Cm is a projective module over Co(X^,y4)- 
Thus by Proposition 2.21 (for if*(-) ® Q) (3.154) induces isomorphisms on K- 
theory with rational coefficients. From this and Theorems |2.27| and |2.13| we obtain 
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natural isomorphisms 



^X,(Z(C„_i/C„))®C 



(3.155) 



From ( 3.152[ ) - (3.1551 we construct the commutative diagram 



HPMr,^-l|Arr.) = H P,{Oa{X^,Y^)) 

i i 



H*{Xm, Ym; C) 

i 

H*{X'^,Y;^;C) 



(3.156) 



The pair (^^,y^) is a deformation retract of (^^,y^), so all maps in this dia- 
gram are isomorphisms. Working our way back up, using excision, we find that 
also 

HP,ih^i/h) -> HP, (C°°(T';EndF,)^*) ^ HP,{J,^i/Ji) 



and finally 



HP,{H{n,q)) ^ HP,{S{n,q)) 



□ 



are isomorphisms. 

Note that Theorem 13.321 is in accordance with our earlier results for direct 



products of root data. If 7?. = TZi x Tl2 then by (3.42 1 and Theorem 2.5 we have 

HP4n{TZ, q)) = HP4n{ni,q)) ® hp, (w(7^2, <?)) (3.157) 



while by (3.90), Theorem 3.25 and Corollary 2.28 



HP,{S{n,q)) ^ HP,{S{ni,q)) ® HP,{Sin2,q)) 



(3.158) 



We can pursue the path of (3.1431 and Theorem 3.32 a little further. Let k be 



any (unital) subring of C containing {q{w) : w € W}. As on page 63 we consider 



the extended Iwahori-Hecke algebra HkiTZ, q). It makes sense to take its periodic 
cyclic homology in the category of k-algebras. This is a k-module which we denote 
hy HP,{n^,{n,q)\k). 

Theorem 3.34 There are natural isomorphisms 

HP,(7^k(7^,9)|k)®kC ^ HP,{n{n,q)) ^ HP,{s{n,q)) ^ 

K,{S{n,q))®^C ^ K,{c:{n,q))®zC 
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Proof. By [33 Proposition IX. 5.1] we have 

HHn{n^{n, q)\k) ®k c ^ HHniHin, q)) 



(3.159) 



where HHn{ ■ |k) means Hochschild homology in the category of k-algebras. Now 
the first isomorphism follows from [81' Proposition 5.1.6]. The second isomorphism 
is Theorem 3.32 and the third was already noticed in (3.1431. Finally, the fourth 



isomorphism is a consequence of Theorem 2.13 



□ 



Apparently this is an important invariant of the labelled root datum (JZ, q). By 
the way, we really need complex coefficients. It does not follow from Theorem |3.34| 
that HP^{Hw{TZ, g)|k) and K^{C*{TZ, g))(8)zk are naturally isomorphic, we merely 
know that they have the same (finite) rank as k-modules. In general there is no 
reason why the image of a class in K^{C*{TZ,q)) should land in HP^{Hk{TZ,q)\lQ) 
under the composition of the above isomorphisms. 
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Chapter 4 

Reductive p-adic groups 



Iwahori and Matsumoto were the first to recognize that any finite group with a 
BN-paiT gives rise to a finite dimensional Hecke algebra with a very nice descrip- 
tion in terms of generators and relations. In particular this applies to a connected 
reductive algebraic group defined over a finite field. 

On a higher level, if G is a reductive algebraic group over a non- Archimedean 
local field, then the Hecke algebra 'H(G) has infinite dimension. However, the 
valution of the field provides enough extra structure to show that Ti{G) is a direct 
sum of factors which tend to be Morita equivalent to affine Hecke algebras. 

In the the first section we browse through the literature on reductive groups, 
and we report when and how we see something that looks like an affine Hecke 
algebra. Meanwhile we also recall some important notions from the representation 
theory of totally disconnected groups (like groups over a p-adic field). 

In Section |4.2| we start working towards the main new result of this chapter, 
namely the construction of natural isomorphisms 

HP,{n{G)) ^ HP,{S{G),^) ^ K,{C;{G)) (4.1) 

Obviously we have to recall the definitions of the involved algebras. The reduced 
C*-algebra of G is defined in a standard way, but the construction of the Schwartz 
algebra S{G), originally due to Harish-Chandra f5F, is much more difficult. The 
greater part of Section |4.2| is used to give a proper definition of this algebra, and 
to characterize its representations among all G-representations. 

Acknowledging the difference between 7i(G) and affine Hecke algebras, we still 
proceed like we did in Chapter 3. Thus for information about the primitive ideal 
spectra of 7i(G) and 5(G) we turn to the Fourier transform and the Plancherel 
theorem for reductive p-adic groups, both of which are due to Harish-Chandra 
[55] . These will show that Prim(7i(G)) is a countable union of non-separated 
complex affine varieties. The algebras S{G) and C*{G) have the same spectrum, 
which turns out to be a countable union of compact non-Hausdorff spaces. The 
Langlands classification tells us that Prim(5(G)) is in a sense a deformation retract 
of Prim(H(G)). 
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Nearly all the new material of this chapter is contained in the final section. 



There we use all the above to lift the result (3.1 1 to Hecke algebras of reductive 



p-adic groups, which yields (4.1). We remark that we are careful with topological 



periodic cyclic homology, here we have to take it with respect to the completed 
inductive tensor product (g). 



Moreover (4.11 is related to the Baum-Connes conjecture for reductive p-adic 



groups by means of the diagram 



i 

HP,{n{G)) 



i 

HP.{S{G)) 



We conclude the chapter with a discussion of some subtleties of this diagram. 



4.1 Hecke algebras of reductive groups 

In Section |3.1| we defined Iwahori-Hecke algebras in terms of generators and rela- 
tions, but this is hardly the way in which they emerged. Iwahori and Matsumoto 
[B3J[B31in51ES] discovered that convolution algebras associated to a reductive group 
and a suitable subgroup are of the type we described. We have a look at these 
and then we extend our view to more general convolution algebras, of smooth 
functions on reductive p-adic groups. We recall everything that is needed to state 
all the known cases in which such convolution algebras yield affine Hecke algebras 
or closely related structures. 

The most direct way to arrive at Iwahori-Hecke algebras is through groups with 
a BiV-pair. Recall that a group G has a iJA^-pair if it satisfies 

1. G is generated by two subgroups B and N 

2. i? n TV is normal in N 

3. W :— N/B O N is generated by a set S* = {s; : i E 1} of elements of order 2 

4. if Hi e N and n^{B n N) ^ Si then riiBn^ ^ B 

5. for all such and n E N we have UiBn C BniuB n BnB 

These axioms were first formalized by Tits, cf. [19 . Some important conse- 
quences are proven in [T3l, Chapitre IV. 2]. For example, it turns out that {W,S) 
is a Coxeter system and that the group G has a Bruhat decomposition, i.e. there 
is a bijection between W and the double cosets of S in G, given by 

N 3 n-> BnB e B\G/B (4.2) 

Any connected reductive group G over an algebraically closed field K has a 
BN-pa,ir. To be precise, in this case S is a Borel subgroup of Q, B O Af ^ T is a, 
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maximal torus and N is the normalizer of T in see |124L Chapter 8]. With Q 
and T one can associate a root datum 

7^(g, T) = (X, y, i?o, i?o ) where 

• X is the character lattice of T 

• y is the cocharacter lattice of T 

• i?o is the set of roots of {G,T) 

• Rq is the set of coroots of {G,T) 

• W = JV/T is isomorphic to the Weyl group Wq of Rq 

This results in a bijection between isomorphism classes of connected reductive 
algebraic groups and root data, see [Ml Expose 24] and [351, Expose XXV] . Under 
this bijection semisimple groups correspond to semisimple root data. 

The most important example is of course GL(n, K). In this group we may take 
for B the subgroup of upper triangular matrices and for T the subgroup of diagonal 
matrices. Then J\f consists of the matrices that have exactly one nonzero entry in 
every row and every column. In the root datum TZ{Q,T) we have x = Y = Z" 
and 

i?o = i?o = {ei -ej ■.l<i,j <n,i^ j} 

where {ci}"^]^ is the standard basis of Z". So Rq is the root system An-i, and the 
Weyl group Wq is isomorphic to the symmetric group 5„. 



Assume now that we have a group with a BN-pair such that B is almost 
normal in G. This means that every double coset of B is a finite union of left 
cosets. (Clearly B would be almost normal if it were normal in G, but this can 
only happen in the degenerate situation B = G, N = {e}.) Let k be a unital 
commutative ring and consider the k-module Ti.{G, B) of k-valued i?-biinvariant 
functions on G that are nonzero on only finitely many left i3-cosets. Clearly this 
is a free module with basis {T^ : w € W}, where T^^ is the characteristic function 



of BwB. (This sloppy notation is justified by (4.2 1.) Define a measure fi on i3-left 
invariant subsets by ij,{H) = \B\H\. The product on 'H{G, B) is convolution with 
respect to /x: 

(/i*/2)(w)=/ h{wx-^)h{x)dii{x) (4.3) 

J B\G 

This notion of a Hecke algebra stems from Shimura [1171 §7]. Fortunately it agrees 
with the definition of an Iwahori-Hecke algebra as given on page [63] 

Theorem 4.1 For w write 

q{w) = fi{BwB) = \B\ BwB\ 



Then q is a label function and the relations (3.3) and (3.4 1 hold in 7i(G, -B). 
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Proof. This result is due to Iwahori Theorem 3.2] and Matsumoto [Ml 
Theoreme 4]. A full proof can be found in |46l Theorem 8.4.6]. □ 

In the above situation of a reductive group G over an algebraically closed field 
K, B cannot be almost normal, because it has lower dimension than Q and K is 
infinite. However, suppose that the characteristic p of K is nonzero and that G 
is defined over a finite field F^. The group G{Vq) of F^-rational points still has a 
BA^-pair, where B{¥q) is a Borel subgroup. The associated Hecke algebras were 
studied by Iwahori [SS] (for Chevalley groups) and by Howlett and Lehrer, see 
[27] . In these cases is a subgroup of the finite Weyl group Wq of TZ{G,T), and 
the numbers q{s) are certain powers of p. 

Now we turn to p-adic groups. Recall that a non- Archimedean local field is a 
field F with a discrete valuation 

u : F ^ Z U {oo} (4.4) 

such that F is complete with respect to the induced norm \\x\\f = q^'"^^-\ Here q 
is the cardinality of the residue field O/'P, 

= {xe¥: v{x) > 0} (4.5) 

being the ring of integers of F and 

^={xe¥:v{x)>0} (4.6) 

its unique maximal ideal. This implies that F is a totally disconnected, nondiscrete, 
locally compact Hausdorff space. If its characteristic is zero then F is isomorphic 
to a finite algebraic extension of the field of p-adic numbers Qp. On the other 
hand, if char(F) > then O = ¥q[[t]], the ring of formal power series over the 
finite field ¥q. With a slight abuse of terminology, non- Archimedean local fields 
are also known as p-adic fields. 

So let F be a non-Archimedean local field and G a connected reductive algebraic 
group that is defined over F. Consider the group G = G{¥) of F-rational points 
of G- Afhne Hecke algebras play an important role in the representation theory 
of such groups, as we will try to explain. We are mainly interested in smooth 
representations, i.e. representations of G on a complex vector space V such that 
for every v G V the group {g G G : gv = v} is open. Recall that, because F is 
non- Archimedean, the identity element e of G has a countable neighborhood basis 
consisting of compact open subgroups. Hence smooth representations can also be 
characterized by the condition 

K 

where K runs over all compact open subgroups of G. We denote the category of 
smooth G-representations by Rcp(G), and the set of equivalence classes of irre- 
ducible smooth G-representations by Irr(G). We call a map from G to a Hausdorff 
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space smooth if it is uniformly locally constant, i.e. if it is bi-invariant for some 
compact open subgroup of G. 

Furthermore, because G is reductive, it has an affine building /3G, also known as 
the Bruhat-Tits building of G. We quickly recall the construction and terminology 
of this polysimplicial complex, referring to |19I I127| for more detailed information. 
Let ^0 — -4o(lF) be a maximal F-split torus of Q, X*{Ao) = X*{Ao) its character 
lattice, and put ~ X* {Aq)®z^- Then (3G is Gx modulo a certain equivalence 
relation. 

The affine building is a universal space for proper G-actions. Such a universal 
space always exists, based on general categorical considerations, but it is unique 
only up to homotopy. On the other hand, the proof that /3G really has the required 
properties is very tricky, and ultimately relies on the existence of "valuated root 
data" [20]. 

The images of under G are the appartments of /3G, and a polysimplex 
of maximal dimension in [3G is called a chamber. The stabilizer / of such a 
chamber (or equivalently of an interior point of a chamber) is an Iwahori subgroup 
of G. More generally the stabilizer of an arbitrary point of fiG is known as a 
parahoric subgroup. If xq £ (3G is a "special" point (in particular it must lie in 
a polysimplex of minimal dimension) then its stabilizer is a "good" maximal 
compact subgroup of G in the sense of [1181 §0.6]. This impUes that 

G - P/^o - K^P (4.7) 
for any parabolic subgroup P of G containing Aq. 



Normalize the Haar measure /z on G by /i(-ft'o) = 1- Any compact open K < G 
is almost normal, so we can consider the convolution algebra 7i(G, K) of compactly 
supported C- valued iC-biinvariant functions on G. For example, if G = GL2{Qp) 
and K = GL2{Zp), then 7i(G, K) is the classical algebra of Hecke operators, hence 
the "W" for "Hecke" algebra. 

If K' C K is another compact subgroup then there is a natural inclusion 
H{G,K) T-C{G,K'). The inductive limit of this system of inclusions (i.e. the 
union), over all compact open subgroups, is called the Hecke algebra H(G) of G. 
It consists of all compactly supported smooth functions on G. For every K we 
define the idempotent eK& H(G) by 

r /i(X)-i if geK 
eKig) - I if g^K (^-^^ 

This gives the useful identification 

eKn{G)eK - W(G)^^^^' = H(G, K) (4.9) 

By construction a smooth G-representation is the same thing as a nondegenerate 
representation of 7i(G). There are natural maps 

Rep(G) Rep{n{G,K)) : V ^ ^ 7r{eK)V 

Rep{n{G,K)) Rep(G) : W Ind^J^J^^M^ ^ ' ' 
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Bernstein CoroUaire 3.9] showed that there exist arbitrarily small K for which 
these maps define equivalences between the category of nondegenerate 7i(G, K)- 
representations and the category of those smooth G-representations that are gen- 
erated by their i^T-fixed vectors. Thus 7i(G, K) covers a clear part of the repre- 
sentation theory of G. 

It is quite possible that H{G,K) is an extended Iwahori-Hecke algebra. For 
example, suppose that G is split over F, let Aq — Ao{¥) be a maximal split torus 
and B — B{¥) a Borel subgroup containing T. Assume that B is defined over O, 
so that B{0/^) is a Borel subgroup of 5(0/^). The inverse image / of B{0/^) 
under the quotient map G{0) G{0/^) is an Iwahori subgroup of G. It is known 
that 7i(G, /) is an affine Hecke algebra. The Weyl group of the associated root 
datum is W = Nc{Ao)/Ao{0) and it decomposes as W = Wq k X*{Ao) where 
Wo = Ng(^Q-f{Ao)/Ao{0). Finally, the value of the label function on any simple 
reflection is q = \0/^\. 

Or suppose that G is simply connected, but not necessarily split over F. Let 
be the stabilizer of an appartment in the affine building of G, and / the stabilizer 
of a chamber of this appartment. According to j^Ul Proposition 5.2.10] {I,N) 
is a BN-pair in G, so 7i(G, /) is an Iwahori-Hecke algebra. The Coxeter group 
W = N/InN is an affine Weyl group coming from a root datum that is contained 
in TZ{G,'T'), for a suitable torus T. 

An important decomposition of the category Rep(G) was discovered by Bern- 
stein [S]. To describe it we introduce several classes of smooth representations. 



• admissible if V has finite dimension for every compact open subgroup K 

• supercuspidal if it is admissible and all matrix coefficients of tt have compact 
support modulo the center of G 

By [HI Corollaire 3.4] for every K the algebra H{G, K) is of finite type, so all its 
irreducible representations have finite dimension. In combination with f5', Corol- 
laire 3.9 ] this shows that every irreducible smooth representation is automatically 
admissible. Supercuspidal representations are also known as absolutely cuspidal 
(or just cuspidal) representations, but there seems to be no agreement in the ter- 
minology here. 

There is a natural notion of the contragredient of a smooth representation. Let 



We call (tt, V) e Rep(G) 



(4.11) 



be the dual space of V and define 




(4.12) 



K 



Then {t^^V) is the contragredient representation of (7r,y). By construction it is 
smooth, and it is admissible whenever V is. 
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Suppose that P is a parabolic subgroup of G and that M is a Levi subgroup 
of P. Although G and M are unimodular, the modular function 5p of P is in 
general not constant. Let u be an irreducible supercuspidal representation of M. 
Under these conditions we call (M, a) a cuspidal pair. From this we construct a 
parabolically induced G-representation 

l'f{a)^lnd${5]l^ ®a) (4.13) 

This means that we first infiate a to P, and then we apply the normalized induction 

1/2 

functor, i.e. we twist it by 5p and take the smooth induction to G. This twist is 
useful to preserve unitarity, cf. [351 Theorem 3.2]. 

For every (tt, V) € Irr(G') there is a cuspidal pair (M, ct), uniquely determined 
up to G-conjugacy, such that is a subquotient of Ip{a) . If P' is another parabolic 
subgroup of G containing M then Ip,{a) and Ip{(j) have the same irreducible 
subquotients, but they need not be isomorphic. 

To define a suitable equivalence relation on the set of cuspidal pairs, we now 
recall a particular kind of characters. Let H be any algebraic group over F, and 
consider the subgroup 

°H ^{heH : v{-f{h)) = V7 e X*{H)} (4.14) 

This is an open normal subgroup of G which contains every compact subgroup, and 
H I^H is a free abelian group. An unramified character of is a homomorphism 
X : H ^ whose kernel contains The group of these forms a complex torus 
Xnr{H) and the map X*{H) ®z ^ X^r{H) defined by 

is an isomorphism. We will denote the compact torus of unitary unramified char- 
acters by 

XunriH) = Hom(iJ/"i/, S^) (4.15) 

We say that two cuspidal pairs (Af, a) and (M', a') are inertially equivalent if there 
exist X G Xnr{M') and g e G such that M' = g~^Mg and tr' (g) x = cr^ . 

With an inertial equivalence class s — [M,a]G we associate a subcategory of 
Rep(G)^ of Rep(G). By definition its objects are those smooth representations 
TT with the following property: for every irreducible subquotient p oi n there is a 
{M, cr) € s such that p is a subrepresentation of Ip{cr). 

These Rep(G)^ give rise to the Bernstein decomposition [9, Proposition 2.10]: 

Rep(G) = Y[ Rep(G)= (4.16) 

The set 25(G) of Bernstein components is countably infinite. We have a corre- 
sponding decomposition of the Hecke algebra of G into two-sided ideals: 



niG)^ n{Gr 

5e»(G) 



(4.17) 
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with Rep(7i(G)^) = Rep(G)^. By [24, Proposition 3.3] there exists an idempotent 
e Ti-iG) such that 

• n{GY ^ li.{G)e,n{G) 

• Rep(G)^ is equivalent to Rep(e5H(G)e5) 

Under these conditions e^Ti.{G)es is a finite type algebra, whose center was already 
described by Bernstein. The set of all cuspidal pairs of the form (M, a (E)x) is 
in bijection with Xnr{M), so it has the structure of a complex torus. Put 

N{M, a) = {geG: gMg-^ = M and [M, 0-^]^ = [M, ctIm} (4.18) 

Then Wo-= N{A'I, a) /M is a finite group acting on D^r, so Da/Wc is an irreducible 
algebraic variety. [9, Theoreme 2.13] tells us that 

Z{e,n{G)e,) ^ 0{DJW,) = (4.19) 

For any compact open K < G write 

«(G, X) = {s e »(G) : H(G, KY ^ 0} 
H(G, i^)'^ = H(G)" n H(G, X) 

Proposition 4.2 i. !8(G, if) is finite for any compact open K < G. 

2. If K is a normal subgroup of a good maximal compact subgroup Kq then 
H{G, K) is Morita equivalent to ® s£^[g .K)I^{GY and 

Z{H{G,K))^ Z(e,H(G)e,) 

seB(G,i<') 

3. For any s G S(G) there exists a compact open < G such that for every 
compact open K C the algebras 

n{G,K,Y , n{G,KY andn{GY 
are Morita equivalent. 

Proof. All these results are due to Bernstein. 2 is a direct consequence of [HI 
CoroUaire 3.9] and ( |4.19[ ). 1 and 3 follow from this in combination with [3] (3.7)], 
as was remarked in [71 p. 143]. □ 

We may also consider more general algebras associated to (G, K). Let {p, V) be 
an irreducible smooth representation of K, and (p, V) its contragredient. Notice 
that p is smooth and has finite dimension. Define 

H(G, K,p)^{f:G^ Endc(t>) : /(fcis^a) = p{h) f (g) p{k2) Vfci, fca e if,5 e g} 

(4.20) 
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This is a unital algebra under the convolution product, its elements being smooth 
functions on G. Consider the idempotent ep € 'H{G) defined by 

r M^)-Mim(l/)tr(p(5-i)) if geK 
ep{.9) - I if ^ if ^ ' 

By [23j Proposition 4.2.4] there is a natural isomorphism 

n{G, K, p) ®c Endc(F) = epH(G)ep (4.22) 

Let Repp(G) be the subcategory of Rep(G') consisting of all representations (tt, U) 
for which 'H{G)epU = U. According to [23l Proposition 4.2.3] there are natural 
bijections between the sets of irreducible objects of 

• Repp(G) 

• Rep[epH{G)ep) 

• Rep{niG,K,p)) 

If moreover Repp(G) is closed under taking subquotients (of G-representations) 
then there exists a finite subset 6 C S(G) such that 

Repp(G) = 0Rep(Gr (4.23) 

see 

In the terminology of Bushnell and Kutzko {K,p) is an (5-type [531 (3-12)]. Of 
special interest is the case when 6 consists of a single element s, for then 7i (G, K, p) 
is Morita equivalent to 7i(G)^. It is known that under this and certain extra 
conditions 7i(G, p) is isomorphic to an affine Hecke algebra |1081 Theorem 6.3], 
sometimes with unequal labels (871 Section 1], or to the twisted crossed product 
of such a thing with a (twisted) group algebra [S3J Theorem 7.12]. 

Using this approach it has been shown that Ti^GY is Morita equivalent to an 
afhne Hecke algebra for every 5 S Q5(GL(n,F)) and to a "twisted" affine 

Hecke algebra for every s e S(5'L(n,F)) [311 Theorem 11.1]. 



4.2 Harish-Chandra's Schwartz algebra 

In this section G will be a connected reductive algebraic group defined over a non- 
Archimedean local field F. The reduced G* -algebra of G is defined in a standard 
way, but we need to go to some lengths to construct Harish-Chandra's Schwartz 
algebra. Once this is done we characterize its representations among admissible 
G-representations and formulate the Langlands classification for reductive p-adic 
groups. 
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Define the adjoint and the trace of / e H(G) by 

rig) =7(9^) r{f) = f{e) 
This gives rise to a bitrace 

{fj') = r{f*f') 

making Ti-iG) into a Hilbert algebra. The Hilbert space completion of Ti-iG) is 
the space L'^{G) of all square-integrable functions on G. It carries two natural 
G- actions, left and right translation: 

{X{g)f){h) = f{g-'h) 
{p{g)f){h)^ f{hg) 

Now \{g) and p{g) are bounded operators of the same norm. They extend naturally 
to representations of Ti.{G), so we get an injection 

A : HiG) B{L^{G)) 

The reduced G*-algebra C;(G) is the closure of A(7i:(G)) in B{L^{G)). It is 
a separable nonunital G*-algebra whose representations correspond to the uni- 
tary G-representations that are weakly contained in the left regular representation 
(A,L2(G)) of G. 

Usually the reduced G*-algebra of a locally compact group H is defined as the 
completion of Cc{H) or L^{H) in B{L^{H)). However if H is totally disconnected 
we may just as well start with smooth functions only. 

For a compact open K < G we let G*{G, K) be the completion of 7Y(G, K) in 
B{L^{G)). It is a unital type I G*-algebra and it equals 

eKC;{G)eK = G;(G)^^-^ = G;{G,K) (4.24) 

Let us mention some general facts about the structure of G* (G) . They can be read 
off from Theorem 4.10| but it seems appropriate to formulate them here already. 



This algebra can be recovered as the inductive limit of the above subalgebras, over 
all compact open subgroups, partially ordered by inclusion: 

G;(G) =limG;(G,i^) (4.25) 



Moreover it has a Bernstein decomposition, analogous to (4.171, with a direct sum 
in the G*-algebra sense: 

g;(g) = lim g;(g)= (4.26) 

6 ses 

where 6 runs over all finite subsets of 23(G). Here C*{GY is the two-sided ideal 
of G*{G) generated by 7Y(G)^. Every subalgebra G*{G,K) hves in only finitely 
many Bernstein components. 
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The construction of the Schwartz algebra of G is more complicated, we need 
to introduce a lot of things to achieve it. 

A p-pair is a pair (P, A) consisting of a parabolic subgroup P of G, and the 
identity component A of the maximal split torus in the center of some Levi sub- 
group M of P. Then 

M = Zg{A) =Ax°M (4.27) 
P = MN = A°MN = Zg{A)N (4.28) 

where N is the unipotent radical of P. For example (G, Aq) is a p-pair, where Aq 
is the maximal split torus of Z{G). 

There is a unique p-pair (P, A) such that POP ~ M. The parabolic subgroup 
P is called the opposite of P. Clearly P = MN where iV n iV = {1}. 

Let {Q,B) be another parabolic pair. Write W^(A|G|i?) for the set of all ho- 
momorphisms B ^ A induced by inner automorphisms of G. li B = A then this 
is a group : 

W{G\A) := VF(A|G|A) = 7Vg(^)/^g(^) = A^g(^)/M (4.29) 

We say that {P,A) dominates {Q,B), written {P,A) > {Q,B), if P D Q and 
AcB. 

Recall that we have chosen a maximal split torus Aq of G, and let Pq be a 
minimal parabolic subgroup containing it. We c;all a p-pair (P, A) and its Levi 
factor M semi-standard if A C Aq, or equivalently Aq C M. If moreover 
{P,A) > {Pf),Ao), then we say that {P,A) is standard. Every p-pair is conjugate 
to a standard p-pair. 

Let X* (A) be the character lattice of A and put 

a =Homz(X*(A),M) 

0* =X*(A)(g)zR ^ ■ ' 

There is a natural homomorphism Hm ■ M 
tions 

(X, HM{m)) = 
qix, HM{m)) ^ 

where x € X* {A) and q is the module of F 
an unramified character Xv of M by 

X,(m) =g<^' ^^("^)) (4.32) 

For a parabolic subgroup Q with P C Q C G, let S((5, A) C a* be the set of roots 
of Q with respect to A. By this we mean the set of a e X*{A) \ {1} such that 
is nonzero, where q is the Lie algebra of Q and 



— > 0, defined by the equivalent condi- 

(4.31) 

= IIxMIIf 

. Conversely, if i/ e a* then we define 



qo; := {a; e q : kd{a)x = a{a)x Va e A} 
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Then S(G,A) is a root system and A) is a positive system of roots. Let 
A{P,A) be the corresponding set of simple roots. The Weyl group of T,{G,A) is 
naturally isomorphic to W{G\A). Notice that S(P,A) = -E(P,A). 
The minimal p-pair (Pq,Aq) gives us a root system 

So = S(G,Ao) C a; 

with simple roots Aq = A{Po,Aq) and Weyl group Wq — W{G\Aq). Fix a Wq- 
invariant inner product on aj, so that we may identify this vector space with its 
dual Oq. 

If {P,A) is standard then A{P,A) is the set of nonzero projections of Ao on 
a*, and Vl^(M|Ao) is the parabolic subgroup of Wq generated by 

{sa-.ae Ao, a{A) = 1} 

Let us also introduce the associated sets of positive elements in a* and A : 





^ {ly e a* 


{v, a) 


> Va e A{P,A)} 




^ {v e a* 


{v , a) 


> Va e A{P,A)} 


A+ 


^ {ae A: 


\\a{a)\ 


F > 1 Va e A{P,A)} 


A+ 


^ {ae A: 


\\a{a)\ 


w> IVae A(P,A)} 



In order to say when a function on G is rapidly decreasing, we need a length 
function on this group. For x G GL(m, F) let Xij and x^^ be the entries of x and 
x^^, and define 

7V(x) = max{-v{x,j), -v{x'^) : 1 < i, j < m} (4.33) 

Notice that for all x,y E GL{m,¥) 

< 7V(xy) < M{x) + J\f{y) (4.34) 

Pick an injective homomorphism t : G ^ GL(m, F) and put 

a^Afoj:G^Z>o (4.35) 

Then ct is a continuous length function on G. Let Sp^ be the modular function of 
Pq. Using the decomposition (4.7 1 we extend this to a function So on G satisfying 

Soipk) - Sp.ip) pePo,keKo (4.36) 
Harish-Chandra's spherical S-function is 

S(5) - / So{kg)d^i{k) (4.37) 

JKo 

Important properties of this function can be found in |132|, Paragraphe II] and 
|1181 §4.2]. For n E N consider the following norm on 'H{G) : 

^nU) = sup \f{g)\^{g)-\<j{g) + 1)" (4.38) 
sec 
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We say that / e C(G) decreases rapidly if < cx) V G N. Clearly the 

depend on the choice of r : G ^ GL{m,¥), but the topology defined by the family 
{i^n}^=i does not. For any compact open if < G let S{G, K) be the completion of 
Ti.(G, K) for this family of norms. According to Vigneras |130l Theorem 29] this is 
a unital, nuclear Frechet *-algebra, and a dense subalgebra of G*(G, K). Moreover 
an element of S{G,K) is invertible if and only if it is invertible in C*{G,K), so 
S{G,K) is closed under the holomorphic functional calculus of G*{G,K). 

For K' C K there is still an inclusion S{G,K) S{G,K'), so we can take 
the inductive limit over all compact open subgroups of G. This yields Harish- 
Chandra's Schwartz algebra: 

S{G) = lmiS{G,K) (4.39) 
By definition it consists of all rapidly decreasing smooth functions on G. The 



obvious analogue of (4.9) is 

eKS{G)eK = SiG)^""^ = 5(G, K) (4.40) 

Compared to the above G*-algebras, S{G) inherits fewer topological properties 
from its subalgebras. Namely, it is a complete Hausdorff locally convex algebra, 
but it is not metrizable, and its multiplication is only separately continuous |1321 
§111.6]. 

It docs have a Bernstein decomposition 

S{G)= S{Gr (4.41) 

se58(G) 

where S{G)^ is the completion of H{GY, a two-sided ideal in S{G). This follows 



from Theorem 4.9 but of course it can be proved without using the full strength 
of that result. 

To characterize those G-representations that extend to S{G) we need to know 
more about smooth representations. 

Let (tt, V) be a smooth G-representation, and P a parabolic subgroup with 
unipotent radical N and a Levi factor M. The Jacquet module associated to these 
data is 

VP = V/V{N) 

V{N) = span{7r(n)u - v. n e N,v eV} 
We make it into an M-representation (ttp, Vp) by 

— 1/2 

TTpim)jp{v) = Sp {m)jp{n{m)v) (4.43) 

where jp '■ V ^ V/V{N) is the natural projection. By Frobenius reciprocity we 
get, for any smooth M-representation a : 

HomG(7r, I pa) = HomM(7rp, a) (4.44) 
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For X G Hom(j4G,C^) define the generahzed weight space 



V^ = {v -.IrKEn-. (7r(a) - x{a)Tv = Va G Ag) 



(4.45) 



liV^^Q then we call x an exponent of (vr, V). If 



then we say that V admits the central character x- Similarly for a p-pair (P, A) 
and a smooth M- representation we have exponents in Hom(^,C^). The set of 
exponents of the Jacquet module Vp is 



Notice the curious shift in the notation, from P to P. This is designed to make a 
nicer formulation of the Langlands classification possible. 

Let us characterize square-integrable, discrete series and tempered 
G-representations. Our first description is due to Casselman PSP, Theorem 4.4.6]. 

Proposition 4.3 Let tt he an admissible G -representation which admits a unitary 
central character. The following are equivalent : 

• Every matrix coefficient of t: is square-integrable on G/Aq 

• // {P, A) is a semi-standard p-pair, x G -^ttC^j^) ^.^d a G A~^ is such that 
there is an a € Aq with \a(a) \ ^ 1, then |x(a)| < 1 

• For every semi-standard p-pair (P, A) and every x G '^7r(-Pj^) we can write 



We say that tt is square-integrable if it satisfies these conditions. 

Every square-integrable representation is unitary and completely reducible, see 
|1181 Corollary 1.11.8] or |132l Lemme III. 1.3]. A more restrictive notion is that 
of a discrete series representation. 

Proposition 4.4 Let (tt, V) be an irreducible admissible G -representation. The 
following are equivalent : 

• (tt, T^) is a subrepresentation of {\, L'^{G)) 

• G is semi-simple and tt is square-integrable 

Lf{TT,V) satisfies these conditions then it is called a discrete series representation. 



XAP,A) = {xe Hom(A,C^) : Vp^^ ^ 0} 



(4.46) 





aeA(P,A) 
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By HI] Proposition 18.4.2] such a representation does indeed give an isolated 
point in Prim( C*(G)). 

A (smooth) function / on G is tempered if there exist C,N ^ (0, oo) such that 



Proposition 4.5 Let n be an admissible G -representation. The following are 
equivalent : 

• TT extends continuously to S{G) 

• Every matrix coefficient of t: is a tempered function 

• // (P, A) is a semi-standard p-pair, x G '^7r(-P, A) and a G , then 



• For every semi-standard p-pair {P,A) and every x G '^7t(P, ^) we can write 



The representation it is said to be tempered if and only if these conditions hold. 

Proof. Almost everything follows from |132} Proposition 111.2.2 and §111.7]. The 
only thing left is to show that all matrix coefficients of an admissible S{G)- 
representation are tempered. This follows from the admissibility, combined with 
the observation that the collection of tempered i^T-biinvariant functions on G is 
the linear dual of S{G, K). □ 

The properties temperedness and pre-unitarity are preserved under normalized 
induction: 

Proposition 4.6 Let (P, A) be a semi-standard p-pair and (tt, V) an admissible 
M -representation. Then 

1. Ip{tt) is tempered if and only if tt is tempered 

2. /p(7r) is pre-unitary if and only if tt is pre-unitary 

Proof. 1. comes from |132[ Lemme 111.2.3]. 

2. It is clear that Ipin) cannot be pre-unitary if tt is not. It remains to produce 
a G-invariant inner product on Ip{V), given an M-invariant inner product on V. 
This is achieved by setting 



\f{g)\<CE{g){l + a{g))^ ^g e G 



(4.47) 



lx(«)l < 1 





aeA(P,A) 




(4.48) 
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Notice that Ip{V) is usually not complete with respect to this inner product, even 
is V is. □ 



Like in Section 3.2 let A be the set of triples (P, a, v), where (P, A) is a standard 
p-pair, a is an irreducible tempered representation oi M — Zq{A) and v £ a* . 
With such a triple we associate the admissible G-representation 

/(P, a, v) ^I'fia® x^) = lnA${a ® ® 5)1'^) (4.49) 

The set of Langlands data is 

A+ = {(P,CT,j/) e A : 1/ e a*'+} (4.50) 

A somewhat extended version of the Langlands classification for reductive p-adic 
groups reads : 

Theorem 4.7 Let (P,cr,i/), {P',a',iy') e A+. 

1. The G-representation li^P^a,!^) is indecomposable and has a unique irre- 
ducible quotient, which we call J{P,a,v). 

2. For every tt S Irr(G) there is precisely one Langlands datum (P, o", i/) such 
that TT is equivalent to J{P, cr, v) ■ 

3. Lf J{P,a,i') is equivalent to a subquotient of I{P' ,a' ,v'), then v' ~ v £ Sq'^ 
and P' d P. Lf P' = P then also cr' = cr and v' = v. 

Proof. For 1 and 2 see [119] or [HI §XI.2]. As concerns 3, by TT, Lemma XI.2.13] 
we have v' — v & ^o'^- Now it follows from the definition of A+ that P' C P. 
Suppose that (P, cr, j/) ^ {P' ,a' ,v') while P = P'. Then, again by [TTI Lemma 
XI.2.13], V 7^ v' . But by Frobenius reciprocity cr is equivalent to a subquotient of 
/p(cr' ® Xv'){N)- Hence v ^ v' o w iov some w £ W{G\A) \ {1}. Since v' e a'*'^ 
there is an a G Aq with {v' , a) > but {v , a) < 0. This contradicts the positivity 
of I' with respect to P' = P. □ 



4.3 The Plancherel theorem 

The Plancherel formula for G is an explicit decomposition of the trace r in terms 
of the traces of irreducible G-representations. Closely related is the Plancherel 
theorem, which describes the image of S{G) under the Fourier transform. The 
crucial theorems in this section are due to Harish-Chandra |56j , but unfortunately 
he never published the proofs. Based upon Harish-Chandra's notes, Waldspurger 



|132j provided full proofs of these results, which we will describe in as much detail 
as we need. We try to set up a complete analogy with Section |3.3| In particular 
we refine the Langlands classification using parabolic induction in stages. 
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We start with a semi-standard p-pair (P, A) and an irreducible square-integrable 
M-representation {uj,E). Let {ui,E) be its contragredient, and construct the ad- 
missible G X G-representation 

L{uj, P) = I^^^{E ®E)^ I${E) ® I^{E) (4.51) 



Using (4.48) we make Ip{E)^ into a finite dimensional Hilbert space, for every 

compact open K < G. This allows us to identify Ip{E) with Ip{E) as representa- 
tions, and with Ip{E) as vector spaces. Thus we can turn L{uj, P) into a nonunital 
*-algebra with 

(/l ® /2)(/3 ® /4) = (/2 , h)h ® h (4.52) 

(/i ® /2)* ^h®h (4.53) 

Notice that for every x G -'^iinr(-M) the representation x (g) is still square- 
integrable, and that L(x (g) w,P) can be identified with L{u!,P). Let K^^ be the 
set oi k G Xnr{M) such that /c (g a; is equivalent to uj. This is a finite subgroup of 
X„„j,(M). For every k £ we pick a unitary intertwiner 

Cbk : {k(E)uj,E) ^ {lj,E) (4.54) 

This induces an automorphism of L(lu,P) by 

/(fc, u) = I^^^i^k (g tD^*) = /^(cZ-fe) (g /F(<^fe *) (4.55) 

where tD^T* is the inverse transpose of cuk- Then I{k,uj) G Aut^xG (^(^; ^')) is 
independent of the choice of cuk, and in general nontrivial, cf. [132, §VI.l]. 

It is more difficult to define intertwiners corresponding to elements of the var- 
ious Weyl groups. First we notice that for any p-pair (P', A) with the same Levi 
factor M, u can also be lifted to a representation of P' that is trivial on N' . Let 
(Q, A^), with g G G, be yet another semi-standard p-pair, and put 

n= [g] G W{A3\G\A) 

The equivalence class of the representation (w^ ^ , E) depends only on n, and 
is therefore denoted by nu). 

In |132l Paragraphe V] certain normalized intertwiners °CQ\p{n,uj) are con- 
structed. Preferring the simpler notation I{n,uj), we recall their properties. 

Theorem 4.8 Let (P, ^), {P' ,A') and {Q,B) be semi- standard p-pairs, and n G 
M^(i?|G|A). There exists an intertwiner 

I{n, X (g w) G HomGxG(-^('^, P),L{nuj, Q)) 
with the following properties : 

• X ^ -^('^7 X® ^) rational function on Xnr{M) 
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• /(n, X® i-^) is unitary and regular for x G Xunr{M). 

• Ifn'e W{A'\G\B) then 

I{n', n{x ® uj))I{n, x®^)= I{n'n, x ^w) 

Let Tj.r{Xnr{M); L{uj, P)) be the algebra of rational sections that are regular 
on Xunr{M). We define an action of K^^ on this algebra by 

kf{x)=I{k,u;)f{k-'x) (4.56) 

Similarly, for n as in Theorem |4.8| we define an algebra homomorphism 

n:Trr{Xnr{M));L{uj,P)) ^Trr{Xnr{ZG{B));LinUJ,Q)) ^^^^^ 
nfix) = I{n,uj)f{x°n) 

To define the Fourier transform we construct a scheme containing all tempered 
G-representations. For every Levi subgroup M of G choose a set Am of ir- 
reducible square-integrable M-representations, with the property that for every 
square-integrable tt G Irr(Af) there exists exactly one oj G Aj\/ such that tt is 
equivalent to x '8' w, for some x G Xnr{M). 

Let S be the scheme consisting of all quadruples {P, A,uj,x), with {P,A) a 
semi-standard p-pair, uj e Am and x € Xjir{M). This is a countable disjoint 
union of complex algebraic tori. Let S„ be the smooth submanifold obtained by 
the restriction x € Xunr{M). Notice that S is naturally a finite cover of the set 
defined in [Ml p. 305]. For ^ = {P,A,lu,x) £ S we put 7r(0 = I^{x(^uj). Let Ce 
be the vector bundle over S which is trivial on every component and whose fiber 
at ^ is L{uj, P). We say that a section of this bundle is algebraic or rational if it 
is supported on only finitely many components, and has the required property on 
every component. Now we define the Fourier transform 

J' -.HiG) ^ 0{E;£s) 

T{f){P, A, UJ, x) = AP. A, CO, x)(/) e L(u:, P) ^^'^^^ 

This is not the same as f{x^^iP)i in 432, §VII.l]! We adjusted the latter to 
make multiplicative. Fortunately the difference is not too big, so most results 
remain valid. 

We construct a locally finite groupoid W as follows. The objects of W are 
triples {P, A, ui) with (P, A) a semi-standard p-pair and u G Am- The morphisms 
from (Q,B,ri) to {P,A,uj) are pairs {k,n) with the following properties 

• k <E 

• ne W{A\G\B) and nB = A 

• nrj is equivalent to x® for some x G Xnr{M) 
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The multiphcation in W, if possible, is given by 

(fc, n){k\ n') = (fc(fc' o n),nn') (4.59) 
Let r,.r(S; C-e) be the algebra of rational sections of Lh that are regular on S„ : 

= {/eg(0(^„r(M)))®L(c^,P) :/ is regular on X„„,(M)} (4.60) 



From (4.56 1 and (4.57 1 we get an action of the groupoid W on this algebra. By con- 
struction the image of Ti-i^G) under the Fourier transform consists of W- invariant 
sections. 

Because {uj, E) is admissible 

C°°(X„„,(M)) ® L{uj, Pf'' - C°°(X„„,(M)) ® /^(iJ)^ ® /G(^)^^ (4.61) 

is in a natural way a Frechet space, for every compact open K < G. Endow 
C°°{Xunr{M)) (g) L{oj,P) with the inductive limit topology. This also gives a 
topology on C^(S„;£h), as the inductive limit of finite direct sums of such al- 
gebras. Notice that these are all *-algebras by (4.63). Clearly the action of W 
extends continuously to C^(S„; £h)- 

Now the Plancherel theorem for reductive p-adic groups [132. p. 320] tells us 
that 

Theorem 4.9 The Fourier transform 

T:S{G)^C^{S^-CeY' 
is an isomorphism of topological *-algebras. 



This guides us to the Fourier transform of C*{G). For {lo,E) as on page 119 



let /C(a;, P) be the algebra of compact operators on the Hilbert space completion 
of I^{E). Notice that 

ICiuj,P)^lunL{uj,Pf^ (4.62) 

in the C*-algebra sense, and that the intertwiner I{n,Lo) extends to 1C{ijJ,P) be- 
cause it is unitary. Let /Ch be the vector bundle over S whose fiber at (P, A, w, x) 
is JC{uj, P), and Co(S„; /Cg) the C*-completion of 

C{Xunr{M);IC{u;,P)) 

{P,A,u>) 

Flymen 104, Theorem 2.5] proved that 

Theorem 4.10 The Fourier transform extends to an isomorphism of C* -algebras 

C;(G) -^Co(S„;/Cs)^ 
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The subalgebras S{G,K) are more manageable than S{G), so it pays off to 
describe their images under J-. 

Theorem 4.11 Let K be a compact open subgroup of G. There exists a finite 
set of triples {Pi, Ai^uji), i — l,...,nji, such that the Fourier transform induces 
algebra homomorphisms 

5(G, K) ^ e:L"i (C-(X„„,(M,)) ® L{co,, P,)^^^)"^' 
C;{G, K) ^ e::-i (C(X„„,(M,)) ® L(u;„ P,)^-^)"^' 

where W,; is the isotropy group of {Pi, Ai,LOi) in W. The first map is injective, the 
second is an isomorphism of Frechet *-algebras and the third is an isomorphism 
of C* -algebras. For every w e there is a rational, unitary element 

e C°°(X„„,(M,)) ® Liuo^Pi)'''''' 

such that for every f e C{Xunr{Mi)) (g) L{uji, Pi)^"^^ 

wfix) = uM)f{w-\)u-\x) (4.63) 

Proof. By |il32t Theoreme VIII. 1.2] there is only a finite number of association 
classes among the objects of W on which the idempotent ck does not act as zero. 



Pick one representant {Pi,Ai,uji) in every such association class. From (4.58) and 



Theorems |4.9| and |4. 10| we immediately get the required description of the Fourier 
transforms ofn{G,K), S{G, K) and C; (G, K) . 

Every automorphism of L{uJi, Pi)^^^ = End(/p (i^)^) is inner, so the formula 



(4.631 holds for some Uw. Using Theorem |4.8| we can arrange that is rational 



on Xnr{Mi) and unitary on X^nriMi). □ 



Purely representation-theoretic consequences of the above isomorphisms are: 

Corollary 4.12 1. Every irreducible tempered G -representation is a direct sum- 
mand of for some G S„. 

2. For any w £ W and ^ G S such that is defined, the G -representations /(^) 
and /(ui^) have the same irreducible subquotients, counted with multiplicity. 

Proof. 1. Let iiT be a compact open subgroup of G such that ^ 0, and let 
V' be an irreducible submodule of , considered as a 5(G, iir)-representation. 
With Theorem |4 . 1 1 1 and the same argument as in the proof of Corollary |3.26[ 2 we 
deduce that V is a direct summand of I{Pi,Ai,uJi,x)^ for some x G Xunr{M). 
Because V generates F as a G-modulc, F is a constituent of I{Pi, Ai,uJi,x)- By 
Proposition |4.6| 2 the latter is completely reducible, so V is in fact equivalent to a 
direct summand. of I {Pi, Ai,uji,x)- 
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2. By [331 Corollary 2.3.3] we have to show that the characters of /(^) and I{w£^) 
are the same, i.e. that the function 

7^(G) xX„,(M) : {f,x) ^ tr I{P,A,Lu,x){f) -tr I{wP,wA,wLu,x°w-'){f) 

(4.64) 

is identically 0. Because this is a polynomial function of x, it suffices to show that 
it is on Ti.{G) x Xunr{M). This is an immediate consequence of Theorem |4.9[ 
□ 



For ^ = (P, A, w, x) € S we define 

A{^) = {aeA: a{a) = 1 if (log |x| , a) = Va G E(P, A)} 
M{0 = Zg{A{0) 

P{0 = PM{0 (4.65) 

-{0=ar.p{-®x\x\-') 
v{C) = loglxl 



By Proposition |4.6| is a pre-unitary tempered M(^)-representation. Like in 
[751 §XI.9] these objects are designed to divide parabolic induction into stages: 

IpiO (1^1 ® '^(O) = Ind?(o (^p'i') ® Ixl ® ^{0) 

= Ind?(o ® 1x1 ® Indt^gnp(O(0 ® ^1^'"' ® ^)) 

- Ind^M(«) (4m(4) ® Ind^(4)np('^PnM(«) ® X ® w)) 
= Ind?M(0 (lnd*Jj«jnp('^PM«) ® '^PnM«) «> X <^ w)) 
^lnA%{5]i^ ®X®^) = ^(0 

(4.66) 

We say that (P, vl, w, x) G S+ if (P, A) is standard and log |x| G a*'+. This choice 
of a "positive cone" in S is justified by the next result. 

Lemma 4.13 Every (z 'E. is W -associate to an element oj 'Er^ . If Cit^2 G E'^ 
are W -associate, then the objects A(^i), M{^i), P(Ci) and i^(^i) are the same for 
i — I and i — 2, while a;(^i) and uj{S,2) are equivalent M{S^i) -representations. 

Proof. Every p-pair is conjugate to a standard p-pair, and by [611 Section 1.15] 
every PFo-orbit in ap contains a unique point in positive chamber a*'"*". This proves 
the first claim, and it also shows that 

log|xi|-log|x2|eaS (4.67) 

Hence the i^'s, ^'s and APs are the same for i — 1 and i ~2. Because 

A(P,;,^,) = {a|„* : a e Ao, (log|x.| , a) > 0} (4.68) 
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we must also have P{£,i) — P{^2)- If now w € W is such that wuJi = UJ2, then by 



Theorem 4.8 apphed to there is a unitary intertwiner between w(^i) and 



Some immediate consequences of the above definitions and Theorem 4.7 

Proposition 4.14 Take ^ = {P,A,lj,x) e S+. 

1. Let T be an irreducible direct summand of lo{S^). Then (P(^), r, G A+. 

2. The functor Ip^^^^^ induces an isomorphism 

EndG(/(0) =EndM(c)(c^(0) 

3. The irreducible quotients o/ /(^) are precisely the modules J(P(^), t, z^(^)) 
with T as above. 

Theorem 4.15 For every tt g Irr(G') there exists a unique association class 
W{P, A,LU,x) G S/W such that the following equivalent statements hold : 

1. vr is equivalent to an irreducible quotient of for some 

W(F,A^,x)ns+. 

2. TT is equivalent to an irreducible subquotient of I{P, A,uj,x), and P is maxi- 
mal for this property. 

Proof. 1. Let {Q,a,v) be the Langlands datum associated to tt. Write yV*^,S*^ 
etcetera for W, S, but now corresponding to M instead of G. By Theorem |4.9| 
there exists a unique association class 



W'^'S, = {P, A, Lu, x) e S^^ /W 

such that cr is a dire ct summand of I^^ {£,) = Ip{oj (g) x)- Pick S,'^ e W^^S, D S+. 

1 3 TT is equivalent to an irreducible quotient of and by 

and Theorem 4.9 the class W£,^ = G S/W is unique for this 



By Proposition 
Lemma 



4.13 



property. 

2. Suppose that ^' = {P' , A' ,uj' ,x') G and that tt is equivalent to a 



subquotient of which is not a quotient. By Theorem 4.7 3 we have 



viC) - ^iO e a(^')*'+ and A{^) C A{C)- For a G Aq we have 

, a) = ^ (1.(0 , a) - 



so by (4.651 AC. A' and P D P' . Therefore the conditions 1 and 2 are equivalent. 



□ 
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4.4 Noncommutative geometry 

Now that we know quite something about the representation theory of reductive 
p-adic groups, we can turn to the study of their noncommutative geometry with 
more confidence. More specifically, we compare the periodic cyclic homologies of 
'H{G) and S{G), and the iiT-theory of C*{G). Although these results are new 
and technical, this section remains very short, because we already did most of 
the hard work. We will discuss these comparison theorems in relation with the 
Baum-Connes conjecture. 

First we will prove an analogue of (3.1431 for the Hecke algebra of a reductive 
p-adic group. Since S{G) is defined as an inductive limit of Frechet algebras, we 
take its periodic cyclic homology with respect to the completed inductive tensor 
product (g). 

Theorem 4.16 Let s € 25 (G) be a Bernstein component and a compact open 
subgroup of G as in Proposition \4.^ 3. The Chern character for S{G , K^y induces 
an isomorphism 

K,{c:{Gy)<»c^ i^p,(5(G)^®) 

The direct sum of these maps, over all s € *B(G), is a natural isomorphism 

x*(g;(g)) ® c ^ HP,{s{G),W) 



Proof. Since S{G^Kc,Y is a direct summand of S{G,Ks), by Theorem 4.11 there 
are finitely many components (Pi, Ai,uji) of S such that 

S{G,K,y - 0(G-(X„„,(M,))®L(^„P.)'^^^'^O'^" 

C;{G,K,y = e(G(X„„,(Af,))®i(c.„P,)^=x^=)'^' (4.69) 

i 

Note that the single Bernstein component s generally contains more than compo- 
nent of S. According to Theorem |2. 13| the inclusion induces an isomorphism 

K,{S{G,K,y) K,{C:{G,K,y) (4.70) 

and by Theorem |2.27| the Chern character induces an isomorphism 

{S{G, xy) (g) C ^ HP, (5(G, xy) (4.71) 

For any compact open K C the algebra L{uji, Pi)^^^ is finite dimensional and 
simple, so the inclusion 

L{oj„Pi)^'^^' ^L{u^,,Pi)''^'' 
is of the type Af„(C) C A/„(C). Therefore 

S{G,K,y ^S{G,Ky (4.72) 
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induces an isomorphism on HH^,, HC^,, HP^, and K^,. From this, (4.261 and the 



properties of the topological JC-functor (cf. page 39 1 we see that 



K,{C;{G)) - lini0 C;(G)^ 
\ s see / 

- K^{S{G,K,r) 



(4.73) 



Since the algebras S{G, K)^ are all nuclear Frechet, and have the same Hochschild 
homology for fixed 5 G 25(G) and K C K^, we may use the continuity and ad- 
ditivity of HP^,{ ■ ,^), as described on page 32 (The cohomological dimension of 
Ti{GY and S{Gy is bounded independently of s.) 



ffP*(5(G),(^) ^ i^P.(5(G)^(^) 

SG»(G) 

= limi^P,(5(G,if)^^) 

seQ3(G) 

^ HP,{S{G,K,y,®) 
se<s{G) 

= HP,{S{G,K,r,§)) 



(4.74) 



5e!8(G) 



Now the theorem follows from the combination of (4.71 ), (4.73 1 and (4.74 1 



□ 



The analogue of Theorem 3.32 was suggested in ^ Conjecture 8.9] and in [3l 
Conjecture 1] : 



Theorem 4.17 The inclusions 7i(G)^ — > S{G)^ induce isomorphisms 



HP,{n{Gy) ^ i^p,(5(G)^®) 

HP4n{G)) ^ HP, (5(G),®) 
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Proof. Just as in (4.741 we have 



HP,{n{G)) ^ HP,{n{Gy) 

BG!8(G) 

^ Ihn HP4niG,Ky) 
- HP4-H{G,K,y) 



(4.75) 



se»(G) 

Therefore we only have to show that every inclusion 

H{G,K,r ^S{G,K,y 

induces an isomorphism on periodic cyclic homology. Number the direct sum- 
mands in (14. 691), such that 



S{G,K,y - (C°°(X„,,(M,)) ® L(c^,,P,)^- 



(4.76) 



and dim^fj < dimA/j if i < j. Now we construct two chains of ideals 



H{G,K,y = loD h D ••• D/„, =0 
SiG,K,y = Jo D Ji D ••• D J„, =0 

I J = {h e niG,K,y : I{P,,A,,Uj,x){h) = if x G ^„r(M,) and j < i) 
J, - {h e 5(G, X,)^ : /(P„ A„ L^j, x)(/i) - if X e ^«„r(M,) and j < i) 

Writing Vi — Ip^Ei)^" , we clearly have 



J,_l/J, 9^ {C°°{Xunr{M,)) ® End 1/,) 



From now on we can follow the proof of Theorem |3.32[ We have to substitute 
Theorems [47) |48) [iH] and [4l5l for, respectively. Theorems |3J] |3^ [3^ and 
[3311 □• 



This theorem should be compared with the work of Meyer [5T] . 

It is also interesting to compare Theorems 4.16 and |4.17| with other homological 
invariants of reductive p-adic groups. One such is the chamber homology of the 
Bruhat-Tits building PG, equivariant with respect to G. This is a sequence of 
complex vector spaces H^{(3G) ,n = 0,1,2,..., first defined in §6]. It was 
proved simultaneously in [33] and |llll that there are natural isomorphisms 



HP,{n{G))9^^Hg,J/3G) 



(4.77) 



riGZ 
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Closely related is the G-equivariant ii'-homology of (3G, as defined in O §3]. 
According to Voigt [131, Theorem 6.8] there exists a natural equivariant Chern 
character 

c/if : iff (/3G) H^ipG) (4.78) 

which becomes an isomorphism after tensoring with C. Notice that Voigt uses an 
alternative but equivalent definition of H^{f3G). The Baum-Connes conjecture 
for reductive p-adic groups asserts that the so-called assembly map 

ti:Kf{l3G)~.K,{C:iG)) (4.79) 

is an isomorphism. This was proved by Lafforgue [79 , as a part of a much more 
general result. Putting all these things together we more or less arrive at [7J 
Proposition 9.4] : 

Theorem 4.18 In following diagram the horizontal maps are natural isomor- 
phisms, and the vertical maps become natural isomorphisms after tensoring with 
C. 

K^iPG) K,{C;.{G)) 

i i 
Hf{(3G) - HP4n{G)) ^ HP4S{G),®) 

Because of the naturality, the diagram is probably commutative, but the author 
does not know how to prove this. Unfortunately the definitions are so complicated 
that it already is difficult to find any element of K^{PG) for which the diagram 
can be seen to commute by direct computation. 

For the groups GL„(F) and 5'L„(F) partial results in the direction of Theorem 



4.18 were proved by Baum, Higson and Plymen in [B]. In fact, in [B] the Baum- 
Connes conjecture for these groups is proved precisely with the above diagram. 
However, the argument uses the commutativity of the diagram in an essential way, 
and unfortunately the authors do not provide any support of the (implicit) claim 
that it does commute. 



Chapter 5 



Parameter deformations in 
afRne Hecke algebras 

So far we have always written affine Hecke algebras as deformations of a group 
algebra, but we have not really done anything with this. Ideally speaking, several 
properties of an affine Hecke algebra 7i(7^, q) should be independent of the pa- 
rameters q{s). This intuitive idea comes from finite dimensional algebras, where 
it is very clear from Tits' deformation theorem. Roughly speaking, it tells us that 
if two semisimple algebras can be continuously deformed into each other, then 
they are isomorphic. This is so because there are only countably many isomor- 
phism classes of such algebras, and they lie discrete in some sense. For infinite 
dimensional algebras nothing similar holds, so there we have to find more subtle 
invariants and arguments. 

This has been done for afline Hecke algebras with equal labels. Kazhdan and 
Lusztig [76 gave a complete geometric parametrization of the irreducible represen- 
tations of such algebras. This parametrization is independent of g e C^, except in 
a few tricky cases where g is a proper root of unity. Baum and Nistor [5] showed 
that this leads to an isomorphism 

HP, {H{n, q)) ^ HP, {C[W]) (5.1) 

Acknowledging that these results cannot readily be carried over to the unequal 
label case, we follow another path, more analytic in nature. By careful estimates 
in the Schwartz algebra S{Ti, q) we show that the following things all depend con- 
tinuously on q: the operator norm, multiplication, inverting and the holomorphic 
functional calculus. 

Equipped with these tools and the knowledge from Chapter 3 we attack a 
special kind of parameter deformation, scaling the label function. Such deforma- 
tions were studied first by Opdam [98 . On the level of central characters this 
amounts to scaling the absolute value by a real factor e. For e > we construct 
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isomorphisms of pre-C*-algebras 

:5(7^,g^)-^5(7^,g) (5.2) 

They depend continuously on e, but the limit 

^o-S{W)~.S{n,q) (5.3) 

is no longer surjective. Nevertheless this map seems to behave well. In view of 
(5.1 1 one is naturally led to conjecture that 

HP^iM ■■ HP,{S{W)) ^ HP,{S{n,q)) (5.4) 

is an isomorphism for any positive label function q. We provide various equivalent 
reformulations of this statement. 

Conjecture (5.4 1 can be derived from the stronger conjecture, originally due to 
Baum, Connes and Higson |5], that 

K,{C:iTZ,q))^K,{C:{W)) (5.5) 



We show that (5.5 1 is equivalent to the existence of a natural bijection between 
the Grothendieck groups of irreducible representations of C*{W) and of C*{TZ, q). 
At the end of the chapter we give some clues in support of these conjectures. 



5.1 The finite dimensional and equal label cases 

We recall what is already known about deformations of Iwahori-Hecke algebras 
obtained by varying the label function q. For Hecke algebras of finite type this 
is very clear: as long as they are semisimple they are rigid under deformations. 
But this is specific for the finite it relies on the classification of finite 

dimensional semisimple algebras. 

For any extended Iwahori-Hecke algebra 7i(7?., q) with equal labels a complete 
parametrization of irreducible representations is available. This is a refinement 
of the Langlands classification, and it is essentially independent of q. The link 
between different g's is made via Lusztig's asymptotic Hecke algebra J, which 
allows a weakly spectrum preserving morphism Ti.(TZ, q) — > J. From this we will 
see that the periodic cyclic homology of Ti.{TZ, q) is independent of g, as long as it 
is not a proper root of unity. 

Recall that an algebra A is semisimple if its Jacobson radical is 0, which means 
that for every nonzero a & A there is an irreducible ^-representation tt such that 
7r(a) ^ 0. For example, by [41, Theoreme 2.7.3] every C*-algebra is semisimple. 
The structure of finite dimensional semisimple algebras is described in a famous 
theorem of Wedderburn p3S] '■ 
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Theorem 5.1 Let A be a finite dimensional semisimple algebra over a field F. 
There exist natural numbers rii and division algebras Di over F such that 



=1 



//F is algebraically closed then Di — F Vi. 

Let G be any finite group. By Maschke's theorem the group algebra C[G] is 
semisimple. Let {Tg : g G G} be its canonical basis, and k = C[xi, . . . , Xr] a 
polynomial ring over C. Let A be a k-algebra whose underlying k- module is k[G] 
and whose multiplication is defined by 



weG 



■ ^ 7J (^gJhwTw (5.6) 



for certain ag £ k. For any point g £ C we can endow the vector space C[G] 
with the structure of an associative algebra by 

Tg -qTh^ ^ agji^^{q)T^ (5.7) 

We denote the resulting algebra by H{G, q). It is isomorphic to the tensor product 
A(g)kC where C has the k-module structure obtained from evaluating at q. Assume 
moreover that there exists a g° S C such that 

H(G,gO) = C[G] 

We express the rigidity of finite dimensional semisimple algebras by the following 
special case of Tits's deformation theorem [27J p. 357 - 359]: 

Theorem 5.2 There exists a polynomial P e k such that the following are equiv- 
alent : 

• P{q) ^ 

• Ti.{G,q) is semisimple 

• niG,q) ^ C[G] 

Now let {W, S) be a finite Coxeter system, q a label function om W and ^{{W, q) 
the associated Iwahori-Hecke algebra, as in Section |3.1| This is consistent with 
the above notation. We want to know under which conditions this algebra is 
semisimple. Clearly this is the case if q{'w) > Vw £ W, for then H{W,q) is a 
G*-algebra by 

But the polynomials P{q) of Theorem 5.2 have also been determined explicitly. 
If we axe in the equal label case q{s) = g Vs G 5 then we may take 

P{q) = q E 9'^"^ (5.8) 
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except that we must omit the factor q if W is of type (^i)", see |Slj. More 
generally, Gyoja [53j p. 569] showed that if {W, S) is irreducible and S consists of 
two conjugacy classes, then in most cases we may take 

P{qi,q2) - qf^q2W{qi,q2)Wiq^\q2) 

wiquq2) = E qW (^-^^ 

wew 

So generically there is an isomorphism 

niw,q)^c[w] (5.10) 

We will see later how it can be constructed explicitly. From our somewhat simple 
point of view this is all there is to say about parameter deformations of finite 
dimensional Hecke algebras. If they are semisimple then they are isomorphic, and 
if not, then they have nilpotent ideals and look very different from C[VK]. 



Let TZ = {X,Y, Rq, Rq , Fq) be a root datum, let q G C^, and consider the 
affine Hecke algebra with equal labels 7i(7?., g). The irreducible representations 
of this algebra have been classified completely by Kazhdan and Lusztig |7S]. For 
this very deep result they showed among others that 7i(7^, q) is isomorphic to the 
equivariant algebraic if -theory of a certain variety. 

Let G be the unique complex reductive algebraic group with root datum 
Ti^ = {Y,X,Rq,Rq), and g its Lie algebra. For reasons of a much more gen- 
eral nature G is called the Langlands dual group. Then T = Homz(X, C^) can 
be identified with a maximal torus of G. Since every semisimple element of G is 
conjugate to an element of T, and since Ng(T)/Zq(T) = Wq, we can parametrize 
the central character of an (irreducible) TL{TZ, (7)-module by a unique conjugacy 
class of semisimple elements in G. So, let s g G be semisimple and write 

n(s, q)^{N (^q:N nilpotent , Ad(s) = qN} (5.11) 

The G-conjugacy classes of pairs {s,N) with N S n{s,q) are called Deligne- 
Langlands parameters. They give an almost complete description of Prim(H(7^, q)). 
For instance it works perfectly if TZ is of type GL„, see |137j . In a sense this is 
equivalent to the Langlands classification in Theorem |4.7| To find really all irre- 
ducible representations we must add one extra ingredient. Let 

Z(s, N)^{geG:gs^ sg, Adig)N = N} (5.12) 

be the simultaneous centralizer of s and N, and Z'~'{s, N) its identity component. 
Assume that q £ is not a proper root of unity, i.e. either q = 1 or q is not a 
root of unity. In these cases there is a bijection between Prim(7i(7?., g)) and G- 
conjugacy classes of triples {s,N,p), where s S G is semisimple, A^ e n{s,q) and 
p is a "geometric" irreducible representation of the finite group Z{s, N)/Z'^{s, N). 
This was proved for q = I in [72, Theorem 4.1] and for q not a root of unity and 
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X equal to the weight lattice of Rq in |76i Theorem 7.12]. Later it was shown in 
|105l Theorem 2] that this condition on X is not necessary. 

Another construction which is particular for the equal label case is Lusztig's 
asymptotic Hecke algebra [HU [5S] . This is a finite type algebra J with a basis 
{tw ■ w G W} over C. It decomposes as a finite direct sum of two-sided ideals 

J = J' (5 13) 

J' = span{i^ : a{w) — i} 

where a is Lusztig's a- function. For every g G there is an injective morphism 
of finite type algebras 

4>q:H{Jl,q)^ J (5.14) 

If g is not a proper root of unity, then 0, induces a bijection on irreducible represen- 
tations. Namely, for any irreducible J-representation tt the 7i(7?., (7)-representation 
TT o 4>q has a unique irreducible constituent of minimal " a- weight" . This implies 
that the morphisms of finite type algebras 

r,\®j')/r,\^j') ^ J' (5.15) 

are spectrum preserving. Lusztig [85 , Corollary 3.6] proved this in the case W = 
Waff, but using the aforementioned result of Reeder fl05' his proof can be extended 
to general root data. Combining this with Theorem |2.7| and Lemma |2.3| we arrive 
at an extended version of [8, Theorem 11] : 

Theorem 5.3 Assume that q is not a proper root of unity. Then 
is an isomorphism. Consequently 

HP,{n{n,q)) ^ HP,{c[w]) 

It is expected that an asymptotic Hecke algebra can also be constructed for 
finite or affine Coxeter systems with unequal labels [SB] Chapter 18]. Assuming 
certain conjectures |88l Chapter 15] one can construct algebra homomorphisms 
(j}q : 'H{W, q) ^ J for any label function with the following property: there exist 
1! e and Us such that q{s) = Vs € S. 

For finite W the map 4>q is an isomorphism if and only if Ti{W, q) is semisimple 
|88| (20.1.e)]. In this way one can find explicit formulas for the isomorphisms from 
Theorem O 

For affine W <f>q has a nilpotent kernel [HHl Proposition 18.12] and in general it 
is not surjective. It is unknown whether (j}q is spectrum preserving in any sense. 
The problem is that in general there is no definite classification of all irreducible 
representations of an affine Hecke algebra. Apparently the link with the Langlands 
dual group is much weaker for unequal parameters. 
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Nevertheless in some cases the Deligne-Langlands philosophy outlined above 
can be generalized. Namely, along these lines a classification of the irreducible 
representations of H{TZ,q) has been obtained in [71] for TZ of type i3„/C„, for 
almost all label functions q. 

5.2 Estimating norms 

In this section we lay the analytic foundations for all our coming results on pa- 
rameter deformations. In Section [3. 21 we defined various norms on an affine Hecke 
algebra TKjZ^q): the norm || • ||^ associated with the trace t, the operator norm 
II • \\^ and the Schwartz norms p„. We will show that the operator norm, the mul- 
tiplication and the inverse of an element depend continuously on q. From this 
we deduce that the holomorphic functional calculus on affine Hecke algebras is 
continuous in a very general sense. 

We also reconstruct the Schwartz algebra 5(7?., q) in a different way. With this 
construction we can show in a straightforward fashion that 5(7?., q) is holomorphi- 
cally closed in C*{TZ,q). 

With respect to the bases {Nyj : w € W} the norms ||-||^ and p„ are inde- 
pendent of q. Therefore we can identify all the Hilbert spaces iD(7?., q) and all the 
Schwartz spaces 5(7?, q) by means of this basis. When we want to consider them in 
this way, only as topological vector spaces and without a specified label function, 
we write S^iJZ) and 5(7?). To indicate that x e 5(7?.) should be considered as an 
element of 5(7?, g) we sometimes denote it by {x^q). Furthermore, to distinguish 
the various products we add a subscript, so -q is the multiplication in C*(7?, q). 

Let L-]^ be the space of label functions on 7? satisfying the positivity Condition 
|3.8[ Recall that for a simple reflection Sj G we put 

q^ = q{si) and rji q]/"^ - q^^^"^ (5.16) 

These numbers determine q uniquely, and their domain is only limited by the 
conditions > and qi = qj whenever si and Sj are conjugate in W . Hence 
the parameter space L-ji is homeomorphic to M" for a certain n. We will use the 
standard topology on Ltj, induced by the metric 

p{q,c() = max \rii - r(^\ (5.17) 

We already know that the group W with the length function M is of polynomial 
growth, but we need a more explicit estimate on the number of elements of a fixed 
length. 

Lemma 5.4 There exists a real number CV such that Vrt G N 

#{w e W : Af{w) ^n} <Cj^{n + ly^i^)-^ 

Proof. Let r denote the rank of X, and pick a linear bijection L : X (g) M ^ M*" 
such that 
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L{X) C Z'- 

Va; e X+ -.Mix) = \\L{x)\\^ 



This is possible because, on X^^Af is additive and takes values in N. By (3.251 
we can write any w & W as 

w = uxv with u,v Q Wq , X G X^ 

If J\f{w) ~ n, then clearly 

n~\Ro\ <n-JV{u)~J\f{v) <JV{x) <n + J\f{u) +JV{v) <n+\Ro\ (5.18) 

Therefore we can estimate 

\Wo\''^#{w e W -.Afiw) = n} < #{x e X+ : n - \Ro\ <Af{x) < n+ |i?o|} 

= #{y e L{X+) : n - \Ro\ < ||y||i < n + |i?o|} 

<#{yeZ-:n-|i?ol<l|y|li<^+|i?ol} 

For the sake of calculation we assume now that n > \Ro\. This is allowed because 
there are only finitely many w G W of smaller length. We continue our estimate: 



<{n+\Ro\ + iy^{n-\Ro\-ir 

2=0 



i<r, i odd 



<n'-i2(|i?o| + 2)" 
So our candidate for CV is 

|W^o|'2(|i?o| + 2)'' 

We only have to check whether it works also for n < \Ro\ and, if not, increase it 
accordingly. □ 



Put b = rk(X) + 1. By Lemma 5.4 the following sum converges to a limit Ci 



b- 



Cb-.^ ^(AA(zi-) + l)-''<^CAA(7i+l)'-'^W-i(n+l)-^'^(^)-i<oo (5.19) 

w£W n=0 

This implies that for any x ~ ^uNu S S{TZ) and n G N 
J2 l^umiu) + 1)" < ^sup{|x,|(AA(i;) + l)"+^}(AA(j.) + 1)-" - C,p„+b{x) 

V 

u u 

(5.20) 

<^|x„|<apf,(a;) (5.21) 
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Since < J\f{w) Vw G W, these inequahties a fortiori remain valid if we replace 
A/" by e. 

Let u,v,w G W and let u = ujsi ■ ■ ■ s^(„) be a reduced expression, where £(a;) = 
and Si e S'aff. (The Si need not all be different.) For I C {1,2,..., i{u)} we put 
VI = Uiei Vt and 

, f s,, if i ^ / 

where 



ui — Losi ■ ■ ■ Sii^u) wnere s,; = < ^ i e / 



Theorem 5.5 



Nu-gN.,^ viD:iI)Nu,^ where 

IC{l,2,...,l{u)} 

D^{I) is either or 1 
DZ{?)) = 1 and D^{I)^Otf\I\ > \R+\ 
E !?„"(/) <3(£(u) + l) K I 

/C{l,2,...,^(ti)} 



Proof. It follows from the multiplicaton rules (3.371 that 



N,^ iV„ = Ns,. + Dl^{{)^,N, where i?^-(z) = | J J ^[^jj (5.22) 

The expression for iV„ -q Ny, with 01^(1) being or 1 and -D^(0) = 1, follows from 
this, with induction to £{u). By [531 Theorem 7.2] for fixed w G the sum 



I:ui—w 



is a polynomial of degree at most \Rq\ in the 77^. Therefore D^(I) = whenever 
|/| > \R^\. Consequently 



E < #{/c{l,2,...,^(^)}:|/|<|i?+|} < E 

7C{1,2,. ..,£(«)} j=0 

where we should interpret {i{u) - \R'^\)\ as 1 if \R'^\ > e{u). □ 
Let 77 > and put C,, = 3Cb max 
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Proposition 5.6 For all q, q' G Bp{q^ , rf), x £ S{TZ) the following estimates hold. 



\\Kx^l)\\B{g,{n)) = ll(-^.9)llo < C''?Ph+|i?+|(2;) 
||A(x,g) - A(x,(7')llB(f,(7j)) < P(9'9')Cr,Pt+|fl+|(2:) 

In particular S{TZ, q) C C*{TZ, q) and every finite dimensional 
C*(TZ,q) -representation is tempered. 



Proof. Let y = J^vVv-^v G S{TZ). By (5.201 and Theorem 5.5 we have 



\\x-qy\\r 



^ ^ ^uUv-^u 'q V 

Y,^uyvY.'yDv{i)Nu 

/:|/|<|i?+| 

< ^ \xMu) + l)l<l3max{l,77l<l} ||yt 



(5.24) 



< 



Since S{TV) is dense in i3(7?.) this gives the estimate, by the very definition of 
the operator norm on B{f){TZ)). In particular we get a continuous embedding 
SiJZ, q) C*{TZ, q), so every finite dimensional representation of the latter algebra 



is tempered by Lemma 3.14 



\\x-gy-x-g'y\\^ 



Y.XuyvY.^m-r}'i)D-M)Nu 

u,v I 

<p{q,q')J2\^u\ E 1^1^'""' Eiy-i^" 

/:|/|<|fl+| 

< p{q, q') ^ \xMu) + l)l<l 3max {l,??^!} \\y\ 



< 



(5.25) 



< p(g,g')C„Pfc+|^+|(a;) 
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Between lines 4 and 5 we used a small calculation like (5.231 : 

E <i: C^f) ^^r' 

I:\I\<\R+\ J=0 ^ 

Kl . (5.26) 

< ^Ml V ^maxll 

-(f(.)-|i?+|)!^„,!"^"^^''^ ^ 

< (^(M) + l)Kl3max{l,7yKl} 

Note that we did not really use that y lies in the subspace 5(7?.) of Sj{TZ), it only 
helps to ensure that all intermediate expressions are well-defined. □ 



Now we can also estimate the behaviour of the Schwartz norms p„ under mul- 
tiplication. Put 6' = 26 + |i?+| = 2 rk{X) + \R^\+ 2. 

Proposition 5.7 Let n £ N, q,q' E Bp{q^,vi) and Xi — X^ugw^*"^" ^ S{TZ,q). 
Then 



Pnixi -q ■ ■ ■ -q Xm.) < H C,^CbPn+b' (Xi) 

i=l 
m 

Pnixi-q-- - -qXm-Xi-q' q' X^) < piq, q') H CjjCbPn+b' (Xi) 



i=l 



Proof. This can be deduced with a piece of careful bookkeeping: 

Pni^Xi 'q ' ' ' 'q -^m) ^ 
Pni^^^y^-^IY Xiui ' ' ' XtnuTTi-^ui 'q ' ' ' 'q ^Ujn) — 

E„.eH^ • • • x^ujmni) + • • ■+^^{u.,n) + 1)" n" 1 \\{Nu,^<l)\\o < 

Eu.^w i^m. • • • I n™ 1 c.iMiu,) + i)"+''+i<i 

n:=i c, Euew i^rumiu) + i)"+^+i<i < 

n"=l Cr,CbPn+b'{Xi) 

Pn{Nui -q q ^«,„ " ^Ui ' q' q' ^u,„) < 

YJj'^l Pn{Nu^ -q--- -q -q Nu-^^ ■ q> ■ ■ ■ ■ q> N^^- 

Nu, -q-'-q -q, N^^^, N^J < 

E;r/ p{q, q') n™ 1 c,m^.) + i)"+^+i<i < 
pfe'z')n:=ia,(A^(«.) + i)"+'+i''°i 

Pn(-^l 'q' ' ' 'q -^m ^ -^1 ' q' ' ' ' ' q' •^m) ^ 

^-^u-^VF I'^lt'i ' ' ' '^mUm\Pf^^'^ui 'q' ' ' 'q -^ui ' q' ' ' ' ' q' -^u-n^ — 

piq,q')IViLi^vPn+b'ix,) 



< 
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In these calculations we used (5.201 and Proposition 5.6 several times. □ 



Knowing how to handle multiple products in S{TZ, q), we can even make some 
rough estimates for the holomorphic functional calculus. 

Corollary 5.8 Let f : z Em=o '^m^™ holomorphic function on a neigh- 

borhood o/O G C and define another holomorphic function f (with the same radius 
of convergence) by f{z) — X]m=o l*^™!-^™- -^'-"^ '^"-2^ n G N, x G S{TZ,q) and 
q,(^ G Bp{q°,ri) such that f{x,q) and f{x,q') are defined we have 

Pn{f{x,q)) < l{C,^CbPn+b'{x)) 

Pn{f{x,q) - f{x,q')) < p{q,q')f{Cr,CbPn+b'{x)) 



Proof. By Proposition |5.7| we have 

Pn{f{x,q)) =Pn I X! am(a;,9)" j 

oo 

< E Wrn\Pn{{x,qD 
m=0 

oo 

< E \a,n\{C^CbPn+b'{x)y 
m=0 

= f{CnCbPn+b'{x)) 



Pn{f{x, q) - f{x, q')) =Pn{^ a,n{{x, g)" - {x, g')") | 

\m=0 I 

CO 

< Wm\Pn{{x,qr~{x,qT) 

771 — 

OO 

< E \ara\p{q,q'){CjjCbPn+b'{x))"' 
m— 

= p{q, q')f{CrjCbPn+b'{x)) 

The right hand sides of these inequalities might be infinite, but that is no problem. 
□ 



With this result we can show that inverting is continuous as a function of x 
and q. 

Proposition 5.9 The set of invertible elements [J ^^j^^S{TZ,q)^ is open in S (TZ) x 
Lti, and inverting is a continuous map from this set to itself. 
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Proof. First we recall that if ||(^,(z)||o < 1, then z is invertible in C*{TZ,q), with 
inverse X]^o(l ~ -^)"- Take q,q' G Bp{q°,r]), y G S{TZ), x G S{TZ,q)^ and write 
a — (x, q)^^ . If the sum converges, then 

oo 

= a-g,{{x+y)-q'a,q')-'^-a-q,l = {x+y,q')-^-a (5.27) 

m—l 

By Proposition |5.7| 



Pn{{x + y) -q' a - 1) < Pn{x -q' a - X -q fl) + Pn{y ■ q' o) 

< p{q,q')C^C^Pn+b'{x)pn+b'{a) + C^C^Pn+b'{y)Pn+b'{a) (5.28) 

Let U be the open neighborhood of {x, q) consisting of those 
{x + y, q') e 5(7^) x Bp{q",r]) for which 

Pi<},q')C?,CbP3b+\B^o\i^)P3b+\Ro\{a') < 1/2 
C^C^P3b+\Ro\{y)P3b+\Ro\{a) < 1/2 



By (5.28) and Proposition 5.6 we have 



||((a; + y) -q, a - 1, g')IL < 1 V(x + y, q') E U 

so every element of U is invertible. To show the continuity of inverting we consider 
the function 

oo 

/(z)=^z™ = z/(l-^) 



By (5.27) and Corollary 5.8 we have 



Pn{{x + y,q') ^ - a) < C^C'^pn+b'{a)pn+b' {.f{l - {x + y) -q- a,q')) 



< 



ClClpn+v{a)f{CbC,^Pn+2b'{^ -{x + y) -q' a)) 



Since /(O) = we deduce from (5.28 1 that this expression is small whenever p{q, q') 
and y are small. □ 



With this result we can see that the holomorphic functional calculus is contin- 
uous in the most general sense. 

Corollary 5.10 Let V C S{Ti), Q C Lt?. and U C C be open subsets such that 
the spectrum of every {x,q) €V x Q is contained in U. Then the map 

C"'(C/) xVxQ^ S{n) : {f,x,q) f{x,q) 

is continuous. 
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Proof. Recall from Theorem |2.9[ 4 that 

1 

27ri 



f{X){X-x,q)-'dX 



By Corollary 3.27 2 sp(a;, q) is com- 
Therefore 



we 



for a suitable contour T d U around sp(x, q) 

pact, and by Proposition |5.9| it depends continuously on x and q 
can find a contour which is suitable for every (a;', q') in a small neighborhood of 
{x,q). Now apply Proposition 5.9 and Theorem 2.9 3. □ 



Let T-l{TV)* be the algebraic dual of 7^(7?.), which we identify, using the bitrace 
T, with the space of all formal infinite sums '^^ew ^"^'-^w "^^^ length function 
J\f may also be considered as an endomorphism of Ti{TV)*: 

X{N) : ^ x.u,N^ ^ ^Hx^N^ (5.29) 

This is an unbounded operator on 9}(TZ), but it does restrict to a continuous 
endomorphism of 5(7^). For T e B{Sj{n)) put D{T)^ [X{Af),T]. Inspired by the 
work of Vigneras |130l Section 7] we study the space 

y^(7^, q)^{xe n{TZy ■. D"{X{x)) e B{S){n)) Vn e Z>o} (5.30) 

We use the topology defined by the collection of seminorms 

{W\\{-))\\Bmn))^ neZ>o} (5.31) 
In fact we already know this space: 
Lemma 5.11 

vff{n,q) = s{n,q) 



Proof. From the proof of Proposition 5.6 we see that for any y — X^^evv Vv^v G 
f)(7^), n e Z>o, ueW 



\\D-{X{N^))y\\, = 



^ V. Y^i^iy ( ^ ) x{Nr-^x{N^)x{NyN, 

V i—0 

n 

J2y^J2(-^y Qj2^iD:{iw{ujvr-w{vyN^,, 

V i=0 I 



< M{uy 



j2\yv\J2\'ii\D:{i)N^,. 



< AA(u)"3(AA(m) + l)Kl max {l,r;Kl} 



: AA(u)"3(AA(u) + l)Kl max{l,r;Kl} 
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where r] = p{q, g"). Hence, for x = J2u ^uNu G Ti.{TZy 

U 

< \xu\HAf{u) + l)"+l^^l max {l,?7Kl} 
It 

- ^vPn+b+\R+\(^) 

On the other hand, since il' — {u ^ W : Af{uj) = 0} is finite, 
Pnix)'< ^(AAH + l)2"|a;„p 

K|^ + 4"^AA(uf"|x„r 



< |r!'|||a;||^ + 4"||A(iV)"a;|| 
^ \n'\\\X{x)N,\\l + \\D"{X{x))N,\\l 
<\n'\\\X{x)\\l+4-\\D^X{x))\\l 
<{\n'\'/'\\X{x)\l + 2-\\D^X{x))\l)' 



Therefore the collections of seminorms {pn '■ n G Z>o} and (5.31 1 are equivalent 



□ 



So we found a different way to construct the Schwartz algebra of an affine 
Hecke algebra. An advantage of this construction is that it allows us to prove 
Corollary 3.27 in a more elementary way, relying only on the density of V^'{TZ, q) 



in C*{TZ, q) and not on any representation theory. 

Theorem 5.12 1. Vff{TZ,q) is a complete locally convex algebra with jointly 
continuous multiplication. 

2. Vff{TZ,q)^ is open in Vff{TZ,q), and inverting is a continuous map from 
this set to itself. 

3. An element ofVff{TZ, q) is invertible if and only if it is invertible in C*(TZ, q). 



Proof. 1. By Lemma 5.11 V^(TZ, q) is a Frechet space. Since is a derivation, it 
is also a topological algebra with jointly continuous multiplication. 
2. See [IMI Lemma 16]. Suppose that x G Vff{n,q) and \\x\\^ < 1. Then 
1 - a; G C*^{n,qY and (1 - x)-^ = ES^Lo^^" ^ C*(n,q). We have to show that 
this sum converges in V^{TZ, q). For n,r E N 



D^X{x)) = J2 



rlD'-^{X{x))---D'-"{X{x)) 



ri-\ \-rn—r 



n! 
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Every product D'^^{X{x)) ■ ■ ■ £'''"(A(x)) contains at least n — r factors A(x) and at 
most r factors of the form C(A(x)) with i > 0. Therefore 

\\D'-{X{xms^^^T^))<n'-Ar\\x\\: 
M = max{||i?XA(x))||^(^(^)) : < z < r} 

This gives 

oo 

71=0 

from which wc conclude that indeed (1 — G Vff{TZ,q) and that inverting in 
V^{TZ,q) is continuous around 1. In general, if y G V^{Tl,q)^ then we can use 
the "translation" X{y^^) to show that V^{TZ, q)^ contains an open neighborhood 
of y and that inverting is continuous on this set. 

3. Suppose that z e (7?., (?) n C* (7?., q)^ . By Lemma 5.11 (7^, is dense in 
C*{TZ,q), so we can find y £ z^^B O Bz^^, where 

B = {xeC:{n,q):\\\-x\\^<\} 

By the above 

yz, zyeBn v^{n, q) c y^(7^, qr 

so z is also invertible in Vff{TZ, q). □ 



Note that it does not follow from these considerations that V^{TZ,q) is a m- 
algebra. To prove that we still have to use Theorem |3.25| 

Consider the bundle of Banach spaces UgeL^ ^r^^l) over L-r,. For any fixed 
X € 5(7?.) the constant function q ^ a; is a section of this bundle, and by Propo- 
sition 5.6 the function q 11(2^,9)110 continuous on L-ji. So by [HI Proposition 
10.2.3] there is a unique collection F of sections of U^GiTi ^r^^ l) containing all 
these constant sections, which makes this into a field of C'*-algebras, in the sense 
of Dixmier [il] Section 10.3]. By construction F contains all continuous maps 
L-jz S(TZ). In particular for any compact set Q C Cn we can construct the uni- 
tal C*-algebra C*{TZ, Q)= Fj^, which contains C{Q; S{TZ)) as a dense subalgebra. 

For a related construction, assume that Q is a smooth submanifold of L-ji, not 
necessarily compact. Although the author is not aware of any precise definition, 
he believes it makes sense to call UgGiK '^(^,9) a field of Frechet algebras. By 



Proposition |5 . 7| the set of smooth sections 

S{n,Q)^C°^{Q;S{n)) (5.32) 



is a Frechet space and a topological algebra with jointly continuous multiplication. 
However, the author does not know whether 5(7?., Q) is a m-algebra in general. 
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For every q Q we can obtain submultiplicative seminorms on S(TZ,q) from the 
Fourier transform, but these are not easily expressible in terms of the elements . 
Therefore it is not clear whether we can choose them in some sense continuous in 
q and "glue" such seminorms to a family of seminorms that defines the topology 
of 5(7^,g). 

Seminorms that we can construct are related to the principal series representa- 
tions, which exist for every q S L-ji. From Theorem |3.3|1 we get a linear bijection 



n{n,q) H{Wo,q)(g)C[X] 
This can be extended to a continuous map 

^e,q-s{n,q)^n{Wo,q)®s{x) (5.33) 

which is essentially the direct integral of all unitary principal series representations. 
In general 4>g^q is neither injective nor surjective. For n G N we define the following 
norm on H(lVo, q) (g) S{X) : 



y»,.iV,„0,) = (-^(^) + 1)" (5-34) 



We compose it with (j)g,q to get the seminorm an.q = o'n ° 4>e.q on S{TZ, q). These 
seminorms are continuous in q: 

Lemma 5.13 Let n G N, rj > and q,q' G Bp{q^,ri). There exists a real number 
Cn,rj such that for all z £ S{TZ) 

\crn,q{z) - an,q' {z)\ < g')Cn,r,P„+b+| Ji+ | (^) 

Proof. Let a;+ G X+ and put 

P= {a G Fo : a"" {x+) = 0} 
By [5TJ Proposition 1.15] we have 

Wp = {w G Wo : wx~^ = x+} 

and hence 



Wox+Wo = W^x+Wn = Wox+{W^) ^ 



From (3.411 we see that the with u G Wp commute with 9^+ G Ti{7l,q). Pick 
any w G Wo3^~'"Wo. From Theorem |5 . 5| we see that there is a unique way to write 



J2 <,vNuO.,+ N,^^ (5.35) 

where every c™^, is a polynomial in the rji of degree at most |i?o|- From the length 
formula in Proposition 3.1 we see that the c^^ depend only on P, in the following 
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sense. If w = wix^W2 {wi,W2 G Wq) and w' = Wix'w2 where x' G X"*" and 
{a G Fq : a^{x') — 0} — P, then c^^ = c^.^. In particular there are only finitely 
many different c^„, less than |Wop2l^ol. 
Assume for simplicity that 77 > 1, so 

||(iV,,g)t< (277)Kl VveWo 

Let K be an upper bound for the absolute values of all ^, also under the condition 
q E Bp{q^,rj). From a repeated application of (3.411 we see that equals 

a sum of at most {2J\f{x^) + 2)1^^' terms of the form rjiNyiOx, where Af{x) < 
J\f{x~^), v' G Wq and / is a multi-index with |/| < \Rq\- This leads to the estimate 



I.v' 



< 



/2 



EC™ TV 



E UN,,',q)L\vi\m^) + iy 

■ I , v' ,x 



< \Wo\K{2r]y^i\7]\^i\{2N'{x+) + 2)l<l(AA(x+) + 1)" 
= |Tyo|i^(2??)l^"l(AA(a;+) + 1)"+Kl 

< \Wo\K{2r^y^''^{\R+\ + I (AA(«;) + l)"+l<l 



For 



wew ^™ 



,Niu e 5(7^) we obtain 



0'n,q{z) < E \Zn,\o-„^qiNw) 

wew 

< |W^o|i^(2ry)l^"l(|i?^| + l)"+l^^l E k»l(A^H + l)"+''^°' 



Plugging the description of into ( |5.35 1 we see that 

ueWo,xex 



(5.36) 



where the y'^^ are polynomials in the rji of degree at most 2|i?o|. Therefore we 
can write 

(l'e,qiz) = E E Vizi,u,xNuOx ■■=^r]izi (5.37) 

I:\I\<2\Ro\ueWa,xeX I 

Since the finite collection {77/ : |/| < 2|i?o|} is linearly independent, considered as 
functions of the rji, we can find constants K.^ such that 



(Jn{zi) < ^«P„+b+|j^+|(^) 



V/ 
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Hence 

Wn,q(.z) - CT„^,'(z)| < ^ \'qi ~ T^'j\(Tn{zi) 
I:\I\<2\Ro\ 

<p(g,q')2|i?oh'l''''lifnP„+,+|H+|(^) 

To finish the proof we take for C„^^ the maximum of 
\Wo\K{2t^)\"'»\{\R+\ + l)"+KlCfa and 2|i?ok/''^'''^n- □ 

We conclude this section with an important remark. All the estimates obtained 
here can be generalized to Mk{S{TZ, q)) for any k E N. Of course we first have to 
(re)define 

Pi^\z,^j)tj=i) - max n„(z,,j) (5.38) 

but then all our results can be extended by standard techniques. In the coming 
sections we assume that this has been done, and we attach a superscript (A;) to 
the modified constants. 



5.3 Scaling the labels 

Fix a root datum TZ and a label function q. Instead of considering general deforma- 
tions of q, we concentrate on the scaled label functions q'^ for e e [— 1, 1]. Opdam 
|98l Section 5] was the first to realize that a great deal of the representation 
theory of 'H{TZ,q'^) can be "scaled" accordingly. We will construct isomorphisms 
Sin^q") S{R,q) for e > and an injection S{W) = S{n,q") 5(7^,g), all 
depending continuously on e. This requires a lot of long calculations, which rely 
on the technical parts of Chapter 3 and Section |5.2[ 

Recall from |98l Section 6.3] that we always have a canonical isomorphism 

n{n, q) ^ n{n, q-^) ■. n^, ^ (5.39) 

This map preserves * and r, and it extends to the Schwartz and C* -completions. 
However, our scaling maps will not lead to this map for e — —1. 

To facilitate the study of S{Tl, q) we want to regard it not only as an algebra of 
invariant sections (via the Fourier transform) , but also as the image of a projector 
in a larger algebra. Let 'P'{Fo) be a complete set of representatives for the action 



of W on the power set of Fq. By Theorem 3.25 there are canonical direct sum 
decompositions 

s{n,q) = s{n,q)p = e S{n,q)ep 

c;in,q) = e c;in,q)p = e c;in,q)ep ^^'^"^ 

PeV'(Fo) PeV'(Fo) 
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where the ep are central idempotents in S(TZ,q). But this can be refined. Let 
A' be a collection of representatives for the action of W on A. For {P,5) G A, 
we let yVs be the isotropy group of (P, S) in W. The Fourier transform gives an 
isomorphism 



C-(^f;End(H(Ty^)®y,))'''^= <M5.41) 

(P,<5)eA' (P,<5)GA' 



We must be careful when taking invariants, since 



(5.42) 



is not necessarily a group homomorphism. In fact, by (3.1291 it is a projective 
representation. By Schur's theorem |113j there exists a finite central extension 

{e} Ns^Ts^Ws-^ {e} (5.43) 

such that every projective representation of Wg lifts to a unique linear represen- 
tation of r^. This lift does not depend on the Sg that we chose in (3.1121 to 
construct TT{g,£,) for ^ — {P,6,t). In fact, the problems with (5.421 arise only from 
the ambiguity in the definition of Sg. Lifting things to a linear representation of 
is therefore equivalent to picking, for every lift 7 G F^ of g G Ws, a multiple Sj 



of 5g such that 



becomes multiplicative. Writing 

"7(0 = 7r(7,7"^^) 



(3.129) becomes the cocycle relation 



(5.44) 



Notice the similarity with the proof of Lemma |2.26[ Consider the crossed product 
As-aTs= End(H(VF^) ® Vs) ® C°° (T^) x Ts (5.45) 



with respect to the action of F^ on . Lemma [A . 1 1 gives some information about 
this algebra. We still need to determine A^^ = Ag^ , but using the multiplication 
in As X Ts we can write the group action as 



7(a) 



(5.46) 



Moreover by (5.44) 



Ts (Ai X F5) ^ : 7 ^ M^7 



is a unitary representation, so 
ps{u) := 



IF5I 1 ^ U77 G X Ts 



(5.47) 
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is a projection. By Lemma |A.2| thc map 

A^g' Psiu){As >^ Ts)ps{u) : a ps{u)ap5{u) (5.48) 

is an isomorphism of pre-C*-algebras. 

Consider for e € [—1,1] the afhne Hecke algebras He — H{TZ,q'^) with label 
functions q'^i'w) = q{wY . Let Ca,e and i^^ ^ be the c-functions and normalized 
intertwiners for these algebras. From the formula (3.101 ) we see that the residual 
cosets are also related by scaling in suitable directions. Their tempered forms all 
approach T„ when e ^ 0. 

Take r € T and write r = exp(rs) with G and G t, s. Let B C Lie(T) 
be a ball satisfying Conditions |3.21[ Then eB satisfies these conditions with respect 
to r„exp(ers) and g*^, except that it is not open for e = 0. (Here we use |e| < 1.) 
We put 

U,^Wo{rueM<rs + B))) 
and we define a VFo-equivariant scaling map 

CTe : [/ ^ C/e 

(5.49) 

ae[w{r exp{b))) = ii;(r„ exp(e(rs + b))) 

Assume now that 7^ e € [—1,1]. As was noted in fM", Lemma 5.1], is an 
analytic diffeomorphism. We can combine it with (3.117) and Theorem 3.22 to 
construct algebra isomorphisms 

(5.50) 




/ weWo 



We intend to show that these maps depend analytically on e and have a well- 
defined limit as e — > 0. Notice that cto = lim^^o is a locally constant map with 
range Wor„. 

Lemma 5.14 For e 7^ and a G i?i write d^.e = (cq,^ o ae)c~^. This defines 
a hounded invertible analytic Junction of u and e which extends to a function on 
U X [—1,1] with the same properties. 

Proof. This is an extended version of [98, Lemma 5.2]. Let us write 

, . . /1/2/3/4 , . l + 0-^/2iu) 

da,e{u) = [u) - 



91929394 1 + d^a/2icre{u)) 

^ + Qa^^^^-a/2{(^e{u)) l~0-a/2{u) 1 - g'v^^g^^'^ 6>^a/2 (^e (m) ) 
1 + g;v/'^-«/2(") l-^-a/2(^.(")) l~q-y\^^.9_^^,{u) 

We see that da^e{u) extends to an invertible analytic function on U x [—1,1] if 
none of the quotients fn/9n has a zero or a pole on this domain. By Condition 
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3.21 2 there is a unique b g w{rs + B)/2 such that u — w(r„) exp(26). This forms 
a coo rdinate system on ■u;(r exp(i?)), and ae{u) = w(rtj) exp(26e). By Condition 
3.21 4 if cither /„(u) — or (?„(u) = for some u S w(rexp(i3)) C C/, then 



fn{w{r)) = gn{'w{r)) = 0. One can easily check that in this situation 



fnju) 
9n{u) 



1 



-a(b)e 



1 - e-"(^) 



(-1)" 



Again by Condition |3.21[ 2 the only critical points of this function are those for 
which a{b) ~ 0. If e 7^ then both the numerator and the denominator have a 
zero of order 1 at such points, so the singularity is removable. For the case e = 
we need to have a closer look. In our new coordinate system we can write 



CQ,e(0-e(u)) = 



gi{u)g3{u) 



r„(u;-ia/2) + e-^C*)^ r„(u'-ia/2) 
Standard calculations using L'Hospital's rule show that 



»(b)e 



1 



limCa e(cre(M)) = < 

£—►0 



a(b) + log(gc.v)/2 
a{h) 

a{b) +log(g2av) +log(gav)/2 
a{b) 



if ru{w ^a) 7^ 
if ru{w'^a/2) - 

if ru{w-^a/2) = 



Thus at least da_o = lime^o c'a.e exists as a meromorphic function on U . For 
'''uiw~^a) 7^ 1, da.o = c^^ is invertible by Condition 3.21 4. For ru{w^^a/2) = — 1 
we have 



1 



^Wa(6)+log(q„v)/2 



1 



-a(b) 



-1/2 Q(b) 1 , -1/2 1 



1 

while for ru(?i;""'"Q!/2) = 1 

l-e-"W l + e-"W a(6)+log(g2av)+log((7„v)/2 



1 -1/2 -1 - 



.(&) 



These expressions define invertible functions by Condition 3.21[ 2. We conclude 
that indeed da^e{u) and d^\{u) are analytic functions on U x [—1,1]. Since this 
domain is compact, they are bounded. □ 
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Note that da^i = 1 and that 



4b) 



(5.51) 



If either r^iw ^a) — 0-a{w{ru)) = 1 or q^,-^ = 920^ = 1 this simpHfies consider- 
ably to 

da,^l{u) = qa^q2a^ (5.52) 

We can use Lemma |5.14| to show that the maps preserve analyticity: 



Lemma 5.15 The isomorphisms (5.50) restrict to isomorphisms 

These maps have a well-defined limit homomorphism 

po^lh-npe-C[W]^n''"iU) 

such that for every w € W the function 

[-1,1] ^W°"(f/) : e^p.(iV^) 

is analytic. 

Proof. The first statement is [98, Theorem 5.3], but for the remainder we need to 
prove this anyway. It is clear that restricts to an isomorphism between C"(J7e) 
and C"'"(J7). For a simple reflection s £ Sq corresponding to a G Fi we have 



N, + q{s)-'/^ = (7-'/2c„.,(z°, + l) 

Pe{Ns) = g'/2(c„,,Oa,)(l°+l)-q(5)-^/2 

= 9(S)(-1)/2(C„,, O a,)c-l {Ns + g(s)- 1/2) _ q(,)-e/2 

= g(s)(-i)/2d„.,(7V, + g(s)-V2) _ q(5)-^/2 



(5.53) 



By Lemma 5.14 such elements are analytic in e G [—1,1] and m G C/, so in particular 
they belong to ?i°"([/). Moreover, since every da^e is invertible, the set {pe{N^) : 
w G Wq} is a basis for 7i°"(J7) as a C"'"(J7)-module. Therefore pe restricts to an 
isomorphism between W^{U^) and W^iU) for e 0. 

For any x £ X, Pe{dx) — Ox o <Jt depends analytically on e, as a function on 
U . Combined with (5.35) this shows that p^{N^) is analytic in e G [—1, 1] for any 
w G W . Thus po exists as a linear map. But, being a limit of algebra homomor- 
phisms, it must also be multiplicative. □ 
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Note that po is never injective or surjective because is not. Moreover p_i 



is not the isomorphism (5.39). In general (5.511 is not even rational, so p^i{Ns) 
cannot lie in Ti.. In the simple case ru{w^^a) = 1 we have p-i{9a) = O^a and, by 
(5!52| and (Islsl) 



Usually the maps do not preserve the *, but this can be fixed. For e G [—1, 1] 
consider the element 

We will use to extend |HH1 Corollary 5.7]. However, this result contained a small 
mistake: the construction of the element in [98^ was unfortunately influenced 
by an inessential oversight. To correct this we replace it by M^. 

Theorem 5.16 For all e ^ [—1, 1] is invertible, positive and bounded. It has 

1/2 

a positive square root in Tl°-^^{U) and the map e — s- Me is analytic. 

Pe : nr{Ue) 

Peih) = My2^,(/i)M-i/2 

is a homomorphism of topological *-algebras, and an isomorphism if e ^ 0. For 
any w G W the function 



-1,1] ^H'^"(C/) -.e^peiN.^) 



is analytic. 



Proof. By Lemmas |5.14| and |5.15| the are invertible, bounded and analytic in 
e. Consider, for e 0, the automorphism p^ of TC^'^{U) given by 

pLeih) = pe{p:\hr)* 



On one hand, for / G C"^'^{U) we have by definition (3.118 ) and the PVo-equivariance 

of (If 



f^eif) = Peiifoae)*)* 

= Pe{N~i,r{f-"'ype{N^„,er 

= pe{N-lJ*N^JN-^'pe{N^,^er 

= PeiN-^,erN^o Ua^Rt <J Uc^n^ d'^.N-^ Pe{N^, 



(5.54) 
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On the other hand, suppose that the simple reflections s and s' = wqswq e Sq 
correspond to a and a' = —woa G Fi. Using (3.123) and (3.121 1 we flnd 



PeiN^O,e)* 



(5.55) 



P. 



-1° 

''s' ,t^^wo,e 



Since C™'^{U) and the ?^ generate W"''^{U), we conclude that 
Now we can see that 

p,(iv-g* = Pe((iv;„,j-i)* = P.((iv^^)*)* 

Thus the elements are Hermitian Ve 7^ 0. By continuity in e Afg is also 
Hermitian. Moreover they are all invertible, and Mi = N^, so they are in fact 
strictly positive. We already knew that the element e of 



n da,, 



C"^"([-l, 1]; ^""(C/)) = C""([-l, 1] X [/) : 



is bounded, so we can construct its square root using holomorphic functional cal- 



culus in the Frechet Q-algebra C^"([— 1, 1] x U) ®^7i. This ensures that e 
is still analytic. Finally, for e 7^ 

Mh)* = (Ml'^p,{h)M-^'^y 

= M7^''^Pe{h)*Ml''^ 

- M:''^p,{p,{h*))Ml'^ 

= Ml'^p,{h*)M7^''' = p,{h*) 



1/2 



M, 



(5.56) 
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Again this extends to e = by continuity. □ 



Let Rep{C*{TZ,q)) and Rep (5(7?., g)) be the categories of finite dimensional 
representations of C*{TZ, q) and of S{TZ, q)). We define 

Repjj{c;{n,q)) - Rep{c;{n,q)) n Repuin{n,q)) 

Repu{S{n,q)) = RcpiSiTZ,q)) n Rep^ (H(7?, g)) ^"''^'^ 

Recall that 7i* is the residual algebra of a,t t E T, whose (finite dimensional) 
representations are precisely Rep^r^^{C*{^Z,q'^)). 

Lemma 5.17 For e G [—1, 1] the map induces a "scaling map" 

a, : Rep^^„(7i) ^ Repty^^^(„)(H,) 

which preserves unitarity and is a bijection if e ^ 0. 

For e < CTg exchanges tempered and anti-tempered modules. For e > 
preserves (anti-)temperedness and descends to a *-homomorphism 

which is an isomorphism if e > 0. 

Proof. If TT e Rep(H) and e ^ then by construction i € T is an ^-weight of 
TT if and only if a^it) is an weight of tt o p^. The ^q- weights of tt o po are all 
contained in W^r C T^. Therefore 

CTg : TT — > TT O Pj (5.58) 

maps Repy^,g^{^-^) to Repy^^^^(^^^{He), for any u E U and e E [—1, 1]. Since p^ is a 
*-homomorphism and a bijection (for e 0) has the desired properties for such 
e. 

Moreover for x G X we have |(T(:(i)(x)| = |i(a;)|'^, which proves the assertions 
about temperedness. If e > and n extends to C*(TZ, q) then it is unitary and tem- 
pered by Proposition |5.6[ Therefore tt o p^ is tempered and completely reducible, 



and Corollary 3.26 assures that it extends to C*{TZ,q'^). This implies 

Pe(Rado-,(„),£) C Rad„ 

so we get a *-homomorphism 



P7 : HjRad, = H?''"^ ^ H/Rad„ = 



If e > then we can follow the same reasoning for p^ ^, so pe is an isomorphism. 
□ . 
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Assume once more that 7^ e € [—1, 1]. Then r cre(r) is a bijection between 
the residual points for (TZ,q) and those for (TZ,q'^). The groupoid of intertwiners 
W is independent of q, and it acts on the set of Tig-representations of the form 
Tr{P,5',t) with S' irreducible but not necessarily discrete series. The definitions 
( |3.114 ) and (3.1261 also makes sense in this case. If we realize the representation 



as Ind.^p ((5 o o 0( 



TT{P,a,{S),t) on n{W^)(g)Vs 
then we get homomorphisms 

T[:n{n,q')^ 0{TP)®^nd{rL{WP)®Vs) 

r,{h){P,S,t)^n{P,a,{d),t){h) 



(5.59) 



(Notice that this is also defined for e = 0.) The isotropy groups W^^(^s) for various 
e's may be identified, so the image of (5.59) consists of sections that are invariant 
under a certain action of Wg- We add a subscript e to indicate which action we 
consider. 

Recall from (5.431 that Ts is a Schur extension of Ws- There are uniquely 
bermined i 
r^-action as 



determined u-y^eS such that, just as in (5.46), we can write the associated 



7e(a) 



in As XI 



(5.60) 



Lemma 5.18 The elements u-y^e depend analytically on e and u-y_Q = limc_>o'i* 
exists. Moreover unitary Ve G [— 1, 1], 7 S F^. 



7,e 



Proof. Let 7 be a lift of kn e Ws and write ^ — ^{P, a^{S),t) e ^u.e- By definition 

(STHI) for hQ e niw^), veVs 



U7,e(C)(^0 'S)V) =ho -q' ,(t) ® S^y.eiv) 



(5.61) 



where 5^^^^ £ U{Vs). More precisely, 6^_e is a multiple of a map := Skn.t G U{Vs) 
that satisfies 



hi e Hp, 



(5.62) 



This Le is only defined up to scalars, but we will show that these can be chosen 
such that Lq = lim^^o exists. Since Vs is a finite dimensional vector space, 
every automorphism of End(V5) is inner, and Aut(End(V5)) = PGL{Vs). Because 
GL{Vs) PGL{Vs) is a fiber bundle it suffices to show that Lq exists as a 
projective linear map. Writing hi = p~^h2 and rearranging some terms transforms 
( |5.62| into 

<5(M-i/2)L,5(Mi/2)<S(/i2)5(M-i/2)L7i5(Mi/2) ^ 5(p^^,^„p-i/i2) 

If we can show that everything else in this equation is analytic in e and has a 
well-defin ed lim it as e ^ 0, then the same must hold for € PGL{Vs). By 
Theorem 5.16 we know this already for M^^^^. For any / e G°'"{U) we have 
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Peipk'4'nPf: = ''Pk'ipnf by the PFo-equivariance of a^. For the simple reflection s 
associated to a & Fi we have 

= PeV^/c(g(s)^'-''/'(c„aoai/,)c-i,,(iV„,„-i 

By Lemmas |5.14| and |5.15| the last expression has the required properties. 

Now we turn our attention to the other parts of (5.61 1. For e > Lemma 5.17 
guarantees that (Te(i5) is discrete series. Therefore u^^^ is unitary and ^ cannot 
have a pole at t. From the explicit definition (3.120) we see that ^ is regular 
at t for any e g [—1, 1], and that limj^o ^{t) = N^-i . By Proposition 5.7 this 
implies 

limft-O -q' = f^O -qO N^^l 

Putting things together we conclude that Le, 5-^^^ and u^^^ are analytic in e and 
have well-defined limits as e — > 0, all as projective linear maps. However, we 
already agreed that we may assume that this even holds for as a linear map. 
But by inZl §53] the way to lift this representation from Ws to F^ is completely 
determined by the cocycle 

This cocycle is continuous in e and F^ is finite, so the way to lift is independent of 
e. Therefore lim^^o (^i.e ^Lud lim(:_>o u^,t exist even as linear maps. It also follows 
that u-y^e is analytic in e which, in combination with its unitarity Ve > 0, shows 
that it is unitary Ve G [— 1, 1]. □ 



Lemma 5.19 The pre-C* -algebras A^""'^ — are all isomorphic, by isomor- 

phisms that are piecewise analytic in e, e' G [—1, 1]. 

Proof. From Lemma |5.18| we get an analytic path of projections 

[-1, 1]^ As^Ts-.e^ ps{u,) \Ts\-^ ^ u^,el (5.63) 



Like in (5.481 the map 

A-s"'' ps{ue){As X Ts)ps{ue) : a ps{u^)aps{ue) 

is an isomorphism of pre-C*-algebras. If we apply |102l Lemma 1.15] we see 
that the ps{ue) are all conjugate, by elements depending continuously on e. To 
show analyticity we construct these elements explicitly, using the recipe of [TUl 
Proposition 4.32]. For e, e' G [—1, 1] consider the element 

z(5, e, e') := {2ps{u[) - l){2ps{u,) - 1) + 1 G A,- F^ 



156 



Chapter 5. Parameter deformations in afRne Hecke algebras 



Clearly this is analytic in e and e' and 

Moreover if ||-|| is the norm of the enveloping C*-algebra 
Cs C{T^- End(7i(W^^) (g> Vs)) x 
of Ag XI and \\ps{u^) ~ ps{u'J\\ < 2 then 



\KS,e,e')~2\\ 



Aps{u'Jps{ue) - 2ps{ue) - 2ps{u^ 
-2{ps{u,) - ps{u'^)y < 2 



so z{S,e,e') is invertible in Cs- But Ag x Ts is holomorphically closed in Cg, so 
z{5, £, e') is also invertible in this Frechet algebra. Moreover, because the Frechet 
topology on Ag x Tg is finer than the topology coming from ||-||, there exists an 
open interval containing e such that z{6, e, e') is invertible Ve' G 1^. For such e' 
we construct the unitary element 

u{5,e,e') ■.= z{S,e,e'M5,e,e')\-' 

By construction the map 

pg{ue)iAg X Tg)ps{ue) ~* pg{u[){Ag X Ts)pg{u[) : x -> u{S, e, e')xu{5, e, e')^^ 



is an isomorphism of pre-C*-algebras. The composite map A^*'' ^V" given 



by 



\Tg\ [u{5,e,e')ps{u[)xpg{u[)u{5,e,e'y 



(5.64) 



which is analytic in e and e' because pg{u^) is. Now we pick a finite cover {/c-}™ ^ 

r r / 

of [—1,1]. Then for any e, e' S [—1,1] an isomorphism between A^'''' and A^'''' 
can be obtained by composing at most m isomorphisms of the type (5.64). □ 



The constructions in this section lead to the following 
Corollary 5.20 There exists a collection of injective *-homomorphisms 
cj),:n{n,q')^S{n,q) ee[-l,l] 

such that 

1. for e < the map 

Rep(5(7^, q)) Rep(71:(7^, q^)) : tt ^ tt o 0, 

is a bijection from tempered H-representations to anti-tempered 
TL^ -representations 
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2. V(P, (5, t) e the representation 7r(P, 5, t)o(j)^ is equivalent with tt^^P, a'c((5), t) 

3. (j)i is the canonical embedding 

4- MN^) = N^ywe Z{W) 

5. V/i G Ti.(TZ) the function 

[-1,1] ^S{n,q):e^Mh) 
is piecewise analytic, and in particular analytic at 0. 



Proof. By Lemma 5.18 the image of J-q is invariant under the action of Ws.o- So 
we can define 



(5.65) 



where ^ = 0(p,5)gA' Ce,s and 



A 



is the isomorphism from Lemma |5.19[ Now 2 and 3 are valid by construction, 4 
follows from the observation that the Z(W^)-character of tt^{ P, ae{ 5),t) is equal to 
t\^jjyy for every e G [—1, 1], and 1 is a consequence of Lemma 5.17 and Proposition 
3.17 Finally, for 5 we use (5.35), Theorem 5.16 and Lemma p. 19 From the proof 
of this lemma we see that we can arrange that e —^ 4>e(h) is analytic at 0. 

As concerns the injectivity of </>£, note that 'K^{P,d^{5q,),t) — It^e is a principal 
series representation for He- So if /i G ker(^e), then h acts as on all unitary 



principal series. By Lemma 3.4 we must have h = 



□ 



We do not know whether (p^iTi-e) C H, for two reasons : (^^.s need not preserve 
polynomiality, and not every polynomial section is in the image of . 

Theorem 5.21 For e G [0, 1] there exist homomorphisms of pre-C* -algebras 



sin,q) 
c;{n,q) 



with the properties 

1. (j)e is an isomorphism if e > and 00 injective 

2. V(P, S, t) G the representation tt{P, 6, t)o(f)^ is equivalent with tt^^P, cr^iS), t) 

3. 4>i is the identity 

I <j>,{h) = hyhe S{Z{W)) 

5. e — > (t>eih) is continuous \/h G S{TZ) 
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Proof. For any {P,6) e A the representation o'c((5), although not necessarily 
irreducible if e = 0, is certainly completely reducible, being unitary. Hence by 



Lemma 5.17 every irreducible constituent tti of a^{S) is a direct summand of 



Ind!;-; (Pi, 



for certain Pi c P, Si G and 

h e Homz {{Xpf' , S^) = Homz {X/{X n (P^)^ - 
Consequently 7r(P, 7ri,i:) is a direct summand of 

Ind^^ (lndJJ-;(,5i o 0,^,,) o 0,,,) ^,(Pi, 



In particular every matrix coefficient of 7r£(P, a^{d), t) appears in the Fourier trans- 
form of He, and ( 5.59| ext ends to the respective Schwartz and C*-completions, as 
required. By Lemma 5.17 and (5.41) these maps are isomorphisms if e > 0. 

In the same way as in the proof of Corollary 5.20 we can see that 00 remains 



injective: every irreducible tempered 7i(7?,, g^)-representation is a quotient of a 
unitary principal series, so any element of C*{TZ,q'^) that vanishes on all unitary 
principal series is 0. Furthermore properties 2. and 4. are direct consequences of 
Corollary [OOl 

Finally, if a; = J^wgw ^^Nw £ S{TZ) then this sum converges uniformly to x. 
For every partial sum x' the map e <^e(a;') is continuous by Corollary 5.20 so 
this also holds for x itself. □ 



Although there were quite a few arbitrary choices involved in constructing (j)^, 
the homotopy class of these maps is well-defined: 

Lemma 5.22 The construction o/ (0e)£g[o,i] unique up to a homotopy of objects 
with the properties of Theorem \5.21\ 

Proof. Let us inventorize all the choices we made in the above construction. 



Already in (5.41) we chose a set of representatives A' of A/W. This implicitly 
fixed realizations Vs of the discrete series representations S E A' , but since we never 
used a basis of Vs, the construction does not really depend on this vector space. 
Then we used intertwiners 7r(g,^), g e Ws that were defined only up to scalars, 
but this ambiguity dropped out when we lifted things to F^. Finally we chose a 
(monotonuous) sequence (ei)f4o such that cq = e, = 1 and every isomorphism 



S{TZ, g^') ^ S{TZ, g'^'+i) involved only one map of the type (5.64) for every S. 

Suppose we take another sequence (e^)™ q- Allowing some of the and e'j to 
coincide, we may assume that m' = m. Then we can continuously deform the first 
sequence into the second. Since the elements u{S,e,e') depend analytically on e 
and e', this will give us a path of isomorphisms. 
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To see what happens when we use some A" instead of A' is more difhcult. It is 
clearly enough to investigate the effect on only one component of S„, corresponding 
to (P, S) e A' and to (P', S') £ A". By the previous paragraph we may also restrict 
ourselves to e and e' with |e— e'| "sufficiently" small. Then the original isomorphism 
is given by 

: a ^ ir^l [ps{u^,)u{6, e, e')ps{u^)aps{u^)u{6, e, e {5M) 

and the alternative by 

0;,, : a' ^ \Ts'\ [uiS',e,e')ps'iu,)a'ps'iu,)u{S',£,eT'], (5-67) 

In both formulas [-Jg means taking the coefficient at the identity element in some 
group algebra. To compare (f)^,^! and (f>'^ ^, we take g £ Wss', £, = (P, S, t) £ S„ and 
evaluate 0^ j/a(^), assuming that a and (p'^ ^/(a) are g-invariant: 

\Ts'\Kig~\g^) [u{6',e,e')ps.iu^)g{a)ps-{uMS',^,^T']M) ^(^"'-sO"' = 
\Ts'\K{g~\gO HS',e,e')ig0ps'{u,){90^e{9,0a{0 ° 
7:,ig,0"'P5'M{90<S',e,e')-\gO],<i9-\90-' 

(5.68) 



To compare Ts and Ts' we have to make the Schur extension (5.431 functorial. 
In general it is not even unique, but the recipe in [37t §53] always works. For 
the sake of the argument we might temporarily redefine the Schur extension to be 
the result of this construction. As a bonus it is easily seen that for 7' £ Tg' the 
element 7 = g~^j'g £ is well-defined. But then necessarily 

Tr{9,£.y^uY {90^^(9,0 = u^iO 



since both sides are proportional and satisfy the cocycle relations (5.44). In par- 
ticular 

Ps'{u){gOT^{9,0 = ■^{9,0ps{u){S.) 

Kig-\g0uiS',e,e')i90^n(.9,0 = C^Ps^iu^iO " mOC^ps'^iO - 1) + 

We denote the last expression by u{b){£^), where b{^) = n'^{g~^ , g£,)TTf{g,^). In 
general elements of the type u{b) in a C*-algebra are invertible if 

\\ps'{u,) +4||6- 1|| < 1 

and they satisfy 

Ps'{ue')u{b) = ps>{uAu{b)ps'{u^) = u{b)ps>{u^) 



160 



Chapter 5. Parameter deformations in afRne Hecke algebras 



With this knowledge we can rewrite ( |5.68 1 as 

(t'e.e'O'iO = \^s\[Ps{Ue')u{b)ps{u^)aps{u^)u{b)~'^ps{u^>)]e{0 



but now e is an element of Tg instead of Tgi. Comparing this to (5.66) we find 



that the only difference is that e, e') has been replaced by this u{b). The in- 
tertwiners Tre'{g,C) depend analytically on e', so we can always find a path from 
u{b) to e, e') consisting only of elements of the same type. (This step might 
require a subdivision of the interval between e and e', but that is no problem.) 
The corresponding isomorphisms form a path from to 4'e,e'- ^ 



5.4 A'-theoretic conjectures 



We saw in Section 5.2 that the multiplication in S{TZ,q) varies continuously with 
q. Since a class in if-theory is rigid under small perturbations, it is natural to 
expect that the if-groups of S{Tl, q) are independent of q. We reformulate this 
conjecture in terms of the map (/jq and show that it implies some other important 
conjectures. 

Our main tools are the scaling maps 0e from Theorem |5.21| From Theorems 
|5.21| and |2.13| Lemma |5.22| and the homotopy invariance of iiT-theory we see that 
for all e G [0,1] the map 

K,{q},) : K,{C:{n,q')) ^ if,(5(7^, g')) ^ K,{C:(n,q)) ^ K,{S{n,q)) (5.69) 

is natural. By ( |3.143[ ) the same goes for 

HP,{^,) : HP,{S{n,q')) ^ HP,{S{n,q)) (5.70) 

Obviously, by Theorem |5.21| these maps are isomorphisms for e > 0, but whether 
this holds in general for e = is not known. 

Let G{C*{TZ,q)) be the Grothendieck group of the additive category of finite 
dimensional C*(7?., (7)-modules. There is a natural map 



G{<Po) ■■ G{C:in,q)) ^ G{C:{W)) 

G(0o)(^,y) = i7TO(t>o,V) 

For U C T/Wq we introduce the two-sided ideals 

Jj} = {x e 5(7^, q) : 7r(P, Wpr, S, t){x) = if i G , Wort e U} 
Ju = {xe C;(7^, q) : 7t{P, Wpr, 6, t){x) = if ^ e , Wort e U} 

By Theorem |5.21[ 2 (j>Q factors through 

cl^woto ■■ S{W)/J^^,^ -> 5(7^, g)/ J^,t„T„ (5.73) 



(5.71) 



(5.72) 
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The induced map on can be regarded as a morphism of semigroups 

K+{cl,Woto) ■■ Repw„to{C:{W)) Rep^„,„^^^(C;(7^,g)) (5.74) 

The direct sum of these maps, over all WqIq € Tu/Wq, is a homomorphism 

ifRep(0o) : G{C:{W)) ^ G(c;(7^,g)) (5.75) 

This map is a bit weird, it does not always preserve dimensions, and it certainly 
is not an inverse of G{(j)o). For example, consider the case i?o = ^ij ^ the root 
lattice and <?(so) — q{si) > 1. Then 

if TT admits a central character t ^ 1. The only irreducible CW^-representations 
with central character t — 1 are the trivial and sign representations of W. However, 
there we see something strange: K^cpi'f'a) sends the trivial representation to the 
principal series Ii — 7r(0, ^0, 1), and it sends the sign representation to the direct 
sum of Ii and the Steinberg representation of 7^(7?,, q). 

Theorem 5.23 The following are equivalent: 

1. G{(j)o) ® idQ : G(C;(7^, g)) ® Q G{C;{W)) ®Qis a bijection 

2. KnepiM «) idQ : G{C;{W)) (g)Q^ G{C;{n, q)) (g)Qis a bijection 

3. K^{(j)o)®iAq, : K^{C*{W)) «) Q ^ K^{G*{n,q)) (g)Q is a bijection 
I HP.,{(t)o) : HP.,{S{W)) -> HP^{S(n,q)) is a bijection 

5. HHo{(j)o) : S{W)/[S{W),S{W)] ^ S(n,q)/[S(n,q),S(n,q)] IS an isomor- 
phism of Frechet spaces 

Proof. 1 <^ 2. By construction it suffices to show this for (jiWotoi for arbitrary 
Wato € Tu/Wq. But 4>Woto is just a homomorphism between finite dimensional 
semisimple algebras, so -R'o(0o) ® idnj and G{(f)Q) (g) idQ are linear maps between 
finite dimensional vector spaces. With respect to the bases formed by irreducible 
representations the matrices of these two maps are each others transpose. In 
particular one of them is bijective if and only if the other is. 
2 <^ 3. Consider the projection 

pr : S„/W TjWo 

pY{W{P,Wpr,S,t)) = Wor^t ^ ' ' 



With this map we make C*{TZ,q)) into a C(r„/Wo)-algebra. By ( |5.50| 4>a is 
C(T„/VFo)-linear. Triangulate Tu/Wq such that every subset /Wq with G C Wq 
becomes a subcomplex. In view of Proposition |2.2l| 2 implies 3. 
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Contrarily, suppose that Kb,cp{4'o) idQ is not surjective. By definition there 
is a io G Tu such that KQ{(l)w„to) ^ idQ is not surjective. However the canonical 
map 

i^o(c;(7^,g)) ^ Ko{c:{n,q)/j^^,^Tj 

is always surjective. This can be seen as follows. Every component of intersects 
pr~^{Woto) in at most one Wo-orbit. If [pi] g Kq(C* {TZ, q) / J^^r^toT^J then [^2] G 
Ko{C*{TZ, q)) maps to [pi] if and only if the value of p2 on n pr~^{Woto) is as 
prescribed by pi . It follows from Theorem |3.25| that such a p2 can always can be 
found. This shows that K^{(j)Q) (g) idQ and K^{(I)q) are not surjective. 

Now suppose that -f^Rep(^!'o) idQ is not injective. Pick Woto such that 
Ko{4'Wato) is not injective, with |Wo.tol minimal for this property. Next pick 
V,V' e Repi^„,„(C;(VF)) such that [V] - [V] e kerifo(</>Woto)- Put 



and introduce the ideals 



r -.^ {t e : Wo,t <^ Wo,to} 



lo ■■= J^, C C:{W) 

h Jt'T , C C;(7^,g) 



Note that (j)o{Io) C /i. Recall the description 

C:{W) ^ CiTuiEndCiWo])"^" 



(5.77) 



from Lemma A. 3 in combination with ( 2.105[ ) and Theorem 3.15 These show 
that it is possible to find m,n S N and projections p,p' G M„(/(J") such that p{t) 
and p'{t) yield the Wo,to-modules mV and mV , for all t e T^" '" \ T'. Now we 
insert [p] ~ \p'\ in the commutative diagram 



ifo(/o) 

i 

^o(/i) 



i 

K^{C;{Tl,q) 



By assumption 



io(p)]-[</'o(p')] = Oei^o(/i) 



On the other hand, \p\ and [p'] are different on T„ , so by Theorem 

Chw, (W - \p'\) ^OeH* {T[,/Wo; C) 
Therefore Ko{(f)o) (g) Q and Ko{ipo) are not injective. 



2.22 



3 4 by Theorem 3.34 



1 <^ 5. The localization of 

HHoisin, q)) = Sin, g)/[5(7^, q),s{n, q)] 

at WS, G S„/yV is a complex vector space whose dimension is the number of 
inequivalent irreducible constituents of 7r(^). This gives a fibration of S„/yV, and 
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by Theorem 3.25 HHo{S{TZ, q)) can be regarded as the set of global sections of the 



sheaf iJg of smooth sections of this fibration. The direct image of under (5.761 is 



the sheaf of smooth sections of a fibration of T^/Wo- The fiber at WqIo is a vector 
space whose dimension is the number of irreducibles in Rep^^j^jn^^(C*(7?,, q)). 

The Frechet space HHq{S{W)) admits a similar description it terms of a sheaf 
5^1, but with fibers of dimension the number of irreducibles in Iiepyy^f^(C*(W)). 
Now (/)o induces a morphism 



of sheaves over Tu/Wq. If G((/)o) ^ idq is not bijective, then and pi'^,{^q) have 
different stalks, so ^i^Po) and HHo{(j)o) cannot be isomorphisms. On the other 
hand, if G{4>a) ® idQ is bijective, then 

is a bijection for every Woto G Tu/Wq. This implies that ^{(f>o) is an isomor- 
phism, see e.g. |171 Section II. 1.6]. In particular iJi/o(0o) = S^('/'o)('?«/^^o) is an 
isomorphism of Frechet spaces. □ 



Conjecture 5.24 The equivalent statements of Theorem \5.23\ hold for every root 
datum and every positive label function. 

If q is an equal label function then by the Kazhdan-Lusztig classification (see 
page 132) and by Theorem 5.3 none of the vector spaces in Theorem 5.23 depends 



on up to natural isomorphisms. It is probable, though not a priori certain, that 
these isomorphisms can be realized with 0o- 

Actually, even for unequal labels strange things happen if Conj ecture |5 . 24| does 
not hold. Suppose for example that HHo{(po) is not injective. In that case there 
would exist an 

X e S{W) \ [S{W),S{W)] such that M^) e [5(7^, q),S{n, q)] 
However, since is an isomorphism Ve > 0, we would have 

CVo(2:) G [S(n,q'),Sin,q')] Ve > (5.78) 
But this is remarkable since 



(f>^ ^00 (a;) and 



Z-q-V-y -q- 



are both continuous on [0,1] ,yx,y,z G S{Tl). Maybe one can show that it is 
outright impossible, by a thorough study of conjugacy classes in affine Weyl groups. 
Related results for finite Coxeter groups can be found in j46l Sections 3.2 and 8.2]. 

Or suppose that G((/)o)<8iidQ is not injective. Then there would exist to G and 
{n,V),{Tr' ,V') G Rep^^^f.^^rp^AC*{TZ,q)) such that ttoi^o and tt' o 0o are equivalent 
C*(M^)-representations. The Euler-Poincare pairing from (3.74) can help in this 
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situation. Assume for the moment that TZ is semisimple. By Theorem 5.2 the 
finite dimensional semisimple subalgebras T-l(TZ,I,q) are rigid under q q'^ , so 



Therefore Pn{V)^ ^ PniVf^ for all n, and by Corollary 

Eul[V"] = Eul [V] e Kf){n) 



\n{n,i,q) 



(5.79) 



3.11 



Together with (3.771 this shows that \V] — \V'] is in the radical of the Euler- 
Poincare pairing. However, we noticed on page |79] that the radical of EP is very 
large, so this does certainly not imply that tt and tt' are equivalent. The next 
theorem is very useful to overcome this problem. It is analogous to results of 
Meyer [9^1, Theorems 21 and 38] for Schwartz algebras of reductive p-adic groups. 



Theorem 5.25 Let TZ he any root datum and V, V £ Kep{S{TZ, q)). Then 

J5(K,g) 'X' «*; (5.80) 



{S{n,q) ®n(n,q) P*{V)^ , ids(v._n\ ® d.. 



is a finitely generated resolution ofV. This resolution consists of projective mod- 
ules if TZ is semisimple. Moreover for such root data there are natural isomor- 
phisms 



Ext: 



)(y,V')-ExtS(K,,)(y,l/') neN 



n{TZ,q 

Proof. This has been proved recently by Opdam and the author. We can construct 
a suitable contracting homotopy operator of the differential complex 

{P,iVf,d,) 

Using the temperedness of V we can show that this operator extends continuously 
to the complex (5.801. The details will be published elsewhere. □. 



Suppose that both V and V are direct sums of discrete series representations. 
By Theorem 3.25 a discrete series module is projective in Rep (5(7?., g)), so with 
Theorem 15.251 

oo 

EP{[V]-[V'],[V]-[V']) = E(-l)"dimExtV,)([y]-[F'],[y]-[y']) 

= dmiRoms^n.q){[V] - [V], [V] - [V]) 

(5.81) 

Clearly this is positive whenever V and V are inequivalent. This does not only 
imply TT o ^ tt' o 00, but also that 

G{(j)o){[V] - [V']) is not in the radical of EP. (5.82) 

Hence this element cannot be written as a sum of virtual representations that are 
induced from proper parabolic subalgebras. Because every irreducible tempered 



5.4. ^fC-theoretic conjectures 



165 



representation is a direct summand of a representation that is parabolically in- 
duced from a discrete series representation, this is an essential part of Conjecture 

In some important cases this actually suffices to prove the conjecture. Namely, 
using the theory of R-groups [lOl [S^ it can be shown that for certain labelled 
root data all representations of the form tt{P, 6, t) with (P, 5, t) S S^, are irre- 



ducible. Using Theorems 3.19 and 5.25 we can apply an inductive argument to 



verify Conjecture |5.24| in such cases. See Section [677| for more details. 

Let us have another look at Theorem |5.23[ Clearly the first three statements 
can also be formulated with integral coefficients: 

Proposition 5.26 The following are equivalent: 

1. G{(j)a) ■■ G{C;(n,q)) G{C;{W)) is an isomorphism 

2. KYicp{4>o) '■ G[C*{W)) G(C*(7?., g)) is an isomorphism 

3. K^{(j)o) ■■ K^{C*{W)) K^[C*{7i,q)) is an isomorphism 

Proof. This is completely analogous to the corresponding part of the proof of 
Theorem 11231 □ 



One of the motivations for considering these maps is that K^{(j)Q) is natural, in 
the sense that it can be constructed without really using 0o- The idea is that small 
perturbations of invertibles or idempotents have no effect on classes in if-theory. 
By Theorem 2.27 K^,{S{W)) is finitely generated. Using Theorem [2.12 



find fc e N and a finite set of idempotents and invertibles in Mk{S{W)) which 
generates K^{S{W)). Let {u,q^) G Mi;{S{TZ,q^)) be such an invertible. In view 
of Proposition |5.9| and the remark on page |146| there exists an > such that 



iu,q')eGLkiSin,q')) Ve<e„ 

To handle idempotents in a similar way we need holomorphic functional calculus. 
Define the holomorphic function /p on {z £ C : 3?(z) ^ 1/2} by 



1 if 3?(z) > 1/2 
if ^(z) < 1/2 



Note that fp{x) is idempotent whenever it is defined. Let (e,(7°) G AIk{S {TZ, q'^)) 
be an idempotent. It is clear from Proposition |5.6| that Be^ > such that 



(e,g') ^ 1/2-ai e GLk{S{n,q^)) Ve < e^, Va e M 
In fact, by direct calculation one can show that this holds for all e such that 

||A(e,g^) - A(e,g")|L,,,„., < ^ 



^ 2 + A\\\{e o°)ll 



For such e the idempotent fp{e,q'^) is well-defined 
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Lemma 5.27 The following equalities of K-theory classes hold for u and e as 
above. 

[{u,q-)] = i^i(</)7Vo)[K9°)] e Xl(5(7^,g^)) Vee(0,e„) 
[/p(e,g^)] = ifo(0rVo)[(e,g")] G Xo(5(7^,9^)) Vee(0,ee) 

Proof. For any x G Mfc(C) ® S{TV) the map 

[0, 1] ^ Mfc(C) ® 5(7^) : e -> C Vo(a;) 

is continuous. Hence {u,q'^^) and 0~^0o(w, 9°) are homotopic in GLk{S{TZ,q'^^)), 
for some small ei > 0. Clearly this implies that (j)J^(f)^^{u,q'^^) and (j)~^(j)Q{u,q^) 
are homotopic Ve € (0,etj). But there also is a path from (/)7^0ej (u, g'^^) to {u,q'^) 
along elements of the form (l)~^(j)^^{u, q"^^). 
Similarly, by Corollary |5.10| 

[0, ee) ^ Mfe(C) S{n) : e ^ /^(e, q') 

is continuous. According to [lOl Proposition 4.3.2] there is a small £3 > such that 
fp{e,q'^^) and ^tre homotopic in Idem(Mfc(5(7?., g'^^))^ But then, as 

above for u, 0~^0o(e,9°) and fp{e,q'^) are homotopic via 4>~^4'^^{fp{e,q'^'^)). □ 



So we have a family of pre-C* -algebras S{TZ, q)) which are independent of q as 
Frechet spaces, and whose multiplication depends continuously on q. Moreover, 
replacing q by q'^ with e > sufficiently small, we may assume that the natural 
group homomorphism if*(0o) can be constructed without using 0o- Therefore it 
is not unreasonable to suspect the following. 

Conjecture 5.28 For any root datum TZ and positive label function q the map 
X,(0o) : K.,{S{W)) -> if,(5(7^,g)) 

is an isomorphism. 

As mentioned, this conjecture stems from Baum, Connes and Higson [5], at 
least in the equal label case. Independently, Opdam 98, p. 533] stated it for 
unequal labels. In Chapter 6 we will verify Conjecture |5. 28 for some classical root 
data. 

Consider the root datum TZ x 1, with the unique label function that extends q. 



By (3.90) 



S{n xZ,q)= S{n, g)i5(Z) = {S^;S{n, q)) (5.83) 
In Lemma |2.17| we constructed natural isomorphisms 

KoiSin X Z,q)) ^ K,{S{n,q)) ^ K^{S{n x Z,q)) (5.84) 



Therefore it suffices to prove Conjecture [5.24 either for Kq and every {TZ,q), or 



for Ki and every (TZ,q). Probably the Xi-case is easier, for two reasons. Firstly, 
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invertibles are more flexible than idempotents. If we perturb them a little they 
remain invertible, so we can do without holomorphic functional calculus. Secondly, 
we can find a bound, uniform in q, on the size of the matrices that we need to 
represent all ifi-classes. In fact, by Proposition |2 . 16| we can bound the topological 
stable rank by 

^sr(C;(7^,g)) < \Wo\^{l + LdimTj2j) (5.85) 
Now Theorems 12.131 and 12.151 show that 

Xl(5(7^,<z)) ^7ro(GL„(5(7^,g))) Vn > |T4^o|'(l + rk(X)/2) (5.86) 

One way to attack Conjecture |5.28| goes approximately as follows. Pick a finite 
set of generators of Ki{S{TZ,q)). Find suitable representants Ui e GLn{S{TZ,q)), 
i.e. Ui should lie in 

Af„(C) (8) span{7Vi„ : 7V(w) < M} 

with M "small" and sp(ui) should lie in a "small" neighborhood of the unit circle 
in C. If q is close to one may hope that to every Ui one can associate in an 
unambiguous way a unique homotopy class in GLn{S(W)). This class should be 
constructed by applying the isomorphisms (pj^ and by perturbing Ui a little. In 
particular it should contain elements of il/„(C) S{TZ) that are homotopic to Ui 
in GL„(5(7^,(^)). 

An analogue of Conjecture |5.28| does hold for noncommutative tori. Let T" 
= M"/Z" = (S*^)" be the standard compact n-dimensional torus. In this setting 
the underlying group W becomes Z", and q is replaced by a skew- symmetric 
bilinear form on Z". By taking iterated crossed products with Z, one constructs 
a C*-algebra which is a deformation of C(T") and is commonly denoted by Ag. It 
has a holomorphically closed dense subalgebra 5(Z", 6) which, as a Frechet space, 
is naturally isomorphic to 5(Z"). By deforming 9 Elliott [43i Theorem 2.2] proved 
that there exists a natural group isomorphism 

X,(A0)^/\Z" (5.87) 

For 6 — this can be interpreted geometrically as the classical Chern character 

Ch : K*{T") ^ iJ*(T" ;Z) 

However, there are also quite big differences between noncommutative tori and 
affine Hecke algebras. Namely, the structure of Ag is very different for 6 rational 
or irrational, and an essential ingredient in Elliott's proof is the Pimsner-Voiculescu 
exact sequence, which is not available for crossed products with non-cyclic groups. 
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Chapter 6 

Examples and calculations 



The final chapter of this book is completely different from the others. We barely 
state or prove theorems here, we mostly make calculations. 

In Chapters 3 and 5 we studied affine Hecke algebras in a very abstract way, 
almost without mentioning any examples. However the results in those chapters 
could hardly have been obtained without first checking, by hand, what happens 
in some simple exemplary cases. Basically we have two goals: we want have to 
examples of all the objects we introduced in Chapter 3, and we want to verify the 
conjectures made in Section [5T4| in some cases. 

So we must devise a strategy to calculate the i^-theory of the C*-completion 
C*{TZ,q) of an affine Hecke algebra with root datum TZ and label function q, and 
to find the homomorphisms (hopefully isomorphisms) 



x40o) : i^*(c;(7^,g°)) ^ K,{c:{n,q)) 



(6.1) 



For we can use (2.105) and (3.91 1, which say that 

K,{C;{W))(g,C^ K,{C{T^) X W^o)®C ^ H*{Tu;C)^" ^ H*{%/Wo;C) (6.2) 
Moreover, if H* (T^ / Wa;!) is tor sion free, then by Theorem : 



2.24 



K,{C:{W)) - A-,(c(T„;EndC[Tyo])'^") = H*{T^/Wa-,l) (6.3) 
In general our procedure will involve the following steps. 

1. Explicitly write down the root datum and the associated Weyl groups. 

2. Determine the residual cosets and distinguish the different " genericity classes" 
of label functions. 

For every q there is, as noticed in ( |5.40[ ), a canonical decomposition 

c;(7^,g) = 0c;(7^,(^)p (6.4) 



where P runs over certain sets of simple roots. 
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3. List a good set of P's. 

For every chosen P we do the following: 

4. Determine the root datum TZp 

5. Determine the discrete series of Ti.(TZp, qp), and all the relevant intertwining 
operators. 

This is the only step where we can still encounter theoretical difficulties. The 
problem is that in general it is not known how many inequivalent discrete 
series representations there are. Fortunately we can decide this in the cases 
we consider. 

6. Describe C'*{TZ,q)p and its primitive ideal spectrum. 

7. Calculate (C* (7^, q)) p. 



Our main tools for this are excision and Proposition 2.21 In principle these 
will always lead to the answer, but it is tedious work that becomes unprac- 
tical in higher dimensions. On the other hand things become easier if we 
forget about torsion elements, for then we can use sheaf cohomology. For 
this reason will sometimes be satisfied with K^,(^C*{TZ,q)p) ®i C. 

8. Find generating idempotents and invertibles, as explicit as possible. 

9. Compare K^{C;(n,q)) and X* (C;(7^, . 

10. Determine K^,((j)Q) in terms of the given generators. 



The results of these calculations are 



There are no examples for which (6.1 1 is known to be no isomorphism. 



(6.1 1 is an isomorphism for some root data of low rank 



• (6.1 1 is an isomorphism the root data TZ{GLn) and TZ{An-iY ■ 

We will also see that these iiT-groups tend to be torsion free. This is due to 
the fact that the primitive ideal spaces of affine Hecke algebras look like quotients 
of tori by reflection groups, or direct products and unions of those. The root data 
we study all have free abelian X-groups, but whether this holds in general is hard 
to say. 



6.1 Ai 

Like in the theory of semisimple Lie algebras, the rank one root system Ai plays 
an important role in the realm of Hecke algebras. Every Iwahori-Hecke algebra is 
in a sense built from such rank one Hecke algebras. There are two semisimple root 
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data with Rq = Ai, corresponding to the root lattice and the weight lattice. We 
will study the associated affine Hecke algebras in detail, and show that Conjecture 
15.281 holds for these root data. 

The notation TZ{Ai) will be reserved for X the root lattice. We start with the 
other case. Thus we consider the root datum TZ{AiY — {X,Y, Rq, Rq , Fq) with 

X Q = 2Z X+ = Z>o 

Y = Q'^ =Z 

r = 

Ro = Ri= {±a} = {±2} 

i?,;^ = i?r = {±«-} = {±i} 

Si — Sa : X —f —X So — t2Si — tiSit^i : X 2 — X 

•Saff' = {so, Si} W ^ W^aff = (so,Sl|So = sf = c) 

n = {e,uj} = {e,tisi} 

For any label function q we have q{so) — ^(si) = g^v, and we denote this value 
simply by q. Then 

Ca = (l-g"'e-2)(l-0-2)"' 

SO generically the residual points are 

(g 5) 

Hence there are only two essentially different cases, depending on whether q equals 
1 or not. 



• group case q = 1 



From Theorem 3.15 we know that every irreducible representation is a direct sum- 
mand of a unitary principal series It = 7r(0, i^g, t). The underlying vector space of 
It is 

C[Wo] ^ CT, + CTs, 

and the intertwiner 7r(si, 0, ^0, : It — > /j-i is simply right multiplication by Tg-^. 
So with respect to the orthonormal basis 



(6.6) 



we have 



S{W) - |/eC-(5i;M2(C)) :/ri)= (^J -l) ^(^) (j -l) 
C;{W) = {/ e C([-l, 1]; A/2(C)) : /(±1) is diagonal} 



(6.7) 
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The spectrum of these algebras is the non-Hausdorff space 
Pnm{C;{W)) ^ C 

To calculate the JC-theory we use the extension 

^ Co([-l, 1], {0, 1}; M2(C)) ^ C:{W) ^ ^ 

defined by evaluation at 1 and —1. The associated exact hexagon is 

^ Ko{C;{W)) ^ 

T i 
^ Ki{C;{W)) ^ Z 

By comparing this with the standard extension 

^ Co([-l, 1], {0, 1}) -> C{S^) C ^ 

we see that the vertical maps are surjective, so 

K,{c;{w)) = o 

We can even find explicit generating projections, namely 

p„ = (re + r,j/2 

P6 = (Te-T, J/2 

= Te/2 - ((^1 + e-i)T,, + i{e-i - ei)Te)/4 

pa = Te/2 + ((^1 + e-i)Ts, + - ^i)Te)/4 
The only relation between these generators is 

\Pa] + [Pb] = [Pc] + [Pd] = [1] G Ko{c;{w)) 



(6i 



(6.9) 



• generic, equal label case q 7^ 1 

• P = 

i?P = i?^ = 

= X Xp = = Y Yp = 

= T Tp = {1} Kp = {1} 
= W{P, P) = Wpp = Wo Wp = {e} 
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Again there is a single intertwiner 7r(si, 0, (Jg, : It — s- /f-i and 

= (T,,(l-02) + (g-i)^?2)(g-^?2)-^ 

7r(si,0,(50,l) = 7r(si,0,j0,-l) = l 
a*(7^,(z)p-C•(hl,l];A^2(C)) 
Pl■im(C;(7^,g)p) - S^/Wo - [-1, 1] 



= iy(P, P) = Wpp = {e} Wp = 





= Xp = X = Yp^Y 

r^=={l} Tp = T ifp = {l} 

From Proposition |3 . 20] 2 we know that there is exactly one discrete series represen- 
tation for every orbit of residual points. So the spectrum of C*(TZ, q) contains two 
isolated points, which we call 6i and (5_i, by the sign of their central character. 

c;(7^,g)p^c2 

By brute calculation one finds the associated projectors 

Pi ^ E {-qY'^-^TUTe-T^)( E iH^'Y' if '?>1 
Pi = E E iH-'Y' if q<l 

P-1 - E E 'zHj if g>l 



P-l = E T^ATe-T^){ E 9H) ' if g<l 



Combining the results for P = and P — {a}, the spectrum of C^{7Z, q) becomes 
the Hausdorff space 



(6.11) 



Prim(C*(H/)) ^ • • 

This implies 

Ko{c:{n,q))^i? 
K,{c:{n,q)) = o 

Let po be any rank one projector in C([— 1, 1]; Af2(C)). Then (the classes of) 
P-i, Po and pi generate Ko(C*(TZ, q)), and we have 

+ bi] + 2[po] - [1] e Ko{C:{n, q)) 

Now we can compare the cases q — I and q ^ I. Looking carefully at the behaviour 
near t = I and t — —1, we find that Kq^c/jq) is always an isomorphism. We describe 
this map completely with the following table. 
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9<1 


q=l 


9>1 


PO+Pl +P-1 


Pa 


Po 


Po 


Pb 


PO+Pl +P-1 


PO+P-1 


Pc 


Po+Pi 


Po + Pi 


Pd 


PO+P-1 



(6.12) 



Let us move on to the type Ai Hecke algebras with X the root lattice. This means 
that we work with the root datum TZ{Ai): 



X = Q = Z X+ = 

Y = Z =21 

r = 

i?o = {±a} = {±1} 
Rl = {±a^} = {±2} 
Fq = {a} Wo 



^>0 



Ri = {±2} 
RX = {±1} 

{e,Sa) 

So = tiS\ : X — > 



•^aff = {so, Si} W = Waff = (so,si|so = sf = e) 

Now So and si are no longer conjugate, so g'o = q{so) and qi = q{si) may be 
different. By definition 



= qo gaV/2 = 9l9o 

, -1/2 1/2^ \/^ -1/2 - 

Ca = (l + 9i Qo ^'-i)(l-9i Qo 
Generically the residual points are 



1/2, 



1/2 111 

Qo Qi 



-1/2 -1/2 

Qo Qi 



1/2 -1/2 

Qo Qi 



-1/2 1/2 

Qo Qi 



(6.13) 



From this wc see that there are four cases to study: the group case go = 9i = 1, 
the equal label case qo = qi ^ ^, the "inverse label" case qo = qi^ ^ and the 
generic case. 

• group case qo = qi = 1 

This is the same as the group case for X equal to the weight lattice of Ai. 

• equal label case qo = qi = q 7^ 1 

• P = 

i?P = i?^ = 

X^ = X Xp = = Y Yp = 

= T Tp = {1} Kp = {1} 
= W{P, P) = Wpp = Wo Wp = {e} 
= (T,,(l-^i) + (9-1)^0(9 -^i)-i 
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With respect to the orthonormal basis 

{(Te + T,J(1 + (^T, - r,J(g + g2)-i/2} (6.14) 

of Ti{Wo, q) we have 

7r(si,0,(50,l) 7r(si,0,(50,-l) = 

C;(7^,g)p - {/ e C(hl,l];M2(C)) : /(-I) is diagonal} 

Prim(C;(7^,g)p) ^ 3 

• P = {a} 

Rp = Rq Rp = Rq 

X'" = Xp^X = Q Yp^Y 

r^ = {l} Tp = T Kp = {l} 

= W{P, P) = Wpp = {e} Wp = Wo 

Obviously —Qo^^qi = —% ^^'^q\^'^ — —1, so these points are not residual for 
this particular label function. On the other hand, by Proposition 3.20 2 there 
is a unique discrete series representation 5i with central character q^^ . It has 
dimension 1, and the corresponding projection is 



(6.15) 



wew ^ luew ' 

Pi = iM) if 9<1 

wew ^wew ' 

We conclude that 

C;(7^,g) - {/ e C(hl,l];M2(C)) : /(-I) is diagonal} ® 

Prim(^7;(7^,q)) - 3 

Evaluating at —1 and at q^^ yields an extension 

Co(hl,l],{-l}; A/2(C)) -> C;(7^,g) ^ ^ 
whose exact hexagon in A'-theory is 

^ Ko{C;{Tl,q)) ^ Z3 

T i 
^ ifl(c;(7^,g)) ^ 
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This shows that 



Generating projections are 



Xl(c;(7^,g))-o 



pi 








Pa 



1 




,0 



Pb 




1 



Explicitly this works out to 



if q>l 
if q<l 



Pa = {T, + T,,){l + q)-^ 
Pa = {T, + TsJ{l + q)-' - Pi 
Pb = {qTe ~ TsJ{l + q)-^ - pi if q>l 

Pa = (re + r,j(i + g)-i if <7<1 

inverse label case q = qi = Qo^ 7^ 1 



P 



Rp 



X 



Yp 



lip — u 

Xp^O = Y 

Tp = {1} Kp = {1} 
= W{P, P) = Wpp = 1^0 Wp^ {e} 

i°^^{T,,{i + e,) + {i-q)e,){q + e,)-' 







With respect to the basis (|6.14p we have 





7r(si,0,<50,l) 



-1 



7r(si, 0,(^0,-1) 



1 
1 



C:in,q)p - {/ e C([-l,l]; Af2(C)) : /(I) is diagonal} 
Prim(C;(7^,(?)p) ^ 8 



(6.16) 



(6.17) 



• P={a} 

Rp = R.Q i?p = Rq 

X^ ^0 Xp = X = Yp^Y 

= {1} Tp = T Kp^ {1} 
= Vl^(P, P) = Wpp = {e} Wp = Wo 

Now we have gp^^g^^ = ^^^f?]^ = 1, so these points are not residual. There is a 
unique discrete series representation 6-1 with central character —q^^. Its projector 
is already a little more difficult to describe. For w E W write ({w) — £o{w)+£i{w), 
where £1 counts the number of factors in an reduced expression for w. Notice 
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that this is well-defined only because there are no relations between sq and si in 



Summarizing, wc have 

C:{n,q) ^ C© {/ e C([-1,1];M2(C)) : /(-I) is diagonal} 



Fnm{C;{n,q)) ^ • 
Like in the equal case this leads to 

and generating projections are 



Now they are given by 

p„ = (Te + T,J(l + g)-i if <z>l 

p„ = (Te + T,J(l + g)-i-p_i if g<l 

P6 = (gTe-T,J(l + g)-i-p_i if g>l 

P6 = (gTe-T«J(l + g)-i if 9<1 

• generic case qo 7^ Qi 7^ Qo ^ 

• P = 

i?P = i?^ 



p 

p 

p 



= X Xp = Q = Y Yp=0 



= T Tp = {1} Kp = {1} 
VF^ = W{P, P) = Wpp = Wo Wp = {e} 

to^ = {T,,{i + ei) + {i-q)e^){q + ei)-' 

In this case all unitary principal series representations are irreducible: 

7r(si,0,50,l) = 1 7r(si,0,50,-l) = 1 
C:{n,q)p^C{[-l,l];M2{C)) 
Pnm{C;{-R,q)p) ^ S^/Wq ^ [-1,1] 



(6.18) 



(6.19) 



(6.20) 
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Hp — i?o i?p — Rq 

^0 Xp = X = Yp = Y 

= {1} Tp = T Kp = {1} 
= WiP, P) = Wpp = {e} Wp = Wq 



The residual points were already listed in (6.131. By Proposition 3.20 2 there are 



exactly two inequivalent discrete series representations, 5i and (5_i. 

c;{n,q)p^c' 

To write down the corresponding projections we have to distinguish four cases. 
Pi=Y. {-^Y^^^H-'T^ ( E '?(«^)"') ' if * > gf' (6.21) 



Pi 



if go < gf' (6.22) 
if go < 91 (6.23) 
if go > gi (6.24) 



If we consider Si and S-i only as representations of Ti.{Wo,q), then in this list 
(6.211 and (6.23) are deformations of the sign representation, while (6.22) and 



(6.24) are deformations of the trivial representation. 



We conclude that 

C;(7^,g) =C®C([-1,1];M2(C)) ®C 

Prim(C;(7^,g)) 9^ . — 



Hence in the generic case also 



Xo(C;(7^,g))-Z3 

Xl(c;(7^,g)) = o 



(6.25) 



Canonical generators are [p-i], [pi] and [po], where po is any rank one projector 
inC([-l,l];M2(C)). 

So for this root datum the if- groups are independent of the label function. More- 
over the various maps Ko{(l)a) all turn out to be isomorphisms. We list the images 
of the projections Pa, Pb, Pc f^nd pj^ below, in that order. 
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(Ji) = qi < 1 


% < <li > 'h\ 


<li) = '_/!> 1 


Pa 


Po 


Pa 


Pb+P-1 


Po+Pi+P-i 


Pb+Pl 


Pb 


Po+Pi 


Pa+Pl 


Pa +P-1 


PO+P-1 


Pb 


Qi^ > qo < Ql 


90 = 91 = 1 


Qi^ < Qo > Ql 


Po+Pi 


Pa 


Po+P-i 


PO+P-1 


Pb 


Po+Pi 


Po 


Pc 


Po+Pi+P-i 


PO+Pl+P-1 


Pd 


Po 


qo = qi <1 


Qo^ > qi<qo 


Qo^ =qi<l 


Pa+Pl 


Po+Pi+P-i 


Pa+P-l 


Pb 


Po 


Pb 


Pa 


Po+P-i 


Pb+P-1 


Pb+Pl 


Po+Pi 


Pa 



6.2 GL2 

The simplest twodimensional root datum which is not a product of two onedimen- 
sionale root data is TZ{GL2). 

X = l? Q = {{n,-n):ne'L] X+ = {{m,n) el? : m> n] 

Y = I? = {{n,-n):ne'L] 

T={£^Y i=(ti,t2) = Wl,0),i(0,l)) 

i?o = {±a} = {±(l,-l)} = i?i 

Rl = {±a^} = {+{\,-l)} = RX 

Fo = a Wo = {e,Sa} 

si = Sa : (m,n) {n,m) sq = taSa = t(i,o)Sit(-i,o) : (m,n) (n + l,m- 1) 

'S'afI = {so, Sl} W ^ Waff = (so, Sl|So = = c) 

fl= {w) = (t(i,o)Si) = Z 

For any label function q we have g(so) = q{si) = Qa^^ , so we call this value q. 
There are no residual point because TZ is not semisimple. We do have two residual 
cosets of dimension one, namely 

{tGT : = q} and {t G T : ^-^2 = Q~^} 

So there are only two really different cases, Q = 1 and q^l. 

• group case q = 1 
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As said before, we only need to look at unitary principal series representations. 
There is a single nonscalar intertwiner 7r(si, 0, (Jg, t) : I(ti,t2) ~*_^t2,ti) given 
by right multiplication with T^-^, so with respect to the basis (6.6) we have 



1 

-1 



Let M be the closed Mobius strip and dM its boundary. We see that 

C*(W) ^ {/ e C{M; A'hiC)) : f{m) is diagonal if m e dM} 
Consider the ideal 

A, = {fe C{M; AhiC)) : /(m) = (*^ [j] if m G dM} 



According to Proposition 2.21 the inclusion Ai C{M; M2{C)) induces an iso- 
morphism on A'-thcory. However, M is homotopy equivalent to a circle, so 

Ko{Ai) = K,{A,) - Z 

Moreover dM = S^, so from 

^ Ai ^ C;{W) C{dM) -> 

we get 

Z ^ Kn{C;{W)) Z 

T i 

Z ^ Ki{C-*{W)) ^ Z 

Now it is not difficult to see that the upper part of this hexagon is exact, and 
hence 

Ko{C:{W))^Z^ 
Ki{c;{W)) ^Z^ 

Generating projections and unitaries are 

Pa = (Te+r,J/2 
U = 0(0,l)Pa + d(a-l)Pb 

• generic, equal label case q 7^ 1 

• P = 



(6.27) 



(6.28) 
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i?P = i?^ = 

= X Xp^O Yp^O 
T^^T Tp^{l} Kp = {l} 

= W{P, P) = Wpp = Wo Wp^ {e} 
= (r,,(l - + (1 - + 0(1,-1))-^ 

If si(t) = f then 7r(si, 0, (50, t) = 1, so 

C:{n,q)p^C{M-M2{C)) 
Prim(C;(7^, g)p) ^ TJWq = M 

• P^{a} 

Rp = Rq i?p = Rp 

X^ = X/Za = Z Xp = X/{R),)^ =Za/2 

Y^ ^Y C^Rj,^'L{l,l) Yp = Y nQR^I, ^Za"" 

PP - : h e C""} Tp - {(ii,ir') : ti e C><} 

ifp = {(l,l),(-l,-l)} = {l,fcp} 

The root datum TZp is isomorphic to TZ{AiY , so we can use the description of the 
discrete series on page 175 The representations 7r(P, (5i, and 
7r(P, (5i, (— ti,— ti)) arc intertwined by 7r(fcp). 

C;(7^,g)p-C(5l) 

Prim(C;(7^,g)p) - (P, Wp(gl/^ g-^/^), Ji, T,^) - 
The associated projector is 

= E E -zH^T' if 9>i 

E T„( E 9H)'' if g<l 



(6.29) 



Adding these two summands we get 

/fo(c;(^,'?)) = 
ifi(c;(7e,(z)) 

These groups are generated by the classes of the projections 

^"^((o o)'0 """"^ ^"=((o 

and of the invertibles 



(6.30) 
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where r : M ^ is a homotopy equivalence. Explicitly we may take 



Ua = PaO{l,0) + 1 - Pa 

"0 = ^(1.0)(1 -Pa) +Pa 

po = (Te + r,j(i + (z)-i if 

po = (T,, -gTe)(l + if 



a> 1 



(6.31) 



Hence for this root system the ii'-theory of S{TZ, q)) is independent of q. The 
group isomorphisms Ko{(j)o) are as follows: 



q<l 


<I=l 


q>l 


Pa +Pa 


Pa 


Po 


Po 


Pb 


PO+Pa 


Uq 




Uq 


UoUa 


u 





(6.32) 



6.3 A, 



Somewhat unusually we will not consider A2 as embedded in M.^, but only as a 
twodimensional object. There are two semisimple root data with Rq of type A2, 
depending on whether X is the root lattice or the weight lattice. The latter case 
is easier, so let us draw this root system together with the fundamental weights 
xs and X4. 



•Y 



-Y 
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The root datum TZ{A2y is described by 

X = Zx3 + Za;4 = Z(0, S-^/^) + Z(l/2, 3-^/72) X+ = Nxg + Na;4 
Q = Z(l,0) + Z(-l/2,\/3/2) y = 0^ =Z(2,0) + Z(1,V3) 

T=(C^)2 t={t3,U)^{t{x3),t{xi)) 

Ro = {±a, ±p, ±7} = {±(1, 0), ±( - 1/2, V3/2),±{l/2, 73/2)} = i?i 

i?o^ = { ±a^±/3^±7^} = {±(1,0),±(- 1/2,73/2), ±(1/2, V3/2)} = iJ^ 

Fo = {a,/3} W^o = (sa,s/3|s^ = = (sqS^)^ = e) 5*3 

Si = Sa : (n, m) (— to) S2 — s/j : (n + m/2, m\/3/2) ^ (m + n/2, 

So = t^s^ : (n + m/2, mV3/2) ^ ((1 + n- m)/2, (1 - n - m)%/3/2) 

•S'aflf = {S0,Sl,-S2} W^W^s = {so,Wo\sl = {SQSif = {SQS2f = t) 
Q. = {e,UJi,UJ2} = {e,tx3Si3Sa,txsSaSi3} 

For any label function q we have 

9(so) = q{si) = q{s2) = q{s3) = qa^ = g/3v = q^v 

so we denote this value simply by q. 

Cn = il-q-'e-r,){i-0-r,)-' 

for rj e {a, (3, 7}. Gencrically there are 6 tempered residual circles and 18 residual 
points. Representatives for the Wo-conjugacy classes are 

{q,q) (9C,5C') (9C',3C) and {{q'/Hlq^^) : t4 G T} (6.33) 

where C = e^'^*/^ is a root of unity. 

• group case q = 1 

In the compact torus T„ there are three T4^o-iiivariant points: 

(1,1) (C,C') (C',C) (6.34) 
Furthermore we have the following circles with nontrivial stabilizers: 

{{tlti) :U€T} Sa 

{(is.is') : *3 eT} 

These circles are conjugate under Wq. Therefore Prim(5(7?,, q)) is a non-Hausdorff 
triangle whose interior is HausdorfF, whose edges are doubled and whose vertices 
are triple points. Let us call the underlying Hausdorff quotient space Tu/Wq D, 
and its edges D^, Dp and D^, indicating their stabilizer. 
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D 




There is no need to indicate which of the points (6.341 is as all configurations 



occur, for a suitable choice of a fundamental domain. 



C;{W) - {/ e C(l?;End(C[M^o])) : T,J{t)T,^ = f{t) e D, , 



Consider the extension 

Co{D, dD; End(C[Wo])) -> C;{W) Ai -> 
Ai = {/ e C{dD;End{C[Wo])) : T,J{t)T,^ - /(t) V< G A, , 
/K) e End(C[W^o])'^° V7y e {«,/?, 7}} 



(6.35) 



In the vertices Vr^ the Ai-representation C[Wo] is a direct sum of three irreducibles: 
the trivial Wo-representation, the sign representation of Wq and the defining (re- 
fiection) representation of Wq (with multiplicity two). Likewise, on the edge 
I?,, C[Wo] is the direct sum of a part corresponding to the trivial representa- 
tion of {e, Sr,} and a part corresponding to the trivial representation of {e, s,,}. 
Both summands have dimension three. Evaluating the reflection representations 
at the vertices gives an extension 



^ ^ ^1 -> NhiCf -> 

A2 = {fe C{dD; Af3(C)) : /(«„) G C O2} 



(6.36) 



where O2 is the 2x2 zero matrix. By Proposition |2.21| the inclusion A2 
C{dD; AI^^C)) induces an isomorphism on iiT-theory, so we have an exact hexagon 



The vertical maps are 0, so 



KoiAi) 
ifi(Ai) 



Z3 
Z2 
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Plugging this into (6.35) we get 

z ^ Ka{c;{w)) 
T 

z2 ^ K^{c;{w)) 



i 





In terms of suitable generators the left vertical map becomes addition, and there- 
fore 

KaiCUW)) '^1} 

(6.37) 



Define the projections 



Ptriv 



6 



Psign — 6 5Z ( ^ ''"^'^ 

We can unambiguously define classes of projections ps, p4, P5 by the requirements 

,^j^3_j . 1= Ptriv + Psign if « 7^ j mod 3 
\ -L Ptriv +Psign if i = j mod 3 

Then Kq{CI{W)^ is generated by 

[Ptriv] [Psign] [Pa] [P4] [Ps] 

and a generator for A'i(C*(VF)) is 

M = [PtrivA^i^sPtriv + Psign^^-^aPsign + T'e " Ptriv " Psign] 

• generic case q 7^ 1 



• P 



i?p — 



i?P = 

= = y Fp = 

Tp = {1} isTp = {1} 
= V7(P, P) = Wpp = M^o Wp = {e} 

= m,(i - e,,) + {q- i)e,,){q - 6,)-' V e {a, /3, 7} 

If Sri(t) = t then 1°^ = 1, and there are no points with stabilizer {e, S1S2, S2S1}, so 

C:{'R,q)p^C{D-AUC)) 
Prim(C;(7^,g)p) ^ TjT^o = D 



P = {a} 
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Rp = {±a} R^p = {±0^} 

= X/'La = Xp ^ X/Zx3 ^ Za/2 

r^=Z(0,2y3) Yp = Za' 

T'' ^{{tlM)-UeT} Tp^{{\M):UeT} i^p = {(l,l),(l,-l)} = {l,fcp} 
VFp = {e,s„} W'' = {e,sp,s^S0} W{P,P)^{e} Wpp ^ Kp 

The root datum 7?.p is isomorphic to TZ{Ai)'^ , so we can use the analysis on page 
|174[ The representations tt{P, (5i(1, ^4)) and n{P, 5^i, (1, — ^4)) are intertwined by 
7r(fcp). 

C:in,q)p^CiS';M3{C)) 

Prim(C;(7^,<z)p) - {P,Wpiq'/^q'/'),Si,T^) = 
The corresponding central idempotent is + + p^, where 



Pr, 

Pn 



-1 



E E if <z>i 

if q<l 



and PF"^ = C W^aff- 

. P = {/?} 

This subset of Fq is conjugate to {a} by SaSp. 



Rp^ 


Rq i?p = 


- -Rq 




XP^ 


Xp = 








{1} Tp 


= T 


Kp = 




-- W{P, P) = 


Wpp 





Yp = Y 



(6.38) 



The residual points (6.331 all carry exactly one inequivalent discrete series repre- 
sentation. We have C*{TZ,q) = C'^ with central idempotent 



Pa,f3 



Pa,p 



= E {-iY^'^^tJ e 'zH^M if 9>i 



if g < 1 



(6.39) 



The projections for the specific points are 



P{1,1) = {Te + T^-^ +T^^)pa^f3/3 

P(CC) = {Te + CT^,+eT^JPc.,i3/S 



(6.40) 
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Notice that they agree on H(Wafi,g). 

We conclude that the spectrum of C* {TZ, q) is the Hausdorff space 

Prim(C;(7^,g)) ^DUS^US points 

Since D is compact and contractible this impUes 

K„m)^Z^ ,6.41) 
K,(C;(R,5))SZ 

Let pq and pi be rank one projectors in C*(JZ,q)iii and C*{TZ,q)[a}- Then po,pi, 
P(i,i),P{C,0 ''^^'^PiCC) generate /To (C* (7?., g)), while Ta;3 generates /fi(C* (7?., g)). 



Once again, the ii'-theory turns out to be independent of the parameters. In 
terms of all the above generators, the group isomorphisms K^{(po) are as follows. 





q = l 


9>1 


po+pi +P{(,e) +P{e,o 


Ptriv 


Po 


Po 


f'sign 


P0 + P1+ P(i,i) + Pice) + Pico 


2po+Pi+P(c,C)+P(CX) 


P3 


2po +Pi +P(c,C=) +?'(C^C) 


2po+pi +P{ex) 


Pa 


2pa+pi +P(i,i) +Piex) 




P5 


2po +Pi +P((,e) 


T 

-'■X3 


u 





(6.42) 



As promised, we also discuss the root datum TZ{A2), where X is the root lattice. 

X = Q = Z(l, 0) + Z(l/2, v^/2) 

X+ = {(n + m/2, m\/3/2) : < m < 2n < 4to} 

y = Z(0,2/%/3) +Z(l,l/\/3) Q"" = Z(1,0) + Z(l/2,\/3/2) 

iio = {±a, ±/3, ±7} = {±(1, 0), ±( - 1/2, 73/2) , ±(l/2, ^3/2)} = i?i 

K = {± a\ ±/3\ ±7^} = {±(1, 0), ±( - 1/2, V3/2), ±(1/2, ^3/2)} = RX 

T t={h,t2) = {t{a),m) 

Fq = {a, 13} Wq = (sq,S0|s^ = s}^ (s„s^)^ ^ e) ^ S3 

Si — Sa '■ (n, m) {—n, m) $2 = Sjj : (n + m/2, (m + n/2, n-\/3/2) 

So = t^s-y : {n + m/2, my3/2) ^ ((1 + n - m) /2, (1 - n - m) V3/2) 

5'aff = {so,si,S2} W = Waff = (so, WoIsq = (sqSi)^ = (soS2)^ = e) 

9(so) = 9(si) = q{s2) = 9(53) = = q^v = q^v := q 
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Generically there are 6 residual points and 6 tempered residual circles. Both form 
a single Wo-conjugacy class, typical examples being 

{q-\q-^) and i2 : i2 e T} 

As usual we distinguish the cases q = 1 and g ^ 1. 

• group case q = 1 

The following subtori of T„ have nontrivial stabilizers: 

{{l,t2) ■.t2&T} {e,s„} 
{(ii,l) :ii eT} {e,s4 

(C,C),(C^,C^) {e,SaS0,S0Sa} 

(1,1) Wo 
The following part T' of T„ is a fundamental domain for the action of Wq. 

(1,1) 



T' = 




(1,1) 

The left edge is T^", and to get Tu/Wq we only have to identify the other two 
edges by means of a rotation around (C,C)- Then C*{W) consists of all / G 
C(r'; End(C[Wo])) such that 

1. T,J{t)T,^= f{t) iit&T^'^ 

2. /(l,l)e (End(C[Wo]))'^'' 

3. /(s/3S„(ii,ii)) = Ts,sJ{tiU)Ts, 
If t e then f{t) stabilizes C[Wo]*° 

A2^C;{W)^ A^^Q (6.43) 
O^^s^^i^C^O (6.44) 



Vii e exp(7ri[0, 2/3]) 
so there are extensions 



/eC(r^^End(C[M/o]^-)) :/(l,l) 



^2 = {/ e C*{W) : /(1, 1) G C © O5, /(t) e M3(C) © O3 Vi e T„«°} 
^3 = {/e^i :/(l,l) eOi©M2(C)} 
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Here 0„ denotes the n x n zero matrix. By Proposition 2.21 the inclusions 



A2 ~* A4 := {/ e C(r';End(C[T4^o])) : 3. holds } 
As^C{T:-;End{C[Wor-)) 



(6.45) 



induce isomorphisms on X-theory. With the help of Lemma 2.26 we find that 



KoiAi) = Z Ki{Ai) = 
KoiAs) = Z K^iAs) = Z 
KoiA^) = Z3 Ki{A2) = 



Z 



From (6.431 we get an exact hexagon 



1? 

T 
z 

The upper row is exact, so 



i^o(c;(Ty)) -z^ 

^z 



I? 

i 




(6.46) 



It is rather difficult to write down explicit generators, so we only indicate what 
they look like. Consider the projections 



= \ E (-i)'("')T^ 

Prot = (Te + CT.„., + C'T.,s J/3 



Ptriv 
Psign 



With these we can define classes of projections \pc\ and [^^2] by the conditions 

PC(C, C)(Ptriv + Psign + Pvot) = 

PC' (C' OProt = pe (C, C) 

These five classes of projections generate Ko{C*{W)) , and a generator for 

Ki{c;{w)) is 

^ Ptriv ^~ Psign^— /3 Psign ^~ -^e Ptriv Psign 

• generic case q 7^ 1 

• P = 
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Rp = $ R^p = % 

^ X Xp = = Y Yp 

T^ = T Tp = {l} Kp = {l} 

= W{P, P) = Wpp = Wo Wp^ {e} 

1°^ = (r,^(i - e^) + {q- i)e^){q - e.y' rj e {a,/3,7} 

If Sri{t) = t then 1° (t) — 1. There are two points in T„ whose stabilizer is not 




generated by reflections: (C, C) and (C^jC^)- Let be as in (6.451. Then 
C;{Jl,q)p^A^ 



Prim(C;(7^,g)p) 



which is supposed to depict Tu/Wq with in the center, instead of just Wq{(X)i ^ 
triple non-Hausdorff point. By Lemma |2.26| we have 

Ko{c;in,q)p) ^z"" 
Ki{c;{n,q)p)^Q 

The class of a projection in this algebra is completely determined by its value at 
(C,C)i E^iid over there we only have to say which representation of {e, siS2, ■S2'Si} 
it gives. So we have generators po,pi,P2 with 

p.(C,C)*:,s.(C,C) = CV.(C,C) 

. P = {a} 

Rp = {±a} R), = {±0^} 

XP = X/Za = Z(5 Xp = X/'l{Q,2)^1{al2) 

Y-^ = Z(0,2/y3) Yp = Za' = 'L{2,Q) 

- {{IM) ■■ t2 e C^} Tp - {(^^^^2) : h e C^} 
ifp = {(i,i),(i,-i)} = {i,fcp} 

Wp^{e,s^} ^{e,sp,s^si3} W{P,P) = {e} Wpp = Kp 

The root datum TZp is isomorphic to TZ{Ai)^ , so we already know its discrete 
series. The representations 7r(P, 5i, (1, t2)) and 7r(P, (5_i, (1, — ^2)) are interwined 
by 7r(fcp), so 

Prim(C;(7^,q)p) - {P,Wp{q,q'/'),6i,T.;^) - 
C:{n,q)p^C{S';M,{C)) 

The central idempotent for this component is Pa + + P-yi as given by (6.39). 
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• P = {(3} 

This subset of Fq is conjugate to {o;} by Sq^s^^. 

Hp = Ro i?p = Rq 

= yp = y 

= {1} Tp = r ifp = {1} 

Wp = Wo W^ = W(P, P) = Wpp = {e} 



Up to Wo-conjugacy there is a single residual point, so by Proposition |3.20| 2 there 
is a unique discrete series representation 5. We have C*{TZ,q)p ^ C, and the 
corresponding projector is 



PS 
PS 



wew 



wew 



if q>l 
if q < 1 



(6.47) 



On the whole we found that 

Ko{c:{n,q)) = z' 
K,{c:{n,q))^z 



(6.48) 



which is the same as for q = 1. Generators are the invertible djs and the rank one 
projectors po,pi,p2,ps and p[a}- 

The isomorphisms K^,{(f>o) take the following form: 



q<l 


q^l 


q>\ 


PQ+P{a} +PS 


Ptviv 


Po 


Po 


Psign 


Po + P{a} + PS 


2P2+P{a} 


Prot 


2P2 + P{a} 


Pi +P{a} +PS 


PC 


Pi 


P2+P{a} +PS 


PC- 


P2 


Op 


U 





(6.49) 



6.4 

The rank two root system is probably the best testcase for Conjecture |5.28| 
Because there are roots of different lengths the conjecture is not yet known, and 
at the same time the calculations are still manageable. Moreover some interesting 
phenomena already occur for these affine Hecke algebras, like residual points that 
carry several inequivalent discrete series representations. 
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We will only consider the root datum TZ{B2Y where X is the weight lattice: 

X = Z^ Q = {(m,n) e : n + TO is even } X+ = {(m, n) e : n > to > 0} 

Y = Q^ =1? 

r-(c><)2 t = (ti,t2) = (t(i,o),t(o,i)) 

Ra^Ri^ {±ai,±a2,±a3,±a4} = {±(2, 0), ±(-1, 1), ±(1, 1), ±(0, 2)} 
i?;' = {±a^,±a^,±a^,±a^} = {±(l,0),±(-l,l),±(l,l),±(0,l)} 



i?0 



Fo = {ai,Q;2} Wo={si,S2\sl 



Da 



Si = Sa, So = ta^Sas = (1,0) ^2 Si) S2 (1,0) S2SI ) : ("1, n) ( 1 - n, 1 - to) 
5aff = {so, Si, S2} W + VFaff = (so, M^oIsq = (sqS2)^ = (soSl)"* = c) 

= {e,i(i,o)Si} = {e, 
91 := ^(si) = qai = (Jq^ 12 ■= q{s2) = q{so) = g„v = q^v 
Ca, = {l-q-^0^c,,){l~O-a,r' 1= 1,2,3,4 

Generically there are 24 tempered residual circles and 40 residual points. Repre- 
sentatives are 

{iql^\t2):heT} (6.50) 

{{~qy\h):t2eT} (6.51) 

{{ql^'tuq2'^'h):heT} (6.52) 

/ -1/2 1/2 -Ix / 1/2 -1/2 / -1/2 1/2 -u 

(9i ,91 92 )> (91 :9i 92 )> (~9i , -9i 92 ), 

(-9^/^ -91-^/^92-^), (-9^^/^9l/^) (6.53) 

It turns out that there are five classes of parameters with the same level of gener- 
icity. The first three are easily found from (6.501 - (6.52): gi = 1 = 92, 9i 7^ 1 = 92 
and qi — I ^ q2. Furthermore we have the generic class and the four special lines 

91 = 92 7^ 1, 91 = 92^^ 7^ 1, 91 = 92 7^ 1, 9i = 92^^ 7^ 1 (6.54) 
• group case qi = q2 = 1 



From (6.2 1 and (6.3 1 we see that it pays off to determine the extended quotient 
There are five conjugacy classes, namely 

{e}, {S1,S4}, {S2,S3}, {siS2,S2Si}, {S1S2S1S2} 
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We pick the elements written first as representatives. 



w 

Wo'" % {(iiM) ^ [0,1]' : ti > ^2} 

si {e,Si,S4,SiS4} {(±l,t2)e7^J {±l}xhl,l] 

S2 {e,S2, 53,5253} {{ti,ti)eTu} [-1,1] 

S1S2 (S1S2) {(1,1), (-1,-1)} {(1,1), (-1,-1)} 

(S1S2)' Wo {(±l,±l),(±l,Tl)} {(1,1), (-1,-1), (1,-1)} 



Since all components of this space are contractible, with (6.3) we find that 



Ko{C:{W)) - H*{Tu/Wo;Z) - 
Xi(C;(W)) =0 



We may visualize the extended quotient as 



(6.55) 



Tu/Wo 




In the same way we have 



Prim(C;(W)) 



(-1,-1) 




(1,1) 



(-1,1) 



where the multiplicities of the non-Hausdorff points at the edge can be read off 
from the previous picture, by collapsing everything on the triangle. 

To find generating projections for the if-theory we first have a closer look 
at Wo. This group has four one-dimensional representations, let us call them e^. 
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These representations and the corresponding projections are 
ei(si) e(s2) Pi 

£2 1 -1 ^{Te + Ts^+Tg^+T(^g^g^)2 -Tg^-Tg^-Tg^g^-Tg^s^) 

63 -1 -1 ^{Te + Tg^g^+Tg^g^+T(g^g^)-2 ~Tg^-Tg^-Tg^-Tg^) 

(6.56) 

The remaining irreducible Wo-representation has dimension two, it defines Wq 
as a reflection group. Let p4 € C[Wo] be rank one projector for that representation, 
i.e. 

Pi{Pi)=(^Q and ei(p4)=0 i = 0,1,2,3 

Note that pi has rank two in Endc(C[Wo])- 

We also have to consider the stabilizer of (—1, 1) G T, the subgroup 
{e, Si,S4, (siS2)^} — Let us list its irreducible representations, which all have 
dimension one: 

e e(5i) e(.4) Ind|r»,,^^ (e) p(e) 
e++ 1 1 eo © €2 po 

e+- 1 -1 P4 P+- (6-57) 

e-+ -1 1 P4 P-+ 

e — -1 -1 ei ® ea 

In the last column we indicate an element of Endc(C[Wo]) that acts as a rank 

one projector for that representation of (si, S4). For and e |_ such an element 

cannot be found in C[Wo] = End^v^;, (C[Wo]), so we refrain from giving an explicit 
formula. 

Now we can indicate generators po , • • • ,P8 for Ko{C*{W)). The last four classes 
of projections are defined by their values in three special points. 

p p{l,l) p(-l,-l) p(-l,l) 



Pb Po Pi P-+ 

P6 P2 P3 P+- 

P7 Po + P3 P4 Po + P3 



P8 Po + P3 Pi P+- + P- + 

• generic case 



• P 



= X Xp = = Y Yp = Q 

Tp = {1} Kp ^ {1} 

= W{P, P) = Wpp ^Wo Wp = {e} 
il = {Tg,{l - e„J + {q{si) - l)^aj(9(si) - i = 1,2,3,4 

i"g.{t) = 1 if t eT«' 
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The Wo-stabilizer of any t G T is generated by reflections, so all the unitary 
representations 7r(0,(50,<) are irreducible. 



C:{n,q)p^C{TJWo;Ms{C)) 



(-l,rl) 



Prim(C;(7^,g)p) = T^/Wq ^ 



(1,1) 

Since Tu/Wq is contractible we conclude that 

K„{c;in.q)p) ^ z 
K,{c;{n,q)p) = 

P0 = 5 51 li'^)'^^ 




(-1,1) 



A generator is 

• P = {ai} 

Rp = {±ai} 



weWo 



{±aX} 



= X/Z{ai/2) = Za4/2 Xp = X/Z{a4/2) ^ Zai/2 
= Za^ Yp = Za^ 
T^ = {(l,i2):<2GC><} Tp = :ti eC><} i^p = {1} 

Wp = {e,si} W = {e,S2,Si,siS3} WiP, P) = Wpp = {e, .54} 
il = (T,,(l - + (gi - l)^„J(gi - ^„J-' 
The algebra Hp is isomorphic to H{TZ{AiY ,qi). Hence it has two discrete series 
representations, with central characters (gj'^^^^,1) and [ — q^^^^,l). Clearly 

^«^(^) = lif^eCT^^so 

C;(7^,g)p-C([0,1];M4(C))2 



Pvim{C*^{TZ,q)p) ^ 



Ko{c;{n,q)p)^i? 
K^{c;{n,q)p)=Q 
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Let us denote the canonical generators by [p+J and [p^J. Notice that as H{Wo, q)- 
representations the Tr{P,S,t) are deformations of IndJ^'^ (sign^y^ ) if gi > 1 and of 
IndJ^° (trivvi/p) if gi < 1. 



• P = {«2} 

Rp = {±a2} Rp = {±a^} 

= X/Za2 = Zai/2 Xp = X/Zas Za2/2 
= Yp ^ Za^ 

tp - {{hM) ■■ h e C^} Tp - {(t^\t2) : t2 e C""} 

Xp = {(l,l),(-l,-l)}-{l,fcp} 

Wp^{e,.32} W^^ = {e,si,S4,S3Si} W{P, P) ^ {e, s^} 

V 



The algebra Hp is isomorphic to H{TZ{AiY , q2) , so it has two discrete series 
representations (5+ and (5_. Their central characters are respectively (f?^^^^, ^2^^^) 
and (—(72 : ~92 )■ However nikp) intertwines 7r(P, (5+, (ii, ii)) and 
7r(P, (— ti, — ti)), so in the spectrum we get only one component {P,S+,T^). 
The intertwiner 7r(s3) acts as a reflection on T^f and tt{s3, P, 6+,t) = 1 whenever 
S3{t) = t. Therefore 

C;(7^,g)p-C([0,1];M4(C)) 

Prim(C;(7^,q)p) - (P, 5+, r„^)/l^(P, P) - [0,1] 

i^o(c;(^,'z)p) =z 

Ki{c:{TZ,q)p) ^0 



There is a canonical generator [p^^] £ -K'o(C*(7?.,q)p). The type of 7r(P,(5+,t) as 
resentation of 

P = {ai,a2} 



a representation of 7i(M^0i9) is easily determined: for (72 < 1 it is a deformation 
of Ind^° (tiivwp ) while for (72 > 1 it is a deformation of IndJ^° (sign^^ ) . 



Pp- 


Po ^p 


- -Rq 






XP^ 


Xp = 


X 


y^ = 


Fp = F 




{1} Tp 


= P 


Kp-- 


= {1} 




= W{P, P) = 


Wpp 


= {e} 


Wp = 1^0 



Generically all the residual points (6.531 are in orbits consisting of |Wo| — 8 
points. Proposition |3 . 20[ 1 tells us that every such VFo-orbit is the central character 
of precisely one discrete series representation. The discrete series representation 
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^5 with central character 1^0(91 ^'^) is the easiest to describe. It has 

dimension two, and as a VFo-representation S^ocj) is equivalent to ei0e3 (for qi > 1) 
or to eq €2 (for qi < 1). For the other residual points we have to distinguish 
more relations between the parameters. Let 61,62,63,64 be the discrete series 
representations with respective central characters 

Tjr / 1/2 -1/2 \ I 1/2 1/2 \ T-jr / 1/2 -1/2 \ / 1/2 1/2 \ 

We list the type of (5^ o as a representation of IVo <^ 5(14^), for different q's : 



-l/2x 



(6.58) 



^ 172 

1 < < (72 < <7l 
gf ^ < 92 < gr^^^ < 1 

1 < gr^^^ < 92 < gf^ 

1/2 -, 

q\<q2< q-Y < 1 

-1/2 ^ ^1/2^1 
9i < 92 < 91 > 1 

q^^ < 9i < 92 > 1 

1-^1/2^ _^ -1/2 

1 > 9i < 92 < 9i 
1 > 92 < 91 < 92^^ 

It can be shown by direct calculation that this table still gives all discrete series 
representations if either qi or q2 (but not both) equals 1. This not true for the 



61 


(52 


-53 


64 


Pi 


£3 


Pi 


£3 


ei 


P4 


£1 


P4 


£2 


P4 


£2 


Pi 


Pi 


£0 


Pi 


£0 


ei 


£3 


£1 


£3 


£2 


£3 


£2 


£3 


e2 


£0 


£2 


£0 


ei 


£0 


£1 


£0 



special parameters (6.541 however. Nevertheless, for all the parameters under 
consideration here 

Ko(C;iTZ,q)p) ^ Z5 

K,{c*in,q)p) = 

We denote the generating projections by p{6i), i — 1,2, 3, 4, 5. 

On the whole we found that C*{TZ, q) is Morita-equivalent to the commutative 
C*-algebra with spectrum 



Prim(C•;(7^, q 



and that 




(6.59) 
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• qi 7^ 1 = q2 

• P = 

iip = i?^ = 

= X Xp = = Y Yp = 

= T Tp^ {1} Kp = {1} 
= W{P, P) = Wpp = Wf) Wp^ {e} 

4 = (T,,(i - + (gi - i)0^,){qi - e„,r^ = T,, 

Since i°g^{t) = 1 if si{t) = t, all the nonscalar selfintertwiners of unitary principal 
series representations come from S2 or its conjugates. We see that 7r(0,(50,f) is 
irreducible unless f G T;]^ UT^'* , in which case it is the direct sum of two inequivalent 
subreprescntations. Hence 

C:{n,q)p ^ {/ e C{TjWo;Ms{C)) : f{T^') e M^C) (B M^C)} 




In this picture the diagonal edge should be regarded as consisting of double points. 
The algebra is diffeotopy equivalent to M4{C)^, so 

Ko(C*,{TZ,q)p) - Z2 

Ki{c;{n,q)p) = 

Generators are for example 

wEWq w^Wq 

• P={ai} 

This is identical to P = {ai} in the generic case. 

• P = {a2} 

Here Hp ^ 7^(7^(^l)^, ^2) = C[M^(Ai)]. As we saw before, this algebra has no 
discrete series representations, so there is no component in the spectrum ofS{TZ, q) 
corresponding to this P. 
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P = {ai,a2} 



Rp — i?o Rp — Rq 

X'" = Xp^X = Q Yp = Y 

r^ = {l} Tp = T Kp = {l} 

= W{P, P) = Wpp = {e} Wp = Wo 

Some residual points confluence when q2 ^ ^, and only three orbits remain. Two 
of those consist of four points, represented by [qi (/x^^) and ( — (/i — (7i ^^^). 
The last orbit still contains 8 different points, for example ( — ^^^,91^^). By 
Proposition [3|20jl there is exactly one discrete series representation with central 
character Wq ( — 9^^^^, • It has dimension two and restricted to 'H{Wq, q) it is 
a deformation of the Wo-representations ei £3 or eo © £2, depending on whether 
gi > 1 or gi < 1. We calculated the other discrete series representations already 



in (6.581. For gi > 1 we have the onedimensional representations 

5 8{Ts,) 5{Ts,) 6{e,) 

^1 I {q-"\q-^^\x) 

Sb -I -I {q-,"\q-^"^){x) (6.60) 

<5c -1 1 {^q-;"\-q-;''^){x) 

Sd -1 -1 {-q;'/\-q;'^'){x) 

On the other hand, for gi < 1 we can define onedimensional representations by 



(6.61) 



This leads to 



5 5{T,J S{T,J 




<5(0.) 


Sa gi 1 


, 1/2 


qT){^) 


qi -1 


/ 1/2 


q\"){^) 


Sc gi 1 


/ 1/2 


-q\"){x) 


Sd gi -1 


/ 1/2 


'q\''){x) 


c;(7^,g)p 


Af2(C 


) 


Ko(c:{n,q)p) 






K,{c;{n,q)p) 


= 





The generators of Ko(^C*{Tl,q)p) corresponding to rank one projectors in these 
representations are denoted by p{Sy), v e {a, b, c, d, 5}. 
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Combining all P's wc find 

Ko{c:{n,q)p)^z'' 

K,{C;{TZ,q)p)=0 



Pnm{C;{TZ,q)) 




• qi = 1 7^ q2 

• P = 

iip = i?^ = 

= X Xp = = Y Yp = 

= T Tp = {1} Kp = {1} 

= W{P, P) = Wpp = Wq Wp = {e} 

<r = Ts^ = {Ts,{l - e^,) + {q2 - l)^a,)(g2 - ^a,)"' 

Since (t) = 1 whenever t G T*^ , all the nonscalar self-intertwiners of principal 
series representations come from si, S4 = S2S1S2 and S1S4. This implies that we 
should divide the points t e T„ in five classes. 

1. Sl{t) ^ t S4{t) 

Here we do not encounter nonscalar self-intertwiners, so 7r(0,(50,t) is irre- 
ducible. 

2. si{t) = t ^ s^(t) 

For such 1 7r(0, ^g, spUts into two summands, which as H(Wo, g)-representations 
are deformations of Ind^°g^j(triv) and of Ind|^°^^j(sign). 

3. sx{t) 7^ t = S4{t) 

Just as in 2. Tr((l},Sifi,t) is the direct sum of two irreducible subrepresen- 
tations, which can be regarded as deformations of Ind]^° i(triv) and of 

Ind|r^,,}(sign). 

4. (1,1) and (-1,-1) 

These points are Wo-invariant, so si and S4 are conjugate in Wo,f. Hence 
7r(si,0,50,t) is essentially the only independent intertwiner, and 77(0,^0, t) 
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can be decomposed in only two irreducible parts. These are deformations of 
the Wo-representations ei © ea © p4 and eo © £2 ® Pi- 

5. (1,-1) and (-1,1) 

These points make up one Wo-orbit in T^, their stabihzer being {e, si, S4, S1S4} 
Here the intertwiners 7r(e), 7r(si), 7r(s4), tt^sis^) are all linearly independent, 
so 7r(0,(50,t) splits into no less than four irreducible summands, correspond- 
ing to the irreducible representations of {e, si, S4, S1S4} = (Z/2Z)^. 

We visualize this as 



Pnm{C*{n,q)p) - 




where the lower right corner depicts the fourfold non-Hausdorff point (—1, 1). This 
algebra is diffeotopy-equivalent to its fiber over (—1, 1), so 



Ko{C*{TZ,q)p) 







Generators are the rank one projectors 



weWo 



we Wo 



the last two being defined in the same way as the homonymous (classes of) pro- 
jections in (6.57). 

• P = {ai} 

Here Tip = H{TZ{AiY , qi) = C[W^(Ai)], so we do not find any discrete series 
representations to induce. 

• P = {0^2} 

This is identical to P = {0^2} for generic labels. 

• P = {ai,a2} 

Hp = Rq Pp = Pi^ 







= Xp = X = Yp^Y 

r^ = {i} rp = T Kp = {i} 

= W{P, P) = Wpp = {e} Wp = Wo 
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In the limit gi — > 1 many residual points confluence, and some lose the residuality. 
There remain only two M^p-orbits of four points, from which we pick the repre- 
sentatives (1,92) and (— 1,— (72)- The other discrete series representations were 
already constructed in (6.581. They have dimension one, and for q2 > 1: 



Sa 

h 

So 



1 

-1 
1 

-1 



On the other hand, for 52 < 1 we find: 

6 d{T,,) d{T,,) 



(l,a2"')(a^) 

-1,-92"')W 



Sa 

Sb 

So 

Sd 



1 

-1 
1 

-1 



Q2 

92 
92 



(1,92"')(^) 



This summand of C*(TZ,q) is actually commutative: 



c;in,q)p 

Ko(C;{TZ,q)p 

KAc;{n,q)p 







Thus the spectrum of C*.{Tl, q) is the non-Hausdorff space 



(6.62) 



(6.63) 



Prim(C;(7^,q)) 







/A 






/ ' III 






^ iLiiiiiiiiii. 






iiiii iiiiiiiiiiiii III. 






mil IIIIIIIIIIIII III 






mil IIIIIIIIIIIII III. 






mil IIIIIIIIIIIII III. 





and its if-groups are 



^o(c;(7^,g) 
KAc:\Ti,q) 



1? 




(6.64) 
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• qi = q2 7^ 1, qi = 7^ 1, qi = qi 7^ i, qi = qa^ 7^ i 

These parameters are a bit too tricky to analyse with techniques we used so far. 
To determine the spectra of the corresponding C*-algebras one can use the precise 
results on R-groups in |122j . It turns out that there axe only three inequivalent 
discrete series representations. On the other hand, compared to the generic case 
two of the representations 7r(P, 5, t) with \P\ = 1 become reducible. 



Let us make up the balance for the root datum TZ{B2)^ ■ The /Ci-groups vanish 
for all label functions, and the Ko-gro\ips are all free abelian of rank 9. We did not 
give all the generating projections explicitly, but we have enough information to 
determine the maps Ko{(l)o)- In the next table we list the images of the generators 
Pi of Ko{S{W)). Assuming that all the calculations in this section are correct, the 
table shows that Conjecture 5.28 is valid for TZ{B2Y ■ 



We will not discuss the root datum TZ{B2) exhaustively, because there too are 
many different label functions. The group case is as in this section, and the equal 
label case is well understood, as described in Section 5.1 We will study the generic 
label case in Section 16.71 



204 



Chapter 6. Examples and calculations 



1 < <q2< 


gi = 1 < 92 


1 < gj^^ < 52 < 91 


Art 1 rtrt~i~ 1 ^ — 1 ^{ jr ^ 
P0 +Pai +Pai +P{P5) 

P9> 


Po 

P3 


P0 

P0 +Pji +Pai +P(55) 


Pd) + P^i + Pai + Pa2 + 


Po +Pa2 +P(<5a) +P('5c) 


P0 + Pa2 


P0 + Pa2 


P3 +Pa2 +P{5b) +P{.5d) 


P0 + Pii + Pai + Pa2 

+p{52) + p{54) + piSs) 


2P0 + + Pai + 


P-++P+- +PC2 


2P0 +pti +Pai + 

P(Ol) + P[03) 


P0 + Pti 


P- + 


P0 + Pai 


W +Pai +Pa2 +P{01) 

'2PI6 + Pti + Pai + 


P+- +Pa2 +P(Oa) +P(Od) 
Po +P3 +Pa2 +P{Sb) 


P0 +Pai +Pa2 +P(04j 

2P0 + Pti + Pai + 
Pa2 +PS2 +P(<53) +P{55) 


"ipds + pii + + 

Pa2 +^(^4) 


P+- +P-+ +Pc»2 +PiSb) 


2p0 +pii +Pai+ 

Pa2 +P52 +P(5a) 


<7i < 1 = <72 




91 = 1 = 92 


91 > 1 = 92 


PQ + p1i + Pax + 
P[Oa) + P[Oc) + p[05 ) 

Po 


Po 

Pi 


po 

Po +pii +p^i+ 

P(,Oaj +P(,Ocj +P(05) 


/Tio -\- Tl'^ -I- 71 — t- 

p{5b) + p(6d) + p^Si) 


P2 


Pa 


P3 


P3 


Pa +pii +Pai + 
p{6i,) + p{6d) + p{55) 


'Tin -\- 7>Q -1- T)"'" -4- T)~ 
■ri^ _|_ 'Ti'^ -\- 'r\( K \ 


P4 
Tie 

Po 


r>j-, _|_ -riQ -1- T)'^ -1- ri" 
/^U Pi \ Pai 1 Kai 

Tin -1- n -1- Tit n ) 


Ylrt -A- T)"'" -i- T}( 
P3 ^ Pai ' P\^b) 


Tie 

Po 


P3 ^ Pai ^ Py^d) 


P0+P3 H-pJi + 


P7 


Po + P3 + pti + 


Tin -\- -1- Tl'^ -t- 


P8 


Tin -1- Tl'j -1- T)~^ -1- 

PO Pi Pa 1 ' 

P<M +P('56) 


qi < (12 < qi ~ < i 


Cii = i > <-i2 




P0 + + Pai + Pc2 

+p(<5i) +p(54) +P{55) 


Po +Pc«2 +P{Sa) +P{Sc) 


P0 + Pa2 

P0 + Pai + Pai + Pc<2 

+p{&i) + p{5z) + p{5^) 


Pil + Pa2 


Pa +Pc2 +P(5i)) +p(5d) 


Pa +pti +Pai +p{5r,) 


Po 


P0 


Pli 


Pa 


P0 +PJi +Pai +P(l55) 


2P0 + Pti + Pai + 
Pa2 +P{5l) +P{53) 
P0 +P«2 +P('5i) 


P+- +P-+ 

p_+ +P02 +P('5a) +P(5d) 


2P0 +pJi +Pai + 
Pa2 +P(<^2) +P(54) 

P0 +Pqi +Pa2 +P{Sz) 


P0 + pjl 

2P0 + Pti + Pai + Pq2 

+P(5i) + p{5z) + p(,5i) 

2P0 +Pai + 
Pas +P(<5l) +p(<53) 


P+- 

PO +P3 +Pa2 +P{Sa) 
P+- +P-+ +Pa2 +P(<5a) 


P0 + Pai 
2P0 +Pii +Pai + 
Pa2 +P(<54) +P{5b) 
'^PHt +Pti +Pai + 
Pa2 + P('54) 
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6.5 GLn 

After the calculations with twodimensional root data we move on to higher ranks. 
The easiest root data to study are those associated with the reductive group GL„. 
The way right way to do this was indicated in [17,. From |103l Lemma 5.3] we 
know that the topological if-groups of these afhne Hecke algebras are free abelian, 
and according to Theorem |5.3| they do not depend on q. Because of the higher 
dimensionality we do not provide explicit generators for these if -groups anymore. 
Nevertheless, by a different argument we show that Conjecture |5.28| holds for these 
root data. 

From now on many things will be parametrized by partitions and permutations, 
so let us agree on some notations. We write partitions in decreasing order and 
abbreviate (x)^ — {x,x,x). A typical partition looks like 

M - (Ml, M2, . . . , Md) = (n)'"" • • • (2)"^ (1)"^ (6.65) 

where some of the multiplicities nii may be 0. By /Lt h n we mean that the weight 
of /i is 

ImI = Ml H 'r lJ.d = n 

The number of different yiti's (i.e. the number of blocks in the diagram of /z) will 
be denoted by 6(/x) and the dual partition (obtained by reflecting the diagram of 
/x) by /i^. Sometimes we abbreviate 

5 = gcd(Ai) = gcd(pii , . . . , Aid) 

With a such partition /i of rt we associate the permutation 

a{^j.) = (12 • • • + 1 ■ ■ ■ fii + ^2) ■ ■ ■ {n + I - fid ■ ■ ■ n) e Sn 

As is well known, this gives a bijection between partitions of n and conjugacy 
classes in the symmetric group Sn- The centralizer Zs„{'y{fi)) is generated by the 
cycles 

((Mi H 1- A^j + 1)(Mi H h /Aj + 2) • • • (Ail H h Ati + M^+i)) 

and the "permutations of cycles of equal length", for example if fJ-i — fi2'- 

(lAii + l)(2Ati + 2)---(/ii2Aii) (6.67) 
Using the second presentation of ^ this means that 



1 = 1 
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Let us recall the definition of TZ{GLn) ■ 

X = Z" Q = {x e X : xi + ■ ■ ■ + x„ = 0} 

X+ ^ {x e Z" : xi > X2 > ■ ■ ■ > X,,} 

r = Z" = {y e y : yi + • • • + y„ = 0} 

T = (C>< )" t= (i(ei), . . . , <(e„)) = (ti, . . . , t„) 

Rq = Ri = {ci - Cj e X : i ^ j} 

R'i^RX = {e,-e,^Y -.1^ j} 

-Faff = {ai = ei- Ci+i} U {1 - ag = 1 - (ei - e„)} 

— '^0 — ^Qo'^ctQ — ^— ai-^Qo^cti ■ ~^ ('-^0 ' ^)q^0 

Wo = (Sl, • • ■ ,Sn~l\s1 = (SjSi+l)^ = (SjSj)^ = e - i\> I) = Sn 
Sa.S = {sq, Si, . . . S„-l} 

VKaff = (so,W^o|so = (■•^oSif = (sQSi)^ = (sos„-i)^ = eif2<i<n-2) 

Because all roots of Rq are conjugate, sq is conjugate to any Si G 5'aff- Hence for 
any label function we have 

^(■so) = q{si) = QaY := q 

The Wo-stabilizer of a point {{hY^ {tf,,+iY^ ■ ■ ■ {tnY") G T is isomorphic to 
Sfii X X • • • X S'^_j . 

• group case q = 1 

By (16. 2| we have 



Therefore we want to determine Tu'^^^ /Zs^{a{^)). If ^ is as in (6.65) then 

, , , (6.68) 

where 5™, acts on (C^)™' by permuting the coordinates. To handle this space 
we use the following nice, elementary result, a proof of which can be found for 
example in [17, p. 97]. 

Lemma 6.1 For any m e N there is an isomorphism of algebraic varieties 

(C^)"/S'„ ^ C'"-i X 
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It follows that T^^^7Zs„(cr(M)) has the homotopy type of T^(^). The latter 
space has torsion free cohomology, so by (16. 31) 



K,{C;{W)) ^ H*{Tu/Sn;^) 0^*(T''(^);Z) = Qz^""' (6.69) 
• generic, equal label case q 7^ 1 

Inequivalent subsets of Fq are parametrized by partitions /i of n. For the typical 
partition ( |6.65 1 we put 

i?p^-(A„_ir"x...x(Air^-i?);^ 

X^^' = Z(ei H h e^j)//ii H h Z(e„+i_^^ H h e„)/^d 

Xp^ = (Z"/Z(ei + • • • + cO)"" X ... X (ZVZ(ei + 62))"' 
= Z(ei + . . . + e^J + . . . + Z(e„+i_^, + . . . + e„) 

= {y e Z" : yi H h y^i = . . . = y„+i-^^ H h ?/„ = 0} 

T^" = {(ti)^^ • • • {tnr' e T} 

Tp^ = {t : tit2 • • • i/ji = . . . = tn+l-f^^ • • • in = 1} 

Kp, = {i e T^- : i^'^ = . . . = tj;^ = 1} 

M/p^ ^ X ... X (52)'"^ W{P^, P^) ^ S„^„ X ... X 5™, X 

n 

1=1 

The MO^^-orbits of residual points for Tip^ are parametrized by 

This set is obviously in bijection with Kp^, and indeed the intertwiners 7r(fc), k e 
Kp^ act on it by multiplication. Together with Proposition 3.20 2 this implies 

U {P„S,T^^)/Kp^^-T^^ 

y {P,,5,tP^)/Wp^p^ - r^VTy(P^,Pj = T"^>^^/ZsS<r{^^)) 



It a point t E T^>^ has a nontrivial stabilizer in PF(P^ P^) ^ IlILi '^™m then 
this isotropy group is generated by transpositions. From (6.671 we see that every 
such transposition w G Wq can be written as a product of mutually commuting 
reflections Sq with c^^{t) = 0. By (3.122) this gives — 1, and since dim (5=1 
also 

7r(w, P^, (5, i) = 1 if w{t) = i (6.70) 
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So the action of Wp^p^ on 



is essentially only on Tu ^ and the conjugation part doesn't really matter. 



JA 

In particular we deduce that 

C;(7^,g) - 0M„,/^,(c( □ rf-)) = 0M„,/^,(T„-(^)/Z5„(a(M))) (6.71) 

^hn /ihn 

Similar results were obtained by completely different methods in [93^. Just as in 
the group case it follows that 

x.(c;(7^,,)) -0x*(r:(^)/Z5„(a(/.))) -0i^*(T^('')) -Qz^^''" (6.72) 

As promised, we show that Conjecture |5.28| holds in this particular case. 
Theorem 6.2 

if*((/.o) : x,(c;(7^(Gi„),'?•')) K,{C:{n{GL^),q)) 

is an isomorphism. 

Proof. We assume that q > 1. If instead q < I then we only have to modify our 
argument by replacing the sign representations everywhere by trivial representa- 
tions. 

Let Jf C C*{TZ,q) be the norm completion of the ideal Ji C S{TZ,q) from 
(3.144). For every i there is a unique partition fi^ such that 

JLi/J: = C(Tf' ;Endy,)^' - M„,/^.C(7^:(^')/Z5„(a(/i,))) 
The induced homomorphism 

/. : '/'O '(^^l)/0O '(^f) - J^-l/J^ 

is injective. If we would know that K^,{fi) is an isomorphism for every i, then the 
theorem would follow with Lemma 12.31 

We know already that the number of components of Prim{C'^{TZ,q)) equals 
the number of components of Prim(C*(VK)) ^ T^/Wq. Therefore it suffices to 
construct, for every i, a projection p e 't'o^ (■-^i-i) / 'f'o^ i^i) ^^^h that 
fi{p) G Jf_i/Jf has rank one. 

We can do this because we know precisely what all discrete series look like. We 
may assume that the central character of (Si^Vi) lies in T^s, so that the central 
character of n{Pi,Si,t) o <j)Q is Wot. As a M^g-representation Tr{Pi,Si,t) o 0q is 
equivalent with Ind|^'^ (ewj,. ), where ewp denotes the sign representation of Wp. 
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The ideal ipQ ^{Jf_i) does not annihilate this representation, but it is contained in 
the kernel of the representation 



7r(P, S, t') for Pd P,^ Pf,^ and t' e C T^* = T''^^') . 

As VFo-representation we have 7r(P, 5,t')o(j)o^ ^'^^wl i'^Wp ) • Hence the " stalk" of 
(l^o^iJi-i)/4'o^iJi) at Wot contains 



fl ker IndJ^;^ (ew^)/ ker Ind J;^^^ (ew^^) 



PDPi,teTP 



which is a subquotient algebra of C[Wo] . Therefore we can find a suitable p already 
in C[H^o]: pick a projection of minimal rank in C[Wo] which is in 



Pi kerlnd{^'^(evi/p) , but not in ker Ind{;];J'J,_ (ei^^. ). 



Then 4)q{p) will act as a rank one projector on T:(Pi, Si,t). □ 



6.6 An-l 



It is known from Theorem |5.3| that the periodic cyclic homology of type A affine 
Hecke algebras does not depend on q, but it will still be insightful to determine the 
spectra of these algebras. The title of this section is An-i instead of A„ because 
we want to consider everything as a quotient or a subset of Z". If we require 
that our root datum is semisimple, then the easiest case is when X is the weight 
lattice. This is completely analogous to the GLn-case, we can even show in the 
same way that Conjecture |5.28 holds. The calculations arc also manageable when 



X is the root lattice. Intermediate lattices however would require quite some extra 
bookkeeping, so we do not study those. Throughout this section we assume that 
n > 2, because the root system Ai has slightly different properties. 
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The root datum 7?.(A„_i)^ is defined as 
X = Z'VZ(ei + • • • e„) Q + ((d + • • • + e„)/n - e„) 

Q = {2; e Z" : H h a;„ = 0} X+ {x G X : xi > 2:2 > ■ ■ ■ > a;„} 

= Q'' = {y e : yi + • • • + y„ = 0} 
T = {i e (C^ )" : ii • • • i„ = 1} i = (t(ei), . . . , i(e„)) = (ti, . . . , t„) 
i?o = i?i = {ei - e X : i 7^ j} 
i?^ = i?^ = {e, - e, e y : ^ ^ j} 
Fq {fti = Cj - gj+i} ao = ei - e„ 

Wo = (si, • • • ,Sn-i\si = (sjSi+i)^ = {siSjY = e if |i - j\ > 1) 5^ 5„ 

•S'aff = {sq, Si, ... , S„-l} 

W'aff = (so, Wq\sI = (sos,)2 = (soSi)3 = (sos„_i)3 = eif2<i<n-2) 

W = Waff X r! r! = (tei-(ei+...e„)/„(12 ' ' ' ri)) = Z/nZ 

Because all roots are conjugate, sq is conjugate to any Si £ S'aff, and for any label 
function 

The Wo-stabilizer of (t^i+i)^" • • • (^n)^'') is isomorphic to S^-^ x • • • x 5*^^ . 

Generically there are n!n residual points, and they all satisfy t(ai) — q or t{ai) ~ 
for 1 < i < n. There residual points form n conjugacy classes unless q — 1, in 
which case T itself is the only residual coset. 

• group case q = 1 

According to ( |6.2p we have 



Pick a partition ^ of n and write it as in (6.651. 

T-('^) = {{hY^{tf,,+^Y----{tnY^ &T} 

- {(^1)^^*^1+1)'^' ■ ■ ■ {tnY' € (CX)"}/Cx X {(e2-^fc/»)" : < < g} 
T-(^)/Zs„(a(M)) - ((Cxr"/5„„ X ... X (CX)™V5„J/CXx 

|(g27r»fe/«-)n : < fc < 5} 



where acts diagonally. By Lemma 6.1 each factor (C^)'"'/5'mi is homotopy 



equivalent to a circle. The induced action of S'^ C on this direct product 

of circles identifies with a direct product of rotations. Hence T'^'^^'/Zs^ ((T(/i)) 

is homotopy equivalent with T^^'^'^^ x {gcd(/i) points}. The cohomology of this 
space has no torsion, so by (|6.3| 



K,{C:{W)) ^ H*{T^/S„;Z) - Z''^") 

d(n) = ^gcd(Ai)2''(^)-i (6.73) 
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• generic, equal label case q 7^ 1 

Inequivalent subsets of Fq are parametrized by partitions /i of n. For the typical 
partition ( |6.65 1 we put 

Rp^ = (^„„i)™" X • • • X - i?^^ 

= (Z(ei +• • •+ e^^)/iJi +■ ■ •+ Z(e„+i_^, +• • •+ e„)//irf)/Z(ei +• • •+ e„)/g 
Xp,, = (Z'VZ(ei + ■ • • + e„))"" X ... X (zVZ(ei + 62))"' 

y^" = {?/ e Z(ei + . . . + e^, J + . . . + Z(e„+i_^, + • • • + e„) : ?/i + . . . + y,, = 0} 

^P,, = {2/ e r : yi H h = . . • = 2/«+i-^rf H h y„ = 0} 

T^^' = {(ti)^i . . . (i,,)"" e T : i^''/^ . . . f^'/a ^ 1} 

TPj, = {< e T : tit2 • ■ ■ = . . . = tn+l-fi^ ■ ■ -tn — 1} 

Kp^ = {t e T^^ : if = . . . = = 1} 

M^p, = (^„)"" X ... X (^2)"^ W{P^,, P^) - 5,„„ X . . . X 5,„, X 5,„, 

n 

Wp,p, = i^p, X W{P,, P^) Z5„(a(/i)) = W{P^, P^) K [](Z/;Z)"' 
The VFp^^-orbits of residual points for "Hp^ are represented by the points 

(^(^(^1-1)72^ ^(^1-3)72^ . . . , . . . (q(A'd-l)72^ ^(^^-3)72^ ^ ^ ^ ^ q(l-Md)72)j . 

^g27rzfei/Mi)Ml . . . (g27rifc,/,.,-)Md) ^ < fc, < /i, (6.74) 

These points are in bijection with Kp^ x Z/gcd(/i)Z. Also r'^(^) consist s of ex actly 
gcg(/i) components, one of which is T^''. Together with Proposition 3.20 2 this 
leads to 

U (p^, 5, tp-)/Kp^ - X z/gcd(Ai)z - r-(^) 

U {P,,5,T^^^)/Wp^p^-T"^>^^/Zs,S<^{^i)) 

If a point t E T^>^ has a nontrivial stabilizer in VF(Pp,P^) ^ 11"= i •^m; then 
this stabilizer is generated by transpositions. From (6.67) we see that every such 
transposition w G W{P^, Pf^) can be written as a product of mutually commuting 
reflections Sa with a E Rq and c~^{t) = 0. So by ( |3.122[ ) i° (t) = 1 and since the 
discrete series representation 6 is onedimensional, also tt(w^ Pfj_, S,t) = 1. On the 
other hand, Kp^ permutes the components of Uap (^a"'^'^^'') faithfully, so the 
action of Wp^p^ on 
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is essentially only on the underlying space. Therefore 

c;(7^,g) - 0M„,/^,(c( □ Ti^-)) - A/„,/,,(r:(^)/Z5„(a(^))) 
i^.(c;(7^,g)) - 0if*(r:(^)/z5„(a(M))) - 0/r (t^c^'-i) - z-^ 

/j-hn /xhn 

(6.75) 

where d=E^^„gcd(/x)2''(^)-i. 

We conclude that for 7?,(A„_i)^ the if-theory of C*{TZ, q) does not depend on 
q, and is a free abelian group. 

Theorem 6.3 

K,{M : X,(C;(7^(A„_l)^g")) ^ X, (C; (7^(A„-l)^ g)) 
is an isomorphism. 

Proof. This is completely analogous to Theorem |6.2[ The essential common prop- 
erties of these two root data are that the reduced C*-algebras are Morita equivalent 
to commutative C*-algebras, and that we have explicit descriptions of the discrete 
series representations of the algebras Tip. □ 

The analogy with Tl{GLn) is significantly weaker for the root datum 7?.(A„_i): 

X = g = {x e Z" : xi H h a;,i = 0} X+ ^ {x e X : xi > X2 > ■ ■ ■ > Xn} 

= e Z" : yi + • • • + y„ - 0} 
Y = Z"/Z(ei + • • • + e„) 9^ + ((ei + • • • + e„)/n - d) 
T = (C><)"/C>< i - (ti, . . . , t„) = (t(ei), . . . , i(e„)) 
i?o = i?i = {e^ - e X : i 7^ j} 

= = {e, - e r : z ^ j} 
-Fb = {ttj = - e,,+i : I < i < n} = ei - e„ 

Wo = (si, ■ • • , s„-i|s^ = (siSj+i)^ = (siSj)^ = e if |i - j| > 1) = S'„ 
S'aff = {so, si, ■ ■ ■ , s„_i} = {e} 

= VKaff = (so, Wo\sl = (sos,)2 = (soSi)3 = (sos„_i)3 = e if 2 < z < n - 2) 
9(so) q{si) = ga)' g 

For 9 7^ 1 there are n! residual points. They form one Wo-orbit, and a typical 
residual point is 
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To determine the isotropy group of points of T we have to be careful. In general 
the VFo-stabilizer of 

is isomorphic to 

Sf,, X Sf,^ X ■■■ X Sf,^ c Wo 

However, in some special cases the diagonal action of on (C^)" gives rise to 
extra stabilizers. Let r be a divisor of n, k e (Z/rZ)^ and A = (Ai,...,A;) a 
partition of n/r. The isotropy group of 

(e-^^^/^Ux^+i)^' ■ ■ ■ (e-2-^'=/'-i„)^0 (6.76) 

is isomorphic to 

'S'li X S'L X ■ ■ • X X Z/rZ (6.77) 
Explicitly the subgroup l^lrTL is generated by 

(1 Ai+1 2Ai+l • • • (r-l)Ai+l)(2 Ai+2 2Ai+2 • • • (r-l)Ai+2) • • • (Ai 2Ai • • • rAi) 

• • • (n+l-rAd n+l + (l-r)Ad • • • n+l + (r-l)Ad)(n+(l-r)A<i n+{2-r)\d • • • n) 

(6.78) 



and it acts on every factor S\. in (6.771 by cyclic permutations. 
• group case q = 1 

As we saw before 

K., (C;(VF)) ®^ = il* [fu/Sn-X) = i7* (r„"(^VZs„(a(Ai)); c) 

For the typical partition ^ we have 

T'^iM) ^ {(i^)Mi {t^.+iY- ■ ■ ■ {tnr^}/£'' X {t : t{e,) = e^^J'^/f, < fc < .g} (6.79) 

which is the disjoint union of 5 = gcd(/i) complex tori of dimension 
rUn + TO„_i + • • • + mi — 1. 

r-(^)/Z5„(a(M))^ ((C><)™"/5m„ X ••• X (C><)™V5™,)/C><x 

{t : t{ej) = e""^*^/f , Q<k<g} (6.80) 

Curiously enough these sets are diffeomorphic to the corresponding sets for TZ{An-iY , 
a phenomenon for which the author does not have a good explanation. Anyway, 
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we do take advantage of this by reusing our deduction that (6.80 1 is homotopy 
equivalent with T''^'^'^^ x {gcd(/i) points}. Just as in (6.731 we conclude that 

d(n) = ^gcd(Ai)2''('^)-i (6.81) 

fj,\-n 

• generic case q 7^ 1 

This is noticeably different from the generic cases for TZ{GLn) and Tl{A^_i) be- 
cause C*{TZ{An-i,q)) is not Morita equivalent to a commutative C*-algebra. Of 
course the inequivalent subsets of Fq are still parametrized by partitions /i of n. 

• Pfi ^0 \ {oifj,i : Q^pi+P2 ; ■ ■ ■ ; ^n—Hd } 

i?P,, -(A„_i)™"x...x(Ain-i?^^ 

X-^^ = e Z(ei H h e^^)//xi H h Z(e„+i_^^ H h e„)//^d : 

a;i H h .T„ = 0} 

^ {x e Z'^VZ(ei + • • • + e^J + • • • + Z^VZ(e„+i-p, + • • • + e„) : 
xi + ■ ■ ■ + Xn ^ gTLjgTL) 

9^ Z(ei + . . . + J + • • • + Z(e„+i_^, + • • • + e„)/Z(ei + • • • + e„) 

- {y : yi H h y^i • ■ ■ = yn+i-A'd ^ 1- 2/n = 0}/Z(ei H e„) 

T^" ={(ti)^^---(t„)'^''}/C^ 

Tp^ = {t : ti^a • • • = • • • = <„+i-m. •••*« = l}/{2 G C : = 1} 
^P. = {(ii)^^ • • • {t^Y' : = • • • = it:'' = \]l{z e C : = 1} 
W^P. = X 5;:^-^ X ... X ^2™^ W^l/'^, = 5,„„ X . . . X ^,„, X 
Note that 

The VFp^, -orbits of residual points for TYp^^ are represented by the points of 

Kp g(A'i-3)/2^ _ _ ^ g(l-Mi)/2^ ^(M2-1)/2 ^(Md-l)/2^ _ ^ ^ ^(l-Pd)/2j 

Hence the intertwiners 7r(fc) with fc G -ftTp permute the elements of Ap^ faithfully, 
and 

□ {p^,b,T''>^)lKp^ = TP- = (r-(^))^ 

where (.)i means the connected component containing (1, 1, . . . , 1) = 1 e T. In 
(6.70 1 we saw that the intertwiners for TZ(GLn),q ^ 1 have the property 

w{t) = < Tr{w,Pi^,S,t) = 1 

This implies that in our present setting we can have = t and tt{w, Pf^,S,t) ^ 1 
only if w{t) = t does not hold without taking the action of into account. Let 
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us classify such w € V7(P^,P^t) and t G T^f up to conjugacy. For a divisor r of 
(7^ := gcd(/z^) we have the partition 

/A := (nr)""/'' • • • (2r)"2/''(r)™i/'' 

Notice that 

There exists a cr e S'„ which is conjugate to cr(/i^/'') and satisfies = We 
construct a particular such a as follows. If r = then (starting from the left) 
replace every block 

{d + 1 d + 2 ■ ■ ■ d + m){d + 1 + m ■ ■ ■ d + 2m) • • • (d + (g^ - l)m • • • d + 5^m) 

of a{p) by 

(d+1 d+l + m • • • d+\ + {g^ -l)m 2 d+2 + m ■ ■ ■ ff+2+(.g^-l)m fi+3 • • • d+g^m) 
We denote the resulting element by (T(/i)^/^ and for general r\g^ we define 

Consider the cosets of subtori 



If gcd(fc,r) = 1 then the generic points of ^ have VF(Pp, Pp)-stabilizer 



Note that for r'\g^ 



Tr% C if r\r' (6.82) 



If a point t e T^^^' does not lie on any T^\, with r' > r, then its W^(P^,P^)- 
stabilizer may still be larger than Z/rZ. However, it is always of the form 

'S'li X • • • X S*^, >^ Z/rZ 

By an argument like on pages |207| and |211| one can show that the intertwiners 
Tr{w, Pf_i, 6, t) are scalar for w G S^^ x ■ ■ ■ x S"^^ and nonscalar for w S (Z/rZ) \ {e}. 
Because Z/rZ is cyclic this implies that 7r(P^,i5, i) is the direct sum of exactly r 
inequivalent irreducible representations. For a more systematic discussion of such 
matters we refer to [40] . 

Different choices of a{^)^^^ or of A: G (Z/rZ)^ lead to conjugate subvarieties 
of T^^", so we have a complete discription of Pnm(^C*{TZ,q)p^) . To calculate the 
iiT-theory of this algebra we use Theorem 2.24 which says that (modulo torsion) 
it is isomorphic to 

H^^,^^,Jt:^;C.) - H*{T^^/W{P„P,);C^(^^-^^^) 



216 



Chapter 6. Examples and calculations 



We know from f62] that we can endow T„ with the structure of a finite W{P^, P^^)- 
CW-complex, such that every T^^ j, is a subcomplex. The local coeflicient system 
Cu is not very complicated: Cu{B) = if and only if i? \ dB consists of generic 
points in a conjugate of j.- In suitable coordinates the maps Cu{B — > B') are 
all of the form 



Z'"/'* : {Xi, . . . ,Xr) ^ {Xi + X2 -\ 1- Xd, . . . , Xi+r-d H 't Xr) 



Hence the associated sheaf is the direct sum of several subsheaves ^J^, one for each 
divisor r of gcd(/i^). The support of g'^ is 

and on that space it has constant stalk Z'^^''^. Here is the Euler function, i.e. 

(j){r) ^ #{m e Z : < TO < r : gcd(TO, r) = 1} = #(Z/rZ)'' 

This the rank of because in every point of T^^r,! we have r irreducible repre- 
sentations, but the ones corresponding to numbers that are not coprime with r 
are already accounted for by the sheaves ^Jjf, with r'\r. Now we can calculate 

- 7?*(r^^'7Zs„(a(A*i/'^));Z^M) 

gcd(/j>') 
gcd(/i>') 

z^w^^'"''"'"' 



gcd(/i>') 

Z^('-)2' 
gcd(M^) 



2gcd(p^)2 



v>„6(m^)-1 



(6.83) 

By Theorem 2.24 if* (C*(7?., q)p^J must also be a free abelian group of rank 
gcd(Ai^)2^(''")-i. 

Summing over partitions ^ of n we find that K^,{C*{TZ,q)^ is a free abelian 
group of rank 

^gcd(^v)2^('^^)-i = 5:gcd(M)2^('^)-i 



We conclude that for the root datum 7^(A^_i) 

K,{c:{n,q))^K,{c;{w)) 



(6.84) 
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6.7 Br, 

The root systems of type i?„ are more complicated than those of type An because 
there are roots of different lengths. This impHes that the associated root data allow 
label functions which have three independent parameters. Detailed information 
about the representations of type -B„ affine Hecke algebras is available from |121] . 

We will compare the C*-algebras for generic labelled root data with the reduced 
C*-algebra of the affine Weyl group of type i3„. Consider the root datum TZ{Bn) 
where X is the root lattice: 

X = Q = Z" X+ = {x e X : xi> X2 > ■ ■ ■ > Xn>0} 
Y = r' = {y e r : 2/1 + • • • + y„ even} 
T - (C><)" t - {h, i„) = (t(ei), . . . , t(e„)) 

Ro = {xeX : \\x\\ = 1 or ||a;|| = V2} Ri ^ {x € X : \\x\\ = 2 or \\x\\ = V2} 
^{xeX : \\x\\ =2 or \\x\\ = V2} R^ ^ {x e X : \\x\\ = 1 or ||a;|| = V2} 
Fo = {ai = - Ci+i :i = l,...,n-l}U {a„ = e„} aa = ei 

Si = Sa^ So = tagSao : X ^ X + {Uq , x)aQ 

Wo = (si, . . . ,s„|s| = {siSjf' = (siSi+i)^ = (s„_is„)'* = e : i < n - 2,\i - j\ > I) 

•S'aff = {sq, si, . . . , s„_i, s„} = {e} 

W = Waff = (Wo, so\sl = (sos.)' = (sosi)* - e : z > 2) 

For a generic label function we have different labels go = (i{sq), 

qi = q{si), 1 < i < n and q2 = q{sn)- For completeness we mention that 

= qi qai = qa qai/2 = q2qo^ 

The finite reflection group Wo = Wo(i3,i) is naturally isomorphic to (Z/2Z)" xi S'„. 
If /i h n then the Wo-stabilizer of 

((ir(-ir(WA<.+ir---(inr) €T 

is isomorphic to 

Wo{B^,) X Wo(i3^J X X 
• group case qo = qi = q2 = 1 



In view of (6.2 1 we want to determine the extended quotient T/Wq. Therefore we 
start with the classification of conjugacy classes in Wo. We already know that the 
quotient of Wo by the normal subgroup (Z/2Z)" of sign changes is isomorphic to 
Sn, and that conjugacy classes in 5„ are parametrized by partitions of n. So we 
wonder what the different conjugacy classes in (Z/2Z)"cr(/i) are for fi\- n. 
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To handle this we introduce the some notations. Assume that + |A| = n 
and + |A| + |p| = n' . 

= n^e/Se, /C{l,...,n} 
h = {l,l + Ai,l + Ai + A2,---} A== (Ai,A2,A3,...) 

a'(A) = i./,a(A) e ^o(B|A|) 

cr(/i, A) = (yifJ-) (™ — ^ m — |A| mod n) cr'(A) (m ^ m + |A| mod n) 
<j{^i, A, p) = <T(/i, A) {m ^ m ~ \p\ mod n') a'{p) (m — > m + |p| mod n') 

(6.85) 

Let / C {1, . . . , m} and J C {to+ 1, . . . , 2to}. It is easily verified that 2 ■ ■ ■ m) 
is conjugate to /J,j(m + 1 m + 2 •• • 2m) if and only if |/| + | J| is even. Therefore the 
conjugacy classes in Wq are parametrized by ordered pairs of partitions of total 
weight n. Explicitly {p,\) corresponds to a{p,X) as in (6.851. The set T"^'^'^^ 
and the group Zvi/o(B„)(o'(/i, A)) are both the direct product of the corresponding 
objects for the blocks of p, and A, i.e. for the parts (to, to, ... , to). The centralizer of 
a{{m)'') in Wo{Bkm) is generated by (1 2 • • • to), i^{i^2,....m} and the transpositions 
of cycles. 

{am + 1 am + m+ l)(am + 2 am + m + 2) • • • (am + m am + 2m) < a < ~ 2 

(6.86) 

It follows that 

((CX)fcm)-(M') ^ {((ii)"(Wi)'"---(Wi-™)'") :<.eCx} (6.87) 
(T'=")'^""^'V^H.o(B.,„)('T((m)'=)) = hl,l]V^fc 

Now consider the following element of Wo(^fcm): 

a'dm)'') = V{i.m+i,...,k7n+i-ni} (1 2 • • • to)(to + 1 • • • 2to) • • • {km + 1 - m • • • km) 

It has only 2'^ fixpoints, namely 

((±1)'"(±1)'"---(±1)'") 

The centralizer of cr'((m)'^) is generated by i^{i}(l 2---m), i^{i,2,...,m} and the 
elements (6.86). Hence 

(T'=™)"'"'"^'V^Wo(B„.)('^'(M')) - {(1)'""(-1)('=-'')'" : < a < fc} 

(6.88) 

Now we can see what Tu^^'''^^ / Zw^-^{a{p, X)) looks like. Its number of components 
-/V(A) depends only on A, and all these components are mutually homeomorphic 
contractible orbifolds, the shape and dimension being determined by p. More 
precisely, for every block of p of width k we get a factor [—l,l]'^/Sk, and for 
every block of A of width I we must multiply the number components by I + I. 
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Alternatively, we can obtain the same space (modulo the action of Wq) as 

AiUA2=A 
AiUA2=A 

(6.89) 

where the subscript c is supposed to indicate that we take only the connected 
component containing the point ((l)'^' (—1)1^^1 (l)!'^^!) . 

In effect we parametrized the components of the extended quotient T^^/Wq by 
ordered triples of partitions (/x, Ai, A2) of total weight n, and every such compo- 
nents is contractible. Denote the number of ordered fc-tuples of partitions of total 
weight n by V{k,n). 



By (|6^ also 

• generic case 

• P/i = Fo\{afj.i,aiii+ti2i ■ ■ ■ ^<^\t^\} 

The inequivalent subsets of Fq are parametrized by partitions /i of weight at most 
n. 

Rp^ - (A„_i)™" X ... X (Ai)™- X 
i?^^-(A„_i)™"x...x(Ai)'"^xC„_|^l 

X^'' = Z(ei H he^J//ii H hZ(e|^|+i_^^ H he|^|)/^<j 

Xp,^ ^ (Z"/Z(ei + . . . + e„))"" X . . . x (ZV(Z(ei + 62))"^ x Z""!'^! 

- Z(ei + . . . + J + . . . + Z(e|^l+i_^, + . . . + e|,,| ) 
>p^, = {y e Z" : yi + . . . + = . . . = y|^|+i_^^ + . . • + y\^,\ = 0} 
T^- = {{tir^it^^+iY' ■ ■ ■ (i|,,|)^^(l)"-l^l : e C><} 

W^P. = ^™"x...x52™^xTyo(B„-|H) 
T4^(P^,P^) - W^o(B™J X ... X W^o(SmJ 

We see that TZp is the product of various root data of type Am and one factor 
Tl{Bn-\^\). Hence by (3.421 Ti-p^^ is the tensor product of a type A part and 
a type B part. From our study of Tl{An~i) we recall that the discrete series 
representations of the type A part of Tip are in bijection with Kp . From j581 
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Proposition 4.3] and [Ml Appendix A. 2] we know that the residual points for 
Bn-\ti\ are parametrized by ordered pairs (Ai,A2) of total weight n — The 
unitary part of such a residual point is in the component we indicated in (6.891. 
Let RP{Tl,q) denote the collection of residual points for the pair {TZ,q). 

- X □ (-1)1^^1(1)1^^1 (6.91) 

(Ai,A2):|Ai| + |A2|=n 

This space is diffeomorphic to the extended quotient described on page |219[ By 
Theorem |3.19| every point is the central character of at least one irreducible 
C*(7?., q')-representation. Therefore it is natural to compare Conjecture 5.24 with 
the following statements. 

1) Every parabolically induced C*(7?.(i3„)^, q)-representation TT{P,S,t) is irre- 
ducible. 



2) Prim(C;(7^(B„)^,g)) is naturally in bijection with ( |6.91 l. 

Opdam and Slooten [99^ have announced a proof of 1). Extending the results 
from |122j they can show that all R-groups are trivial in this situation. In view 
of the above calculations and (5.821, 1) and Theorem 5.25 together imply 2). 
Probably 2) can also be derived from the recent work of Kato [7^ [75] . 

Theorem 6.4 Let q be a generic positive label function on the root datum TZ(Bn). 
Then Conjecture 5.24 holds. In particular there are precisely V{2,n) inequivalent 
discrete series representations, one for each Wo-orbit of residual points. 

Proof. This theorem was predicted in [99, §8.1]. The proof relies on 1) and on 
Theorem 5.25 whose proofs will appear elsewhere. As said, via (5.82 1 these results 
imply 2) and in particular the statement about the discrete series. 

For every Wq^o G Tu/Wq the image of G{(j)Woto) is spanned by the modules 

G(</.o)7r(P, Wpr, <5, t) = 7ro(P, Wpr^, ao{S),t) with (P, 6) G A, Wor^t = Woto 

(6.92) 

By 2) the number of such modules equals the number of irreducible 
^-representations with central character Woto. So we only have to show that the 
elements (6.92) are linearly independent in G{C*{W)). Abbreviate 

i?o = Rep^oto(C;(W^))®zC 

Fix a set V' of representatives for the action of Wq on the power set of Fq. For 
P,QgV' we write 

P < Q if 3w e Wo : wP C Q 
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Pick ti £ WqIq such that 

Pi := {a e Fi : 9^ = 1} 

is maximal. We may assume that the set Pq of short roots corresponding to Pi 
is an element of V' . From the proof of Theorem 3.15 we see that the standard 
pairing between representations of the isotropy group Wq^h gives an inner product 
on Eq. 

Now we can decompose Eq into subspaces corresponding to the P € V'. Let 
E[ be the span of the virtual representations in Eq whose character only allows 
continuous deformations along /Wq, not along other directions on T.a/Wo. We 
put 

E^ = E[n{J2Ef^ 

Q>P 



From Theorem [3l5| ^lO^ , ^&m\ and pl06| (for HH°) we deduce 

dim < = #{(P, Wpr, 6, t) e S„ : Wor^t = Woto} (6.93) 



Notice that this is a simple version of [99, Proposition 6.6]. Upon applying (5.821 
to the affine Hecke algebra H p (which has generic labels) , we see that 



GiM ^ idc(span{(P, Wpr, S, t) e : W^r^t = Woto}) C < 



(6.94) 



and that G{4>o) <8)idc is injective on this domain. Moreover by ( |6.93 1 the image in 
(6.941 intersects X]q>p ^? only in 0. Therefore G{4>o) is injective. □ 
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Appendix A 

Crossed products 



We collect some well-known results on crossed products of algebras by compact 
groups. We do this in the large category of m-algebras, but it is straightforward to 
see that they also hold for C*-algebras, if we assume that the action is *-preserving. 
So let A be an m-algebra, G a compact group (with its normalized Haar measure) 
and 

a-.GxA—^A ^ ^ 

a{g,a) = ag(a) 

a continuous action of G on A by algebra homomorphisms. Recall that the crossed 
product A "xicG is the vector space C{G; A) with multiplication defined by 

{f-f){9')= f ma,{n9-'9'))dg (A.2) 
Jg 

This is again an m-algebra. Notice that ii a E A and 5g is the J-function con- 
centrated at (/ G G, then a6g is an element of the multiplier algebra A^(A G). 
Explicitly, multiplying by this element is defined as 

if■a^g){g') = f{g'g-')ag,g-^{a) (A.3) 
iaSg-f)ig') = aagifig-'g')) (A.4) 

Similarly, if A'' is a closed subgroup of G then any tp G C* (N) is also a multiplier 
of A xic G, defined naturally by 

(/•V')(5')= / f{g'n-'mn)dn (A.5) 

{i^-f){9')= [ Hn)an{f{n-'g'))dn (A.6) 
Jn 

The next result is useful in connection with projective representations. 

Lemma A.l Let {e} N ^ G ^ H ^ {e} be a short exact sequence of compact 
groups, all equipped with their normalized Haar measures. Assume that N c ker a, 
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so that a descends to H. Let pn G C*{N) be the constant function with value 1, 
considered as an idempotent in M{A^aG). 

a) Pat is central and pn{A Xq, G) = (A H) 

Assume now that moreover N is finite and the extension from H to G by N central. 
Then we let ISf be the dual of the abelian group N and we consider every (one- 
dimensional) character x of N as an idempotent Py^ € M.{A >^ ^ G) . In particular 
Pn = Px for the trivial character x = 1- 

b) Px is also central and AxiaG = ^^^ffPx (AyiaG) 

Proof. For any b £ A G and g' £ G we have 



The third equaUty holds if N is central or if x = 1 and N only normal, that is, 
in all the cases we need. So p-^ indeed commutes with Ayi^G and p^{Ayio: G) is 
a subalgebra. Now the statement b) follows from two standard equalities in the 
representation theory of finite groups: 




(A.7) 





(A.8) 



xeJV 



Writing tt : G — > if, it is easily verified that 



TT* : A^a H A^aG : f ^ f O IT 



(A.9) 



is a monomorphism of m-algebras, so let us determine its image. Since 



{PN-T^*f){g')= I PN{g)a,{n*f{g-^g'))dg 




(A.10) 



the image is contained in p7v(^ G). From the above expressions for bp^ it fol- 
lows immediately that anything of this type is 7V-biinvariant, so that it descends 
to an element of A x„ il. Hence the image of tt* is exactly piv(^ >^a G) □ 
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Suppose now that A is unital and we are given p e C{G; A^) with the properties 

P{99') ^ P{9)ag{p{9')) (A.ll) 
p{e) = 1 (A.12) 

Then p is an idempotent in ^ xi^, G and we can define a new action /? of G on A 

by 

I3g{a) ^ p{g)ag{a)p{gr^ (A. 13) 

The following description of the invariant algebra 

A''^'^) -.^{aeA: f3g{a) ^ a^g e G} (A.14) 

is essentially due to Rosenberg |109j . 

Lemma A. 2 

Proof. We will show that the obvious map 

0:A^(«)-.p(ylx„G)p ^^^^^^ 
(/)(a) = p{a5e)p 

is an isomorphism. Clearly (j) is linear and continuous. If a, a' £ A^ then 

4>{a) = p{aSe)p = p{a6e) = {a6e)p (A. 16) 

4>{a)(j){a') = p{aSe)ppia' 6e)p = p{ade)ia'Se)p = p{aa'Se)p = (t>{aa') (A. 17) 

so (j) turns out to be injective and multiplicative. Next we observe that for any 
9&G 

p{9)Sg-p = p = p-p{g)Sg (A.18) 
This gives, for b G p{A xi^ G)p, 

big) = {pig)Sg ■ b){g) = p{g)aMe)) (A.19) 
b{g) = {b-p{g)Sg){g) = bie)p{g) (A.20) 

Comparing these expressions we see that b{e) E A^. Therefore (p is bijective, with 
continuous inverse b — *■ 6(e). □ 

Assume now that G is finite. Then evaluating integrals of ^-valued functions 
on G is easy, so we do not need any topology on A to define A Xq, G. Moreover we 
agree to use the counting measure on G, even though it is not normalized. The 
crossed product thus obtained also appears in another way: 

Lemma A. 3 Let (C[G], p) be the right regular representation ofG and A any com- 
plex algebra. iJnrfow A(8)End(C[G](8'C") with the G- action g (a) := p{g)ag{a)p{g~^), 
where a stands also for the action of G on A tensored with the identity. Then 

{A (g) End(C[G] ® C"))*^ ^ Mn{A xi„ G) 
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Proof. The left hand side is isomorphic to M„ ((A®End(C[G])) j, so it suffices 
to prove the case n = 1. 

For a G A and g,h G G define L{a^g){h) = a^-ig-i {dj^gh. It is easily checked 

G 

that this extends to an algebra homomorphism L : A G (A® End(C[G'])) . 
We claim that L' : b ^ X^gec ^(-9^^)^ ® .9 t^*^ inverse of L. It is clear that 
L'L = Id, so we only have to show that L{L'b) = b for any b G (B (g) End(C[G]))*^. 

L{L'b){h) = J2 ah-^g-M9~^)e) ® gh 

= ah-iag-i{b){g^^)e (g) gh 

= J2^h-^ {p{9)bp{g~^){g~^))^<»gh 

geG (A.21) 

= ^Oih-i {b{e)g~'^)^^ gh 

geG 

= ah-^{b){e)h 

= p{h-^)ayMb)pmh) = b{h) 
This holds for any h G G, so indeed L' = □ 
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De afgelopen jarcn is niij vaak gcvraagd wat ik nou cigcnlijk ondcrzock. Op dczc 
vraag heb ik inmiddels een voorraadje antwoorden uitgeprobeerd, die in zekere zin 
allemaal wel correct waren. Niettemin bleek dat sommige antwoorden aanzienlijk 
nicer bcgrip cn waardcring oogstcn dan andere. Ecn pcrsoon bcsloot zclfs gchcel 
af te zien van verdere communicatie nadat ik haar de titel van dit proefschrift had 
vert eld. 

Daarom lijkt hct mc wcl ccn good idee cm in ieder geval de wellicht enigszins 
cryptische zinsnede Periodiek cyclische homologie van affiene Hecke algebra's toe 
te lichten. Dit wordt dan ook niet zozeer een samenvatting van mijn onderzoek, als 
wcl ccn rclaticf gczcUigc wandcling langs de randen van de oneindig dimensionale 
ruimten waarin ik mij gewoonlijk begeef. 

Laten we beginnen bij groepen. Met groepen kun je de symmetrieen bcsc;hrijven 
van uiteenlopende dingen, zoals een voetbal, een velletje papier, een molecuul, een 
difiFerentiaalvergelijking of ruimte-tijd, maar ook van simpele figuren als een lijn, 
een kubus of een zevenhoek. Een eenvoudige groep, die een rol speelt in dit boek, 
bestaat uit de zes symmetrieen van een gelijkzijdige driehoek. 



Wc zicn drie spiegelingen (in dc stippellijnen) en rotaties over 120° en over 240°. 
De laatste symmetric is de afbeelding die alles op zijn pick laat. We zien direct 
dat groep binnen de wiskunde lets heel anders betekent dan in het dagelijks leven. 
In abstracto is het een verzameling waarvan je de elementen kunt samenstellen, 
waarbij aan bepaalde voorwaarden voldaan moet zijn. 

De bovenstaande groep heeft allerlei bijzondere eigenschappen. Bijvoorbeeld, 
als je een willekeurige lijn neemt die door het middelpunt van de driehoek gaat, 
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en je past daarop een symmetrie van de driehoek toe, dan krijg je weer een lijn 
die door dat middelpunt gaat. Men zegt daarom wel dat deze groep bestaat uit 
lineairc afbccldingcn. 

Beschouw het rooster dat is opgebouwd uit gelijkzijdige driehoeken. (Zie de 
kaft voor een artistiekere impressie van dit rooster, waarvoor mijn dank uitgaat 
naar Bill Wenger.) 




De symmetriegroep van dit (oneindig grote) figuur bevat oneindig veel elementen, 
onder andere spiegelingen en rotaties, maar ook verschuivingen. Stel dat je een 
punt in dit rooster kiest, en een lijn door dat punt. Als je zomaar een symmetrie 
van het rooster toepast krijg je zeker weer een lijn, maar er is geen garantie dat die 
nog steeds door het gekozen punt gaat. Daarom noemt men dit soort symmetrieen 
geen lineaire afbeelingen, maar affiene afbccldingen. 

Met deze hele opzet kunnen we lets doen waar wiskundigen dol op zijn, we 
kunnen het zaakje generaliseren. In dat geval vervangen we de driehoek door een 
ingewikkelder kristal, en het driehoekige rooster door een rooster van hogere di- 
mensie. De symmetriegroep van het kristal is een (eindige) Weyl groep, en de 
symmetriegroep van het rooster heet een afRene Weyl groep. 

Als je een groep goed wilt begrijpen is het van groot belang om zijn zogeheten 
representaties te kennen. Dit illustreren we aan de hand van ander voorbeeld, de 
cirkcl. Encrzijds kan dczc wordcn bcschouwd als dc groep van rotaties om zijn 
eigen middelpunt. Anderszijds kunnen we de cirkel opvatten als een snaar, en dan 
kan hij trillen. De representaties van de cirkelgroep corresponderen precies met de 
trillingen van de cirkelvormige snaar, waarbij we een specifiek punt P vasthouden. 




Er is een grondtoon, waarvan de golflengte exact de lengte van de snaar is. De 
boventonen hebben een golflengte die een geheel aantal keren in de snaar past. 
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Elke trilling is te maken als een geschikte combinatie van dergelijke harmonische 
trillingen. 

In wiskundig jargon bctckcnt dit dat de harmonische trillingen corresponderen 
met de irreducibele representaties. Irreducibele representaties zijn een soort bouw- 
steentjes waarmee je elke representatie kunt maken. Ze zijn zelf niet verder op te 
delen. 



Grof gczcgd is con algebra een verzamcling waarbinnen je kunt optellen en 
vermcnigvuldigcn. Zo vormen de gehele getallen een algebra. Een wat lastiger 
voorbeeld zijn de 2 x 2-matrices met reele coefRcienten: 

M2(M) := I (^J^ : Xi,X2,Xs,X4 € m| 

Dit soort matrices kan je coordinaatsgcwijs optellen: 

1 0\ /3/4 -5/9\ _ / 7/4 -5/9 
TT 4y + l^-l -4j^l^7r-l 

Een matrix is op te vattcn als ccn lincairc afbcelding. Als we puntcn in hct vlak 
schrijven als vectoren , dan stuurt een matrix dus een vector naar een andere 
vector: 

3/4 -5/9\ fa\ _ /3a/4\ ^3/4 -5/9\ /0\ _ f-5b/9 

-1 -A)[o)-[-a) [-1 -A)[b)-[-Ab 

De standaardmanier om matrices te vermenigvuldigen correspondeert met het 
samenstellen van afbeeldingen, bijvoorbeeld 

0\ fO 2\ _ fO 0\ fO 2\ fO 0\ _ f6 

3oj'l^ooyl^o6y l^oOy''l^3oyl^oo 

Al met al maakt dit M2(]R) tot een algebra over de reele getallen M. Mcrk op dat 
bepaalde gebruikelijke rekenregels voor getallen niet meer gelden voor matrices. 
We zijn gewend dat 7 • 9 = 9 • 7 = 63. Zelfs zonder dat we de uitkomst weten 
kunnen we met zekerheid zeggen dat 

4676013 • 2369655 = 2369655 • 4676013 

In feite geldt x-y = y-x voor alle reele getallen x en y. Niettemin zien we hierboven 
dat er matrices A en B bestaan zodat 

A-B^B-A 

Men zegt dan dat Aen B niet commuteren en dat de algebra M2 (K) niet commu- 
tatief is. 

Wat is nu het verband tussen algebra's en groepen? Vanuit een groep kunnen 
we een algebra construeren die alle eigenschappen van de groep reflecteert. Zo 
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hebben algebra's ook representaties, en de representaties van een groep komen 
overeen met de representaties van de bijbehorende groepsalgebra. 

Een aanzct tot dc algebra's in dc titcl van dit boek werd gcgcvcn door dc 
Duitse wiskundige Erich Hecke, die leefde van 1887 tot 1947. Hecke hield zich 
vooral bezig met getaltheorie, bijvoorbeeld met p-adische getallen. Hier is p een 
pricmgctal, bijvoorbeeld 5. De vcrzameling 5-adisclic getallen gcvcn we aan met 
Q5. Een typisch 5-adisch getal ziet emit als een decimale expansie in de verkeerde 
richting: 

x=--- 42130012044.113 e Q5 

Omdat p = 5 komen alleen de symbolen 0, 1, 2, 3 en 4 in deze schrijfwijze van x 
voor. We dienen x te interpreteren als 

a; = 3 • + 1 • + 1 • + 4 • 5° + 4 • 5^ + • 5^ + 2 • 5^ + • • • 

Als y een ander 5-adisch getal is, dan zijn x + y en x-y zonder al te veel problemen 
te bepalen met behulp van de regeltjes 

a5" + 65" = (a +6)5" 
a5" • 05"* = (a -0)5"+" 

voor gehele getallen a, b, c, n en m. Om de coefficient van x-y hi] 5" uit te rekenen 
hebben we slechts kleine stukjes van de expansies van x eny nodig. Zelfs delen is 
mogelijk met p-adische getallen, omdat p een priemgetal is. 

Met p-adische getallen kunnen we weer groepen bouwen. Een simpel voorbeeld 
van zo'n p-adischc grocp is 

A : a,b,c,d € Q5 ,a ■ d — b ■ c = I > 

Dc samcnstcUing in dczc grocp is dc gcbruikclijkc matrixvcrmcningvuldiging, maar 
dan uitgevoerd met 5-adische getallen. Dergelijke p-adische groepen spelen een 
belangrijke rol in verschillende gebieden van de wiskunde. Men zou graag alle 
irrcducibclc representaties van zo'n grocp klassificcrcn, maar dat is erg lastig. Het 
blijkt dat een belangrijk deel van de representatietheorie van een p-adische groep 
valt uit te drukken met een zekere algebra. Zo een algebra is een generalisatie van 
ccn type algebra's dat Hecke indcrtijd vanuit een icts andcre hoek heeft gedefinieerd 
en bestudeerd, vandaar dat ze onder de naam Hecke algebra's door het leven gaan. 

Hecke algebra's zijn er in soorten en maten. Ik ben vooral gci'ntcrcssccrd in 
Hecke algebra's die sterk gerelateerd zijn aan Weyl groepen. In feite zijn deze 
Hecke algebra's te beschouwen als deformaties van Weyl groepen. De groepsal- 
gebra die bij een Weyl groep hoort heeft zoals zoals gezegd grotendeels dezelfde 
eigenschappen als de groep zelf. Als je die groepsalgebra op een geschikte manier 
vervormt krijg je een Hecke algebra. 

Doe je dit met ccn cindige Weyl groep, dan krijg je een Hecke algebra van 
eindige dimensie. Hoewel eindig dimensionaal in eerste instantie nog niet zo een- 
voudig klinkt, is het vast makkelijker dan oneindig dimensionaal. In ieder geval 
begrijpt men eindig dimensionale Hecke algebra's heel goed. 
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Echter, als je een affiene Weyl groep deformeert krijg je een affiene Hecke alge- 
bra, en die heeft oneindige dimensie. Affiene Hecke algebra's zijn veel ingewikkelder 
dan Hecke algebra's van cindigc dimensie. Toch is dat niet zo'n ramp. Men ge- 
bruikt affiene Hecke algebra's onder andere om tot een beter begrip te komen van 
de gecompliceerde representatietheorie van p-adische groepen, en daar zou weinig 
van te verwachtcn zijn als zc te ccnvoudig waren. Het blijkt dat affiene Hecke 
algebra's aan de ene kant diepzinnig genoeg zijn om tot nieuwe inzichten te leiden, 
en aan de andere kant maJckelijk genoeg om er prettig mee te kunnen werken. 
Dus een affiene Hecke algebra heeft precies de goede moeilijkheid om hem tot een 
interessant studieobject te maken. 

Zonet zagen we de analogic tussen trillingen van een snaar en representaties 
van een groep. Als we dit uitbreiden correspondeert een algebra niet meer met een 
snaar, maar met een snaarinstrument, bijvoorbeeld een piano. Een representatie 
van die algebra wordt dan een toon die je met die piano kunt voortbrengen. Op 
deze manier kunnen we een irreducibele representatie identificeren met een zuivere 
toon van de piano. 

Het uiteindelijke doel van mijn promotieonderzoek was oni alio irreducibele 
representaties van een algemene affiene Hecke algebra te bepalen. Het ligt voor 
de hand om ze eerst maar eens te tellen. Helaas laten ze zich niet zo gemakkelijk 
tellen, want het zijn er oncindig veel. Net zo heeft het weinig zin om alle zuivere 
tonen van een piano te tellen, want dat zijn er ook oneindig veel. Een beter idee 
is daarom om alle grondtonen van de snaren van de piano te tellen, dat vertelt je 
bijvoorbeeld al hoeveel snaren je piano heeft. 

In de context van algebra's ligt dat wat subtieler, daar heet de geschikte manier 
om grondtonen te tellen periodiek cyclische homologie. "Homologie" komt uit het 
Grieks en betekent zoveel als "studie van gclijkheid". Dat gaat ongeveer als volgt. 
Stel dat je twee objecten, bijvoorbeeld twee algebra's, wilt vergelijken. Kies een 
geschikte methode (een homologietheorie) om aan een algebra lets relatief een- 
voudigs toe te kennen, bijvoorbeeld een simpel type groep, een rijtje getallen of 
zelfs een rijtje groepen. Dat heet dan de homologie van de algebra. Als je twee 
algebra's in essentie hetzelfde zijn zullen ze dezelfde homologie hebben. Daarente- 
gen, als ze verschillende homologie hebben dan zijn de algebra's niet hetzelfde, en 
ook niet ongeveer. 

Op de kaft van dit boek zie je duidelijk periodieke en cyclische verschijnselen. 
Dat is geen toeval, maar de etymologischc acihtergrond van de term periodiek 
cyclische homologie is anders. De periodiek cyclische homologie van een algebra 
A is een rijtje groepen: 

. . . , HP_2{A), HP_,{A), HP„{A), HPM). HP^iA), HP^{A), . . . 

Dit is periodiek in de zin dat voor elk geheel getal n geldt 

HP„{A) = HP„+2{A) 

Het cyclische zit wat dieper verstopt, dat heeft te maken met hoe de groepen 
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HPn{A) expliciet geconstrueerd worden. Stel dat we zeven hokjes hebben, die 
allemaal gevuld zijn met een letter: 



f 


b 


d 


c 


r 


t 


z 



Nu schuiven we elke letter een hokje naar rechts, en de meest rechtse letter stoppen 
we in het vrijgekomen linker hokje: 



z 


f 


b 


d 


c 


r 


t 



Dit kunnen we nog wat suggestiever tekenen: 




Nu is het wel duidelijk waarom dit een cyclische permutatie heet. Zulke permu- 
taties worden gebruikt in de definitie van periodiek cyclische homologie. 

Het is nog nict zo ccnvoudig om de periodiek cyclische homologie van een affiene 
Hecke algebra ook daadwerkelijk uit te rekenen. Daartoe grijpen we terug op de 
affiene Weyl groep waarvan het een deformatie is. Als we weer denken aan piano's 
en snaren betekent deze deformatie dat we wat gaan slcutclcn aan dc snarcn: wat 
langer of lets korter, een stukje dichter bij elkaar. Hoewel het in muzikaal opzicht 
barbaars is zouden we zelfs sommige snaren aan elkaar vast kunnen knopen. Zo'n 
deformatie kan er schematisch uitzien als 




Men vermoedt dat de representatietheorie van een affiene Weyl groep niet 
essentieel verandcrt ondcr deze deformaties. Dit vermocdcn wordt ondersteund 
door diepzinnige stellingen die zeggen dat het in bepaalde belangrijke gevallen 
klopt. Het is een belangrijk vermoeden, want hiermee kan men representaties van 
een affiene Hcc;kc algebra herleiden tot representaties van een affiene Weyl groep, 
en die zijn allemaal al lang bekend. 

In dit proefschrift heb ik bewezen dat dit vermoeden equivalent is met een 
ogenschijnlijk zwakkere uitspraak, namelijk dat de periodiek cyclische homologie 
van de groepsalgebra van een affiene Weyl groep niet verandert als je die algebra 
vervormt tot een affiene Hecke algebra. Grof gezegd betekent de sterke versie 
van dit vermoeden dat je met elk van de boven getekende pianootjes evenveel 
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verschillende tonen kan voortbrengen. De zwakke versie zegt zo ongeveer dat al 
die piano's evenveel grondtonen hebben. 

Verder worden in dit boek ondcr andcrc ccn aantal nicuwc tcchnickcn geintro- 
duceerd om de periodiek cyclische homologie van een redelijk algemeen type al- 
gebra uit te rekenen. Mede daardoor kunnen de bovenstaande vermoedens nu 
bewezen worden in veel nieuwe gevallen. 
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